Steps in Differential Geometry, Proceedings of the Colloquium on Differential Geometry, 25–30 July, 2000, Debrecen, Hungary

ON F-PLANAR MAPPINGS ONTO RIEMANNIAN SPACES

JOSEF MIKEŠ, VĚRA MALÍČKOVÁ, AND OLGA POKORNÁ

Abstract. In this paper we consider F -planar mappings from affine-connec-ted spaces onto (pseudo-) Riemannian spaces. We found the equations of these mappings in the form of the system of Cauchy equations under some very general conditions. These results generalize the results obtained for geodetic, holomorphically projective and special F -planar mappings of Riemannian and Kählerian spaces, by N.S. Sinyukov, J. Mikeš, V.V. Domashev, I.N. Kurbatova, V.E. Berezovsky, M. Shiha. We continue the investigations of the F -planar mappings for covariantly constant structures.

1. Introduction

This paper is concerned with certain questions of F -planar mapping from affineconnected spaces onto (pseudo-) Riemannian spaces. The analysis is carried out in tensor form, locally in a class of sufficiently smooth real functions.

Let us consider the space A_n with an affine connection without torsion equipped with a coordinate system x in which, the affine connection Γ^h_{ij} (x), the affinor structure F^h_i (x) is defined.

A curve L: x^h = x^h(t) is said to be F-planar (J. Mikeš, N.S. Sinykov [13], [11]) if, under the parallel translation along it, the tangent vector λ^{h def}= dx^h/dt lies in the tangent 2-plane formed by the tangent vector λ^h and its conjugate F^h_α λ^α, i.e.

∇_tλ^h ≡ dλ^h/dt − Γ^h_{αβ} λ^αλ^β = ρ_1λ^h + ρ_2F^h_α λ^α,

where ρ_1 and ρ_2 are functions of the parameter t.

F -planar curves generalize, in a natural way, geodesic, analytically planar ([14], [17], [18], [19], [20]), and quasigeodesic curves ([15]).

Let in the spaces A_n and Ā_n, together with the objects of affine connections Γ^h_{ij} and Γ̄^h_{ij} , the affinor structures F^h_i and F̄^h_i be defined.

A diffeomorfism γ: A_n→ Ā_n is said to be an F-planar mapping [13] if, under this mapping, any F -planar curve A_n passes into the F̄ -planar curve Ā_n.

1991 Mathematics Subject Classification. 53B20, 53B30, 53B35.

Key words and phrases. F-planar mapping, holomorphically projective mapping, affineconnected spaces, Riemannian spaces, Kählerian spaces.

Supported by grant No. 201/99/0265 of The Grant Agency of Czech Republic. 209

210 JOSEF MIKEŠ, VĚRA MALÍČKOVÁ, AND OLGA POKORNÁ

Under the condition Rank ‖F^h_i − ρδ^h_i ‖ > 1 the mapping of A_n onto Ā_n is F - planar if and only if the conditions

(a) Γ̄^h_{ij} (x) =Γ^h_{ij} (x) + δ^h_i ψ_j + δ^h_j ψ_i + F^h_i φ_j + F^h_j φ_i;

(b) F̄^h_i (x) =αF^h_i (x) + βδ^h_i , (1)

holds ([13], [8], [11]), where ψ_i(x), φ_i(x) are covectors, α(x), β(x) are functions in the coordinate system x which is general with respect to the mapping.

F -planar mappings generalize geodesic (if φ_i ≡ 0 or F^h_i = αδ^h_i ), quasigeodesic, holomorphically projective, planar, and almost geodesic of the type of π_2 mappings ([1], [11], [14], [15], [17], [18], [20]).

If space A_n with affine connection admits an F -planar mapping onto a Riemannian space V̄_n, then equation (1a) are equivalent to the equation

ḡ_{ij,k} = 2ψ_kḡ_{ij} + ψ_{(i}ḡ_{j)k} + φ_kF̄_{(ij)} + φ_{(i}F̄_{j)k} , (2)

where ψ_i(x), φ_i(x) are covectors, α(x), β(x) are functions, F̄_{ij}^{def}= ḡ_{iα}F^α_j , and ḡ_{ij} is the metric tensor of V̄_n. Here and in what follows comma denotes the covariant derivative in A_n and (i j) denotes a symmetrization of indices.

