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Problem 1: Differential forms

A p-form is a totally antisymmetric tensor, so it has (i) ) independent components, or

D!
T (1)
p!(D —p)!
independent components. Since any p-form has the representation
1
w = —'Aala2___apd:ca1 ANdz® A - Adx, (2)
p!

it can be represented as a linear combination of wedge products of p basis one-forms. Examine the form
dz® Ndz® A - Ndx®r.
In order for this form to be different from zero, each of the {a;} must take on a different value, since
dz® Ndx* =0 (3)

for all a;. Since each of the a;’s can run over the index set {1,...,D}, we see that if we had more than
D forms wedging to create our basis form, then at least two of them would have to have the same index.
We can then push one of them through to the other, and by (3) we see that the form we have constructed
vanishes. Hence the maximum possible value for p is D. Denoting the space of p-forms on a manifold M by
Q, (M), we have the exterior derivative d as a mapping d : Q,(M) — Qp41(M), whose action on a p-form
wp 18

dw, = 18

| “4p+1

Aalag,”apdfl'ap+1 Adx®? A--- ANdxdr. (4_)

If we act on this new p + 1-form with d a second time, we obtain

1
d2wp = HaawaapﬂAalaz,,,% dz®+2 A dx®t A dx® Adx® A - N dz®r. (5)

Since the partial derivatives commute, we can commute them and relabel indices to arrive at
d*w = —d*w, (6)

which proves that d? = 0 when acting on any p-form. Considering Maxwell’s equations, we can write the
gauge field A as
A= A,dz". (7)

We then have

dA = 0,Audz” Ndz"
= 0,A,(dz" ® daz" — dat @ dz")
(OpAy — 0, Ay)dat @ dx”
Fdat @ dz”
= F, (8)



where F' is the field strength two-form. Now let’s examine the components of dA:

dA = 0,A,dz" Adx”
(OrAy — 0, ®)dt A dx

+ (0,4, — 0, ®)dt A dy

+ (0tA, — 0,P)dt Ndz

+ (8A — OyAz)dx N dy

+ (0.A; — 0, A,)dz Ndx

+ ((9yAZ — 0. Ay)dy N dz

= E,dtNdx+ Eydt Ndy + E.dt Ndz

+ B.dx ANdy + Bydz Adxz + Bydy A dz. (9)

Taking the exterior derivative of the above expression, we have

d*A = 0yE,dy Adt Adx + 0.E,dz Adt A dx
O Eydx Ndt ANdy + 0. Eydz N dt A dy
OB dx Ndt Ndz+ OyE.dy Ndt ANdz
Oy Bpdt Ndy Ndz + 0, Bydx A dy N dz
Oy Bydt A dz N\ dx + 0yBydy N dz A dx
0¢B,dt Ndx Ndy + 0,B,dz Ndx A dy
(0.Ey — OyE; 4+ 0yBy)dt Ndy A dz
(0E, — 0.E; + 0,By)dt Ndz Ndx
(OyEy — 0, Ey + 0, B, )dt Adx A dy
(0xBy + 0yBy + 9,B,)dx Ndy Ndz
0. (10)

o+ A+ +

This is a fancy way of writing

oB
VXE—FE = 0, (11)

V-B = 0. (12)

Now consider the Hodge dual of a form, defined as

a a 1 ai-a a a
*dx™ A dzfr = (D o) € PayeapdtT A A datP (13)

To construct the vector curl in three dimensional Euclidean space, we examine the Hodge dual of the exterior
derivative of a one-form. Let a one-form w defined as

w = wedx® (14)
be given. Its exterior derivative is given by
ow ow ow ow ow ow
dw = = — Y )dynd L — = )dzAdo+ | 2L — —= ) dz Ady. 15
“ (8y 3z>y Z+(82 8x> +<8I 8y>x Y (15)

Now consider the Hodge dual of the form dxz® A da®, given by

*xdz® A dz® = eeda. (16)



