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On Approximation of Entire Functions
and Generalized Orders

by ApaM JaNik (Krakow)

Abstract. A characterization of the generalized order of entire functions of several complex variables
by means of polynomial approximation and interpolation is established.

Let «, § be two positive, strictly increasing to infinity differentiable functions on an
interval (d, +o0). We assume that

. a(ex) .
lim = 1 provided ¢>0;
x4+ CZ(X
1
i A0 |
X+ o ﬁ(x)

for every function such that w(x) - 0 as x — + 0.
Given an entire transcendental function g in C, N>1, we put

S(r,g) = sup{lg(@)|: |z:)*+ ... +l=al> = 7}, r>0.

The quantity

. a(logS(r, 9))
, B, g) = limsu
e .9 M+wp' Blogr)

is called a generalized order of g (see [5] and [2]). If «(x) = logx, B(x) = x, we get the
classical definition of the order of an entire function.
The aim of this paper is to characterize the generalized order o(a, B, g) by means
of polynomial approximation and interpolation to g on compact subsets of CY.
Let X be a compact set in CN and let || |[x denote the supremum norm on K. The
function |
1

@ (z) = sup{lo(2)[": p-polynomial, degp<n, |lplik<1, ne N}, ze C",

is called the Siciak extremal function of the compact X ([3], [4]).
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Given a function f, defined and bounded on K, we put for ne N

EO(, KD = 1=t
D, K) = 1= bils
Ersi}l(f’ K) = ”ln+'1—ln”K ’

where ¢, denotes the n-th Cebysev polynomial of the best approximation to f on K and /,
denotes the n-th Lagrange mterpolatlon polynomial for f with nodes at extremal points
of K (see [3] or [4]).

THEOREM. Let K be a compact set in C¥ such that & is locally bounded in C¥. Assume
that for every ¢>0 there exist positive constants a, b such that

d(B™* (ca(x)))
d(logx)

~ » x—?a

Then the function f, defined and bounded on K, is the restriction to K of an entire function g
of the finite generalized order g¢(a, B, g) if and only if

e, B, g) = limsup - 1 %) ,
e B(——IOgE,fs’(f, K)) |
n

s=1,2,3.

~This Theorem was obtained by S. M. Shah [2] in the case N = 1, K = [~1, 1] and
by Winiarski [6] for a(x) = logx, B(x) = x.
We start with the following

LEMMA. Under the assumptions of Theorem let (p,),n be a sequence of polynomials
in CY such that -

(i) degp,<n, ne N;
(1) there exists ny € N such that

, (1
IIPHIIKSeXp(-nB 1(—(!("))), nzng .

Then Z P. is an entire function and g(«, f8, Z D)< provided Z D, is not a polynomml

n=0 n=0

Proof. By the assumptions

| - 1
”pn“Krngrnexp(—nﬁ_l(_a(n)))’ n>n03 ) r>0-
\H

By the methods of the calculus we obtain that the maximum of the function

{(0, +w)d3x — r"exp(-—xﬁ'l(ia(x))) € R} |
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is reached for x = x,, where x, is the solution of the equatidn

()

x =o t\uB\logr—

d(logx)
Thus ‘
(1) llpnllxr”éexp(boc_l(uﬁ(logr_+b))), nzn,, r>0.
Write

K, ={zeCV: d(z)<r}, r>1.

For every polynomial p of degree <n ([3], [4])

2) P DI < IIPallc Pk(2), z € C.
oo ' ' o0 o - ‘
So the series Y p, is convergent in every set K., r> 1, whence Y p, is an entire function. Put
n=0 n=0 :

M*(r) = sup{l|plixr": ne N}, r>0.

On account of (1) for every r>0 there exists a positive integer v(r) such that

M) = [Pyl
and :
M*r)>||pligr”s  n>v(r).

Observe that v(r) increases with r. Suppose first that v(r) =+ +00 as r — + 0. Then,
putting n = v(r) in (1) we get for sufficiently large r

(3) M *(r)< exp (b (up (logr+b))) .

Put
F,={zeC": ®y(z) =7}, r>1;

M(r) = sup{| ip,,(zn: zeF}, r>1.
The inequality (2) implies |
@ MO S Ipllr” = 2 lIpla(2ry2 ™" <2M*0)
Moreover, [6, (3.3)],
o CSe Y <Ml
for some positive constant k. Combining (3), (4) and (5) we get

logS(r, Y. p,,)élog2+bo:"' 1(Juﬁ(logr—l—longe"’)) ,
n=0 :
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whence

/1 @
ol ~logS(r, Y p,)—-log2
b =0 b

B(logr+log2ke®)

SU.

- Owing to the properties of the functions « and B, after passing to the upper limit we obtain

e(e, B, Y po<n.

n=0

It remains to consider the case where v(r) is bounded. But then M *(r) is also bounded,

whence ) p, is a polynomial. So the proof is completed.

n=0

Proof of Theorem. Let g be an entire transcendental function. Write

e =0, B,9);

: a(n) :
Vs = limsup s=1,2,3

=+ 1 ’
o B(——logEff’)
n .

here £ stands for EMglx, K), s = 1,2, 3. We claim that 0=7y,,5=1,2,3 1t is
known (see e.g. [6]) that

(6) ENSER LK +2)EL,  n20;
(7) EDL2(ne+2)EL,,  nx1,

where n, = ("*M). Thus V3Xy2 = y; and it suffices to prove that y, <p<7y,.

1° 9, <p. Owing to the definition of the generalized order for every u>g
logS(r, g)<a™'(up(logr))
provided r is sufficiently large. We may suppose obviously that
KecB={zeC": |z,*+ ... +lzy2 <1} .
Then E{V<E(g, B). By Lemma 3.4 of [1]

E,(,l)(g,B)Qi‘_"S(r,g), r>2, n?O
Thus
| logE{ < —nlogr+a™'(up(logr))

for every ne N and for every sufficiently large r. Putting

r = exp (ﬂ‘ 1 (—1— oc(n)))
N .



325

we get

logEV —n (}5’_1(1 cx(n))) +n,
7
(1)

1 <H
5(1 - logE,‘,“)
n .

Letting n - + o0 and pu — ¢ we obtain the required inequality.

whence

2° sts.'Suppose y3<g@. Then for every A€ (y;, 0)
o(n)

1
ﬁ(-—- - logE,‘,"”)
n.

provided » is sufficiently large. Thus

E®<exp (——nﬁ" 1 G cx(n)))

and by Lemmar e<AZ. Since A has been chosen less than ¢, we get a contradiction, so
ST
Now let f be a function defined and bounded on K and such that for s == 1,2 or 3

<4

. (1)
¥, = limsup

n-* 4 oo l
' ﬁ( —= logE,f”)
n

1s finite. We claim that the function

g = lO+ Zl(ln_ln-l)

is the required entire continuation of f and g(«, §, g) = ;. Indeed, for every A>7v,

o (m)

1
ﬁ( _— logE,fs))
n

provided » is sufficiently large. Hence

B
E¥< exp(-—nﬁ ! (E oc(n))) :

Owing to the inequalities (6), (7) and Lemma the function ¢ is entire and ¢(a, §, g) is
finite. So by the first part of the proof ¢(a, B, g) = y,, as claimed.
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