The necessity of condition (2) follows from (1a) and from investigation of covariant derivative of the metric tensor ḡ_{ij} of the space A_n with the affine connections and its sufficiency follows from the complementary investigation of this derivative.

2. Fundamental equation of F-planar mapping in Cauchy form

In the space A_n equations (2) form a system of differential equations with covariant derivative relative to the components of the unknown tensors ḡ_{ij} , ψ_i and φ_i. Under the condition |ḡ_{ij} | ≠ 0 the solution of (2) generate a Riemannian space V̄_n with the metric tensor ḡ_{ij} , on which the space A_n admits an F -planar mapping, where the structure F̄^h_i in V_n is (non-uniquely) defined by formulas (1b) .

We shall prove that the general solution of the system (2) in the given space A_n depends on a finite number of parameters. ¿From this follows that from equations (2) we can find a fundamental system describing the F -planar mappings in the Cauchy form. It holds

Theorem 1. Let A_n be a space with affine connection and let be defined an affinor F^h_i (x) such that Rank ‖F^h_i − ρδ^h_i ‖ > 5. Then A_n admits an F-planar mapping onto a Riemannian space V̄_n if and only if the system of differential equations of

ON F-PLANAR MAPPINGS ONTO RIEMANNIAN SPACES 211

the Cauchy type:

(a) ḡ_{ij,k} =2ψ_kḡ_{ij} + ψ_{(i}ḡ_{j)k} + φ_kF̄_{(ij)} + φ_{(i}F̄_{j)k} ; (b) ψ_{i,j} =αḡ_{ij} + βF̄_{ij} +^1Q_{ij} (ḡ, ψ, φ); (c) φ_{i,j} =βḡ_{ij} + γF̄_{ij} +^2Q_{ij} (ḡ, ψ, φ); (d) α_{,i} =^3Q_i(ḡ, ψ, φ, α, β, γ); (e) β_{,i} =^4Q_i(ḡ, ψ, φ, α, β, γ); (f) γ_{,i} =^5Q_i(ḡ, ψ, φ, α, β, γ);

(3)

has a solution in A_n for the unknown tensors ḡ_{ij} (x) (ḡ_{ij} = ḡ_{ji}, ‖ḡ_{ij} ‖ ≠ 0), covectors ψ_i(x), φ_i(x) and functions α(x), β(x), γ(x).

Here^σQ (σ = 1, 5) are tensors which are expressed as the functions of the shown arguments, and also of the objects defined in A_n, i.e. affine connection and affinor F^h_i .

Proof. Let A_n be a space with any affine connection and let be there define affinor F^h_i (x) following relation satisfying Rank ‖F^h_i − ρδ^h_i ‖ > 5, (4) where ρ is a function. Let space A_n admits of an F -planar mappings onto a Riemannian space V̄_n. Then in A_n the equation (2) holds.

We shall investigate the integrability conditions of these equations. Let them differentiate covariantly by x^l and then alternate by indices k and l. With respect to Ricci identity and equations (2) we find the following: 2ψ_{[kl]}ḡ_{ij} + ψ_{il}ḡ_{jk} + ψ_{jl}ḡ_{ik} − ψ_{ik}ḡ_{jl} − ψ_{jk}ḡ_{il}+ +φ_{[kl]}F̄_{(ij)} + φ_{il}F̄_{jk} + φ_{jl}F̄_{ik} − φ_{ik}F̄_{jl} − φ_{jk}F̄_{il} =^6Q_{ijkl} (ḡ, ψ, φ), (5)

where [kl] is the alternation by k and l without division, ψ_{ij}^{def}= ψ_{i,j} ; φ_{ij}^{def}= φ_{i,j} . The tensor^6Q has a form analogical to previous tensors^σQ, where σ = 1, 5. Its concrete form is the following: 6 Q^{def}= ḡ_{iα}Q^α_{jkl} + ḡ_{jα}Q^α_{ikl},