Applying this to equation (15), we see that

Ow,  Owy

Ow, Ow, Ow,  Owg
— d — dz. 17
+<8z 8x> y+<8x 3y>2 (17)
Now, for each point p on a manifold M, we can consider the metric to be a map between the tangent space
T,M and the dual space Ty M of that manifold. Denote this operation by £, so that §dz® = 9/0x* and
£0/0x* = dx®. From the above equations we see that the curl of a vector field V is given (in a really

retarded way) by
VXxV=txdtV. (18)



Problem 14.4: Separated Dp-branes and an Op-plane

a. Show the two strings obtained by the orientifold symmetry. Since the arguments p*,p of the ground
states are always present, let us omit them for brevity. The ground states are of four types:

i), gl 16D, |lig)- (19)

Each class contains N2 ground states since ¢ and j run from 1 to N and ¢ and j run from I to N. Define
an expected action of Q, on the ground states in (19). Show that your choice satisfies Qg =1 acting on the
ground states.

The two strings and their orientifolding partners are depicted as follows:

X
A 1

®3

1

We expect the following action of €, on the ground states in (19):

lligl) = 171D, Dllid]) =17, llid)) = l7i),  Rllis]) = |lid)- (20)

It is obvious that Qg = 1 when acting on any of the ground states.

b. What are the possible interactions between strings in the four types of sectors built on the states
(19)7

The following interactions between strings can take place:

[ig] = [jk] = [ik]  [ig] = [jk] = [ik] [ij] = [k] = [ik]  [ij] * [jk] = [iK]

) e (21)
(0] = [k] = [ik] ~ [ig]  [5K] = [ik]  [ig] = [7k] = [ok]  [0] = [jk] = [2K].
c. String products have a component along the ground state, as in
\[i5]) * 1[iK]) = |[ik]) + - - . (22)



Write the other possible ground state products. Test the consistency of your definition of €2, by acting with
2, on both sides of the equations giving ground state products. 2, acts on a product via

Q(14) *[B)) = (2p]B)) * (2] A)). (23)

The other possible ground state products are

) 1K) = lik]) +-

) < 1GR) = [é#]) + -

7))+ IGR) = k) +--

Gid]) « 1K)y = |[ik]) + -

G+ IGR) = D) + -

G *GK) = kD) +-

\e]) * |[k]) = |[k]) + - (24)
We act on the above equations using (23) to get

B3+ G = (kD) + -

K7D+ 1) = [[kdl) + -

ka7 = (k) + -

B3 * Gy = I[kal) + -

R |G = ki) + -

(k1) = 17dl) = |[kd]) + -

|[k5]) = [[7i]) ki) + - (25)
which are consistent.
d. Find Q, action on of, by using Q, X*(7, o) le = X(r,m — o). Find §, action on a2 using

0, X(7,0) 0" = ~X“(r, 7~ 0) 26)

Verify that for any arbitrary product R of oscillators of both types, {2, R, V= (=1)N+ R, where N is the
total number of R.

We use the method of the previous homework problem on orientifolds and D-branes to get that

Qo 0 = (=1)"al, (27)
where the (—1)" comes from a factor of cos(nm). To obtain the action of £, on the transverse oscillators,
we use the expansion for X
X = —iv2o/ Z ale” " sinng, (28)
nez
which turns out to be the same for a string stretched between two parallel D-branes as for one D-brane. We
now apply relation (26) to get
Qpap Q= (—1)"al. (29)

n

Thus each a,(zi ) contributes a (—1)™, so we see that for a product of oscillators of both kinds R with number

N2, the action of Q, is given by (—1)N=+.



e. Describe the orientifold spectrum in terms of the spectrum of a single Dp-brane.

