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‘Some Remarks on Domains of Holomorphy

1. Introduction. We shall denote by ©(f) the vector space of all functions
holomorphJc in a domain 2C C". Given aeQand fe9(2), let T,f denote the
Taylor series of f at a. We shall denote by o(7,f) the radlus of the maxxmal ball

" in which the series 7,f is absolutely convergent.

Let F be any non empty subset of O(®2) and K be a compact set in Q. We say

that K is F-convex if .

4] : K= KF“{ZEQ (@)} < sum';o(z}l geF}.

If F=0(2) and K= I%,,,m) we say that K is holomorphically convex.
We say that a function fe9(Q) is prolongable to the outside of @, if there is
a point ¢ €2 such that e(T.f) > dist(c, e92). 7
In this note we shall give two proofs of the following theorem due to J. P. Ka-
hane [2).
Theorem 1. Let 2C C* be a domain, KCQ be a holomorphically convex
compact set, and let

(2 CIK)= {yze C“(IntK) Vaez® D% is prolongable contmuously to K}.

Then there exists a function f'e O (Int K) ~ C°(K) not prolongable to the outmde of K
We denote 4(K) = O0(IntK) ~ C2(K).
-In the first proof we shall use the following Banach theorem [1]:
" Assume that E F are any Fréchet spaces and

Q) L @: E—>F

isa lmear and contmuous mappmg Then either ®(E) = F or cD(E) is a set of the
first category in F.
In the second proof we shall use the fact that A(K) is a Baire: space (for 1t is
metrizable and complete).
The proof proposed by Kahane is based on some properties of the Rademacher
series [2]. A .




2. Flrst we- notlce ﬁraf the vector space A(K) is the Frechet space the topology
of which is given by the family of seminorms

@ g = sup 3 IDF@),  6=0,1,.), fed(K),

- zeK ‘n]<’

where D%, a « Z* denotes the continuous prolongatloh of the a-th derivative of f

to K. If {filienC A(K) and fe A(K) we shall say that f,—f when k- in 4(K)

if and only if for every »=10, 1, ... limg,(f,— f)=10. The topological vector space
k>0 i

A(K), equipped with thls topology, is complete.

Lemma. -Assume that K is a compact set in a domam QCC" sugh that K
= Ko(g, Let ¢ be an arbltrary point of IntK and r be any positive number greater

than dist(c, 2K).

Then
e A= {fAK): oT) =1}
is a set of the first cafegory in A(K).

Proof. Observe that

(6) . » A:(C) = {(f , T, cj)‘, f € A,.(C)}
is the Fréchet space with the following family of seminorms
U g1, T.f)] = q.(f)+sur>lT f@, »=0,1,.. °

where g,, »==0, 1, ... are given by the formula (4) a‘nd
B£,={z\eC": lz—ell < 1;}, Cv=1,2,.. 19o . B,.
V2 :

To énd this proof we remark that the mapping

® , 7 A()> (f, T.f)>f <« A(K)

is linear and continuous in the-sense of the topology introduced above. Now, for
every a e (\K) ~{ze C" |z—¢|| < r} there exists a function g e 0(22) such that
lp(a) > sup}tp(z)]. Since the function f(z) = [¢(z)—¢(a)]~* belongs to A(K) and

f¢ A0 we have A(K) # A/(c) = 7(4;(c)). Thus by Banach’s theorem A4,(c) is
a set of the ﬁrst category in A(K)

-

3. The first proof of Theorem 1. Let {Ck} be any countable and dense
subset of IntK. Let us denote

Ac)= {fe A(K): o(T..f) = dist(c,, 3K)+"~11} kon=1,2,..



and : A L -
® . P={fcdX): S is prolongable to the outside of K}.

AThen P= U A.,,(ck) Since ECAN k,n N are sets of the ﬁrst category, Pis a set

k,n=1

_of the first category in A(K), so A(K)\P #* 0.

‘4. The second proef of Theorem 1. Let {c,} be. any countable and dense
subset in IntK. Put

Bk == {Ze C" HZ‘_ckH <d15t(Ck, 3K)+rk,}, k,vz‘ 1,2, aen

“'where for every k e N, {r, ,}, .~ is a decreasing sequence of positive numbers such that

1° limry,, =0, for k=1,2, ...

2 B,,CQ, for k,v=1,2, ...
‘Observe that -
'(u)) Py, ={fedB): swp L f@I<D, ki ly=1,2,.

z€By

are closed subsets of A(K). Moreover for every f, g ¢ P, and for every a,feC

such that Ial—Hﬁ] < 1 we have
(af+ﬂy)(2)l < |al| cf(Z)I+|ﬁllTky(21l <, zeB,.

- Thus P, 1 ATC absolutely convex. We remark that P = U P, where P is de-

klv=1

- fined by (9). Now, we -have two possibilities: either IntP,,, = & for every k, I veN

and then P is the set of the first category in A(K); or there exist k, [, » « N such
that IntP,,, # . We shall prove that the second case is impossible. Indeed, Py,
is an absorbing subset in A(K), because P, is absolutely convex with a non
empty interior. Hence

‘ (11) VS e A(K)AM >0: 1eC,|A| > M=>feiP,,,. -

‘Now, Iet us take any point a ¢ ((2\K) ~ B, , and a function ¢ e 0(2) such that
lp(a)| > supltp(z)] Smce f(2) = [p(@)—@(@] " €« A(K), there exist Ae'Cand ge Py,

such that f = Jg. The function g is prolongable holomorphlcally to the ball B;,,
so also is f, but this is mpossxble '

‘Corollary. If IntK is not a domain of holomorphy, then there exists a ball
B = B(a,r), aeIntK, r >dist(a, 0K) such that every function fe A(K) is prolong—
able hoiomorph;cally into B.

Proof. Indeed, A(K) = P = | P, ;,. Thus there must exist numbers k,1,» N
such that IniPk ., # @. Hence Py, is an absorbmg set in A(K), thus

AGK) = PPy,



%

N Hsmg the method of seeond proof of Theorem 1 we may obtam the following
: well known result:

‘ T DCC*"isnota domam of hcdomorphy, then there exists a ball B= B(a, r),
aeD,r> dlst(a 2D) such that every functlon feO(D)is holomorphlcally prolong-

able into this umversal ball B.

5. Let FCO() be any non empty famlly Observe that Lemma and Theorem 1

hold for any compact set ECQ such that E= EF (instead of K= Ke(,,,) The

proofs of these facts are exactly the same as the proofs of previous versions. In

particular a compact set E may be polynom1a11y convex or. an analytic polyhedron :
Now, ‘let us denote

H®(K) = {fe0(IntK): fls bounded on K}
- 4(K) ={f§0(lntK) Vaez,,|o| <p, DY is prolongable} 0<p<oo

contmuously to X

Then A(K) = A(K) :
Since we may equip the vector spaces O(IntK), H°°(K) and A’(K), (0 <p < )

with Fréchet topologles, and since

(12) A(K}C LCAY(K)C AP(K) C...C AXK)C H®(K) C O (IntK)
the following theorem holds

Theorem 2. Let F be any non empty subset of 9(2) and X be any compact

~ set in £ such that K= KF If A is one of the spaces (12), then there is a functlon
fe A not prolongable holomorphically to the outside of K. K
This theorem may be also proved analogously to Theorem 1.
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