212 JOSEF MIKEŠ, VĚRA MALÍČKOVÁ, AND OLGA POKORNÁ

where

Q^h_{ikl}^{def}= R^h_{ikl} + F^h_α F^α_l φ_iφ_k − F^h_α F^α_k φ_iφ_l + F^h_{i,[k} φ_{l]} − F^h_{[k,l]}φ_i +

+δ^h_k (ψ_iψ_l + ψ_αF^α_i φ_l + ψ_αF^α_l φ_i) + F^h_k (φ_αF^α_i φ_l + φ_αF^α_l φ_i) −

−δ^h_l (ψ_iψ_k + ψ_αF^α_i φ_k − ψ_αF^α_k φ_i) − F^h_l (φ_αF^α_i φ_k + φ_αF^α_k φ_i) +

and R^h_{ijk} is the Riemannian tensor.

We shall investigate the homogeneous equation in the form 2^∗ψ_{[kl]}ḡ_{ij} +^∗ψ_{il}ḡ_{jk}+^∗ψ_{jl}ḡ_{ik}−^∗ψ_{ik}ḡ_{jl}−^∗ψ_{jk}ḡ_{il}+ +^∗φ_{[kl]}F̄_{(ij)}+^∗φ_{il}F̄_{jk} +^∗φ_{jl}F̄_{ik} −^∗φ_{ik}F̄_{jl}−^∗φ_{jk}F̄_{il} = 0. (6)

with unknowns^∗ψ_{ij} and^∗φ_{ij} . We shall prove that this equation has, by the condition (4), the solution in the form (a)^∗ψ_{ij} = αḡ_{ij} + βF̄_{ij} ; (b)^∗φ_{ij} = βḡ_{ij} + γF̄_{ij} , (7) where α, β, γ are numbers.

a) Let us assume that there exists a vector ε^h such that the vectors ε^{α ∗}φ_{αi}, ε^αḡ_{αi} and ε^αF̄_{αi} are linearly independent.

Then there exists a vector η^i such that holds ε^αη^{β ∗}φ_{αβ} = 1, ε^αη^βḡ_{αβ} = 0, ε^αη^βF̄_{αβ} = 0.

Contracting (6) with ε^iε^j η^l we see that the vector ε^αF̄_{αi} is a linear combination of the following vectors η^{α ∗}ψ_{[kα]}, η^{α ∗}φ_{[kα]}, ε^αḡ_{kα}. After the contraction (6) with ε^j η^l and the elimination of vector ε^αF̄_{αi} with ε^j η^l, we see that Rank ‖F̄_{ij} − αg_{ij} ‖ ≤ 5, which is a contradiction with (4).

Therefore the vectors ε^{α ∗}φ_{αi}, ε^αḡ_{αi} and ε^αF̄_{αi} are linearly dependent for any vector ε^h. It follows from this fact that for any ε^h the equation^∗φ^{[i}_αδ^j_β F^{k]}_γ ε^αε^β ε^γ = 0 holds, where^∗φ^h_i^{def}= ḡ^{hα ∗}φ_{αi}. This condition is equivalent to ∗ φ^{[i}_{(α}δ^j_βF^{k]}_{γ)} = 0, (8) where [ijk] and (αβγ) denote the alternation and the symmetrisation by mentioned indices, respectively.

Since F^h_i ≠ αδ^h_i , there exists a vector ε^i such that ε^i and ξ^{i def}= ε^αF^i_α are lineary independent. Contracting (8) with ε^αε^βε^γ , we see that the vector ε^{α ∗}φ^i_α is a linear combination of the vectors ε^i and ξ. Then, after the contraction, (8) with ε^βε^γ we

ON F-PLANAR MAPPINGS ONTO RIEMANNIAN SPACES 213

obtain that^∗φ^i_α = βδ^i_α + γF^i_α + a_αε^i + b_αξ^i, where a_α, b_α are covectors and β, γ are functions. Under the assumption that a_α or b_α is non-zero, after the substitution of^∗φ^i_α into (8) we get a contradiction with (4).