We can build a general state from any product R of oscillators in the following manner:
(Wr) =Y (ri RIE]) + ri3 RIE)) +ri; RI[EA]) + ri RILE)) ) - (30)
j
Acting on both sides with 2,, we obtain

QW) =Y (=1 (ry RI[GT) +r RIGA) + 3, RILG) + risRI))) - (31)

j

If we require that our theory be €, invariant, then we obtain the conditions

ry = (=)
rg = (D)Mo
r = ()M (32)

The first of these relations states that the matrix r;; is completely determined once we fix the N 2 parameters
in r;; (one is the + transpose of the other). The other two conditions state that the r;; and r;; matrices
are either both symmetric or both antisymmetric. For the case of N} odd, we see that the antisymmetric
condition holds. This tells us that there are in total N2 + 2 x (N/2)(N — 1) = 2N(N — 1) independent
parameters that can be used to build states. When N is even, the symmetric condition holds and we then
have N2 +2 x (N/2)(N + 1) = 2N(N + 1) independent parameters. This was what we wanted to show.



Problem 15.3: Properties of the string charge Cj

a. Consider a string at some fixed time tg and a region R of space that contains a portion of this string: the
string enters the region R at a point Z; and leaves R at a point Z; (assume there is no compactification of

space). Calculate the string charge C} = fR ddxjo contained in R at time ty. Use your result to show that
the total string charge associated with a closed string is zero.

We know that j-o is given by

N 1 " 0X(t,o)
0o+ - ’
=5 /da 5 (x X(t,a)) B (33)
Thus, Cj is given by
_— a1 Lz 0X (to,0)
Q = Rdx2 daé(:z: X(to,a)) 5o

1 0X(to,0) ) X T
- Q/d” 812 { (1) §gga§;§ }
= % (X(to,ff) — X(fo,fi)) . (34)

Thus we see that the charge associated with a closed string is 0 because ; and 7 + are identical when the
region encloses the entire string.

b. A more abstract proof that Q is zero for any localized configuration of closed strings requires show-
ing that V - j° = 0 implies [d?z j° = 0.

First we note that the following identity holds for any two functions ¢ and :

V(@) = Ve - + Ve I+ oV - . (35)
Integrating V - ((;51/1}0) over all space and using the divergence theorem, we have
/ A%z V - (¢f°) = f ¢pj” - do =0, (36)
space O(space)

where we used the fact that 30 is localized in space. We can then use our previously-derived identity, dropping
off the term containing V - 7%, which vanishes, and using ¢ = 1 and ¢ =

dx' ;- i 20,4 0,4
/ddx%ej 0= /ddxéj % = /ddxjo’ =0, (37)
which holds for all ¢, so we’ve proven what we wanted to prove.

c. Assume now that one space coordinate z is curled up into a circle of radius R, and consider a closed
string wrapped around this circle. Calculate the string charge ). Explain why the answer is not zero, and
compare with the result obtained in (15.72).

The string charge is given by

iz, 2o o

5 (X(to.37) = X(to. 7)) (38)
Now this evaluates to %27rRm = mm R, where m is the number of times the string is wrapped around the
compactified dimension. This is nonzero because there can be two different string coordinates associated
with identified points in space if some of the dimensions are compactified.



Problem 17.3: Charge carried by winding strings
The zero mode expansion of a string with winding number ¢ is given by
X™(r,0) =a™(1), X(r,0) = LRo, (39)

where the index m is used to denote all string coordinates except for X2° = X. Consider the coupling term
of the Kalb-Ramond field to the string:

oXH oxXv

Calculate the terms in .S that couple By, 25 = —Bas m to the string trajectory z%(7).

The term which couples B, 25 to the string trajectory is given by

(0 X™M0, X — 0, X0;X"™) B, 25, (41)
which simplifies to
KR@B (42)
dr m,25-
Note that this is strikingly similar to the term which couples a Maxwell field to the trajectory of a particle,
e dat
Sont = © /7> dr Ay (a(r) (7). (13)

Making the identification (e/c)A,, < (¢R)B, 25 (up to a sign), we see that the electric charge carried by the
string is proportional to its winding number £.