Hence^∗φ^i_α = βδ^i_α + γF^i_α. From this formulas (7b) follow easily. b) Analogously, let us suppose the existence of a vector ε^h such that the vectors ε^{α ∗}ψ_{αi}, ε^αḡ_{αi} and ε^αF̄_{αi} are linearly independent. However, this assumption is in contradiction with (4) and the regularity of the metric tensor ḡ_{ij} . That is why the vectors ε^{α ∗}ψ_{αi}, ε^αḡ_{αi} and ε^αF̄_{αi} are linearly dependent for any vector ε^h.

¿From this follows that^∗ψ_{ij} = αḡ_{ij} + β̄F̄_{ij} , where α, β̄ are numbers. Substituting this relation and (7b) into (6), we see that β̄ = β.

In this way we proved that the general solution of the homogeneous system of equations (6) is of the form (7). Therefore the conditions (5) imply the equations (3b) and (3c).

Further we shall investigate the integrability conditions of equations (3b). Differentiating the equations (3b) covariantly by x^k and then alternating by j and k, by the Ricci identity and (3a, b, c), we obtain ḡ_{ij} α_{,k} − ḡ_{ik}α_{,j} + F̄_{ij} β_{,k} − F̄_{ik} β_{,j} =^7Q_{ijk} (ḡ, ψ, φ, α, β, γ). (9) The homogeneous equation

ḡ_{ij}^∗α_k − ḡ_{ik}^∗α_j + F̄_{ij}^∗β_k − F̄_{ik}^∗β_j = 0

with unknowns^∗α_i and^∗β_i has only trivial solution^∗α_i = 0,^∗β_i = 0 if the conditions (4) are satisfied. That is why the equations (3d, e) follow from the condition (9).

Similarly, the last equation (3f) of the system (3) can be obtained using the integrability conditions of equations (3c).

Evidently, the system (3) is closed with respect to unknown tensors ḡ_{ij} , ψ_i, φ_i, α, β, γ. The Theorem 1 is proved.

We know from the theory of differential equations that the initial value problem (3) with initial conditions

ḡ_{ij} (x_o) =^oḡ_{ij} ; ψ_i(x_o) =^oψ_i; φ_i(x_o) =^oφ_i; α(x_o) =^oα; β(x_o) =^oβ; γ(x_o) =^oγ,

has at most one solution. As the tensor ḡ_{ij} is symmetric, the general solution of this system depends on r ≤^1_2 n(n + 5) + 3 real parameters.

¿From this the following theorem follows.

Theorem 2. Let A_n be a space with affine connection, where an affinor F^h_i (x) is defined such that Rank ‖F^h_i − ρδ^h_i ‖ > 5. The set of all Riemannian spaces V̄_n,

214 JOSEF MIKEŠ, VĚRA MALÍČKOVÁ, AND OLGA POKORNÁ

for which A_n admits F-planar mappings, depends on at most^1_2 n(n + 5) + 3 real parameters.

This theorem was proved in v [7] under more restrictive conditions: Rank ‖F^h_i − ρδ^h_i ‖ > 18. By a detailed analysis of the proof we can see in both theorems 1 and 2 that the condition Rank ‖F^h_i − ρδ^h_i ‖ > 5 can be substituted by the assumptions n > 8 and Rank ‖F^h_i − ρδ^h_i ‖ > 4.

Theorems 1 and 2 generalize similar results obtained by N.S. Sinyukov [17] for geodesic mappings of Riemannian spaces, J. Mikeš and V.E. Berezovski [12] for geodesic mappings of spaces with affine connection onto Riemannian spaces, V.V. Domashev and J. Mikeš [2], [6], for holomorphically projective mappings of Kählerian spaces, I.N. Kurbatova [5] for holomorphically projective mappings of hyperbolic Kählerian spaces, K- and H-spaces and M. Shiha [16] for holomorphically projective mappings of m-parabolic Kählerian spaces (see [17], [10], [11]).

3. F-planar mappings with covariantly constant conditions of affinor structures F

As we said before, F -planar mappings generalize a whole series of previously studied mappings.We list below some conditions under which the F -planar mapping will be one of the mappings studied earlier by authors.

Let us recall that an affinor F^h_i is said to be an e-structure if the relation [17], [18] F^h_α F^α_i = e δ^h_i , where e = ±1, 0, (10) is satisfied.

The affinor^∗F^h_i is equivalent to e-structure if there exist an e-structure F^h_i and numbers α, β such that_∗

F^h_i = αF^h_i + βδ^h_i . (11) holds.

We have a following theorem.

Theorem 3. Let a diffeomorphism A_n→ Ā_n be a non-affine F-planar mapping. If the structures F^h_i and F̄^h_i are covariantly constant and Rank ‖F̄^h_i − ρδ^h_i ‖ ≥ 4, then this mapping is semigeodesic of type π_2(e) and the structures are covariantly constant equivalent e-structures.

Proof. Let A_n admits non-affine F -planar mapping onto Ā_n, and the structures F^h_i and F̄^h_i are covariantly constant in A_n and Ā_n, respectively, and Rank ‖F̄^h_i − ρδ^h_i ‖ ≥ 4. Then the formulas (1) hold.

We express covariant derivative F^h_i in the space Ā_n: F^h_{i|j} ≡ ∂_j F^h_i + Γ̄^h_{αj} F^α_i − Γ̄α_{ij} F h_α , where ∂_i^{def}= ∂/∂xi. Using formula (1a) we obtain:

F^h_{i|j} = F^h_{i,j} + F^α_i ψ_αδ^h_j + (F^α_i φ_α − ψ_i)F^h_j − φ_iF^h_α F^α_j , (12)

where ”,” and ”|” are covariant differentiate in A_n and Ā_n, respectively.

ON F-PLANAR MAPPINGS ONTO RIEMANNIAN SPACES 215

We differentiate formulas (1b) in Ā_n covariantly. As we have assumed F^h_{i,j} = 0 and F̄^h_{i|j} = 0, by substitution (12) we obtain

∂_j aF^h_i + ∂_j bδ^h_i + a(F^α_i ψ_αδ^h_j + (F^α_i φ_α − ψ_i)F^h_j − φ_iF^h_α F^α_j ) = 0. (13)

By ∂_j a ≠ 0 we come to contradiction with Rank ‖F̄^h_i −ρδ^h_i ‖ ≥ 4. Thus a ≡ const. Analogously, for n > 3 formulas (13) imply that b ≡ const.

Since a ≠ 0, formula (13) can be simplified:

F^α_i ψ_αδ^h_j + (F^α_i φ_α − ψ_i)F^h_j − φ_iF^h_α F^α_j = 0. (14)

The mapping f: A_n→ Ā_nis not affine and hence ψ_i ≠ 0 or φ_i ≠ 0. If φ_i = 0, then for ψ_i ≠ 0 it follows from (14) that F^h_i = ρδ^h_i , which is a contradiction. So we have φ_i ≠ 0. Than from the relation (14) we obtain

F^h_α F^α_i = αδ^h_i + βF^h_i , (15)

where α, β are functions.

We can show that α, β are constants by covariant derivations of the relations (15) in A_n . Then we can easily see that we can choose numbers c a d such that

for affinor structure^∗F^h_i^{def}= cF^h_i + dδ^h_i holds^∗F^h_α^∗F^α_i = eδ^h_i , where e = ±1, 0. This means that the affinor F^h_i is eqvivalent to e-structure.

Since in our case a and b in (1b) are constant, we can prove analogously that the structure F̄^h_i is also equivalent to e-structure. Moreover, both structures F^h_i and F̄^h_i are simultaneously covariantly constant in A_n and in Ā_n.

It follows from the facts mentioned above that in formulas (1) the original structures can be substitute by equivalent covariantly constant e-structures. That is why for F -planar mapping f: A_n → Ā_n the formulas (1a), F^h_{i,j} = 0 and F^h_α F^α_i = eδ^h_i are satisfied. These conditions show that the mapping f is almost geodesic mapping of type π_2(e) in the sence of N.S. Sinyukov [17], [18]. The proof of Theorem 3 is now complete.

A.Z. Petrov investigated quasigeodesic mappings of 4-dimensional pseudo-Riemannian spaces V_4 → V̄_4, which are in fact special F -planar mappings, under the condition of preserving the structure F̄^h_i ≡ F^h_i and the skew-symmetry of tensors F^α_i g_{αj} and F̄^α_i ḡ_{αj} , where g_{ij} and ḡ_{ij} are metric tensors of V_4 and V̄_4.

The following result holds:

Theorem 4. Let a diffeomorphism of Riemannian spaces f: V_n→ V̄_n be a nonaffine F-planar mapping. If Rank ‖F^h_i − ρδ^h_i ‖ ≥ 4, F^α_i g_{αj} and F̄^α_i ḡ_{αj} are skewsymmetric and covariantly constant in V_n and V̄_n, then V_n and V̄_n are Kähler spaces and this mapping is holomorphically-projective.

Proof. Let f: V_n → V̄_n be non-affine F -planar mapping, Rank ‖F^h_i −ρδ^h_i ‖ ≥ 4, and F̄^α_i ḡ_{αj} be skew-symmetric and covariantly constant in V_n and V̄_n, respectively.

By Theorem 3, the affinor structures are connected by the formula (1b) with a, b constant and we have F^h_α F^α_i = αδ^h_i + βF^h_i , α, β are constant.

216 JOSEF MIKEŠ, VĚRA MALÍČKOVÁ, AND OLGA POKORNÁ

As F^α_i g_{αj} + F^α_j g_{αi} = 0 holds, contracting this relation with F^j_k , we obtain

g_{αβ} F^α_i F^β_j + αg_{ik} + βF^α_k g_{αi} = 0.

Alternating this expression, we see that βF^α_k g_{αi} = 0, which implies β = 0. This means that F^h_α F^α_i = αδ^h_i . Analogously we can see that F̄^h_α F̄^α_i = ᾱδ^h_i holds, too.

Substituting (1b), we easily obtain 2ab F^h_i = δ^h_i (ᾱ − αa^2 − b^2). Hence b = 0, ᾱ = αa^2, a ≠ 0.

If ᾱ = α = 0 then V_n and V̄_n are parabolic Kählerian spaces (see [10], [16]) and f: V_n → V̄_n is a holomorphically projective mapping.

Let us suppose ᾱ ≠ 0 and α ≠ 0. If we put e = sign α ≡ sign ᾱ and ∗ F^h_i^{def}= 1 √ |α| F^h_i and ∗ F̄^h_i^{def}= 1√ |ᾱ| F̄^h_i ,

then^∗F^h_i and ∗ F̄ h_i are Kählerian structures and V_n and V̄_n are Kählerian spaces (”classical” Kählerian for e = −1 and hyperbolic Kählerian for e = 1). It is easy to see that the mapping f: V_n → V̄_n is holomorphically projective (see [10], [17], [18], [20]).

Further, we studied holomorphically projective mappings of almost Hermitian spaces. Results for this type of spaces are interesting from the point of view of their classification (Gray-Hervella [4]).

References

[1] V.A. Dobrovolsky, Almost projective mappings of gravitational fields. Degenerated case, In:

Gravitation and Theory of relativity [in Russian], Vol. 8, Kazan. State Univ., Kazan, 1971, 65–91.

[2] V.V. Domashev, J. Mikeš, On the theory of holomorphically projectie mappings of Kählerian spaces. MAt. Zametki, 23, 2, 297–304, 1978.

[3] L.P. Eisenhart, Riemannian geometry. Princenton Univ. Press. 1926. [4] A. Gray, L.M. Hervella, The sixteen classes of almost Hermitian manifolds and their linear invariants. Ann. Mat. Pura Appl., IV. 1980, Ser. 123, 35–58.

[5] I.N. Kurbatova, HP-mappings of H-spaces, Ukr. Geom. Sb., Kharkov, 1984, 27, 75–82. [6] J. Mikeš, On holomorphically projective mappings of Kählerian spaces, Ukr. Geom. Sb., Kharkov, 1980, 23, 90–98.

[7] J. Mikeš, F -planar mappings and transformations, Diff. Geom. and its Appl. Proc. Conf., Brno/Czech. 1986, Commun., 1987, 245-254.

[8] J. Mikeš, On F- and f-planar mappings, transformations and deformations. In: The Geometry of Generalized Spaces [in Russian], Penza, 1992, 60–65.

[9] J. Mikeš, On special F-planar mappings of affine-connected spaces. Vestn. Mosk. Univ., 1994, 3, 18-24.

[10] J. Mikeš, Geodesic mappings of affine-connected and Riemannian spaces. J. Math. Sci., New York,1996, 78, No.3, 311–333.

[11] J. Mikeš, Holomorphically projective mappings and their generalizations. J. Math. Sci., 89, N. 3, 1998, 1334–353.

[12] J. Mikeš, V. Berezovski, Geodesic mappings of affine-connected spaces onto Riemannian spaces. Differential geometry and its applications. Proceedings of a colloquium, held in Eger,

ON F-PLANAR MAPPINGS ONTO RIEMANNIAN SPACES 217

Hungary, August 20–25, 1989, organized by the Janos Bolyai Mathematical Society. Amsterdam: North – Holland Publishing Company. Colloq. Math. Soc. Janos Bolyai. 1992, 56, 491–494.

[13] J. Mikeš, N.S. Sinyukov, On quasiplanar mappings of spaces of affine connection. (Russian) Izv. Vyssh. Uchebn. Zaved., Mat. 1983, No.1(248), 55-61 (1983). (English) Sov. Math. 27, No.1, 63-70 (1983).

[14] T. Otsuki, Y. Tashiro, On curves in Kaehlerian spaces. Math. J. Okayama Univ., 1954, 4, 57–78.

[15] A.Z. Petrov, Simulation of physical fields. In: Gravitation and the Theory of Relativity [in Russian], Vol. 4–5, Kazan State Univ., Kazan, 1968, 7–21.

[16] M. Shiha, On the theory of holomorphically-projective mappings of parabolically- Kaehlerian spaces. Differential geometry and its applications. Proceedings of the 5th international conference, Opava, Czechoslovakia, August 24–28, 1992. Opava: Open Education and Sciences, Silesian Univ.. Math. Publ. (Opava), 1993, 1, 157–160.

[17] N.S. Sinyukov, Geodesic mappings of Riemannian spaces. [in Russian] Moskva: Nauka. 1979, 256 p.

[18] N.S. Sinyukov, Almost-geodesic mappings of affinely connected and Riemann spaces. J. Sov.

Math., 1984, 25, 1235–1249.

[19] V.V. Vishnevskiy, A.P. Shirokov, V.V. Shurigin, Spaces over algebras [in Russian], Kazan Univ. Press, Kazan, 1985.

[20] K. Yano, Differential geometry on complex and almost complex spaces. Oxford-London-New York-Paris-Frankfurt: Pergamon Press. XII, 1965, 323 p.

Dept. of Algebra and Geometry, Fac. Sci., Palacky Univ., Tomkova 40, 779 00 Olomouc, Czech Rep.

Dept. of Algebra and Geometry, Fac. Sci., Palacky Univ., Tomkova 40, 779 00 Olomouc, Czech Rep.

Dept. of Mathematics, Czech University of Agriculture, Kamýcká 129, Praha 6, Czech Rep.

E-mail address: Mikes@matnw.upol.cz E-mail address: Malickova@matnw.upol.cz E-mail address: Pokorna@tf.czu.cz