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TORSION AND CURVATURE FOR THE 6-COMMUTATOR

A. DZHUMADIL’DAEV

ABSTRACT. Torsion and curvature for 6-commutator on Vect(2) are cal-
culated. It is proved that 6-curvature (6-torsion) can be presented as a
exterior product of usual curvature (usual torsion) by some 4-form.
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Let s be a standard skew-symmetric associative polynomial

sty ... tg) = Z Signote(1y - to(k)-
ogESymy
Let M = M™ be a n-dimensional manifold, U a space of smooth functions on U and
L a space of vector fields on M". Let Diffj; be a space of differential operators
of differential order k. Recall that a homogeneous differential operator u,0% has
differential order k if 9 = [T(_, 8", 0; = 32, a = (a1,..., ) € Z}, 37, o =

k. One can make identifications U = Diffjq) and L = Diff). Let

Diffy = @1Diff
be a space of differential operators of differential order < k and Diff a space of
all differential operators on M". Endow Diff by a structure of associative algebra
under composition. Then L became U-module under natural action (u, X) — u- X.
One can consider si as a k-ary operation on a space Diff. In general,

X1 € Diffayy,---. Xk € Diffa,) = X1 Xy € Diffu, 411,

and sk (X1,...,Xk) is a differential operator of order Iy + -+ + I — 1. In case of
k =2 it is a well-defined operation on Vect(n),

52( X1, X2) = [ X1, Xo] = X1 X — X0 X
(Lie commutator).
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One asks whether sy might be well-defined on Vect(n) for N > 2. Call sy as
N -commutator if it is a such case,

VX1,...,Xn € Vect(n) = sy(X1,...,Xn) € Vect(n).

In [1] it was established that for any n there exist some N depending on n such
that N-commutators are well-defined. Namely, N- commutator on Vect(n) is well-
defined if N = n? + 2n — 2. For example, Vect(2) has non-trivial 6-commutator.

Denote by End L be a space of endomorphisms of L, i.e., space of R-linear maps.
Let Endy L be space of U-linear maps on L.

Let X; = uld; vector fields, i = 0, 1,. .., 6. Here we use Einshtein notation. Sum-
mations are made over repeated indexes. Let Vx € End L be covariant derivation.
Recall that Riemann curvature R : A2L — Endy L for a covariant derivation V x
is defined by

R(Xla XZ) = [VXI s VXz] - V[Xth]'

Our aim is to study curvature and torsion for 6-commutator on Vect(2). From
now let L be space of vector fields on 2-dimensional space. Let us follow usual
defintions of curvature and torsion (see for example, [2]) to generalize them for
N-commutators. Define 6 - torsion form and 6- curvature form for 6-commutator
as a polylinear skew-symmetric maps

Ts: A\°L — L
R : N°L — EndyL
by

6
T6(Xla s 7X6) = Z(_l)i+1s5(v){1ﬂ s aXiv ceey va)(Xi) - SG(le cee 7X6)a
=1
Re(X1,...,X6) = 86(Vxys- 5 Vxg) = Vg (X1, X6) -

Here notation X; means that corresponding element is omitted. Let n : A*L — U
be 4-form defined by

51X1($1) 31X2(331) 31X3($1) 31X4($1)
0o X1(x1) 02Xo(z1) 02X3(x1) 02Xu(z1)
X1, Xy, X3, X4) = —3
(X1, X2, X3, Xa) 0 X1(x2) 01 Xa(z2) 01X3(x2) 01 Xu(z2)
0 X1(x2) 09Xo(x2) 02Xs(z2) 02Xa(x2)

Our main result is

Theorem 1. Torsion and curvature for 6-commutators can be given by the follow-
ing formulas

TG =1 A T7

Rs =nANR.

In other words,
T‘G(ulllal17 . ,’U/l66(916) =

61U%(3) 81%%(4) 81u<}(5) 81@%(6)
: 82u (’)2u 82u 82u
_ ; l1 l2 s o(3) o(4) o (5) o(6)
3D signougygy T, O Ol Ol Ou
a(3 o(4 a(b a(6
ocSyma 4 2( ) 2( ) 2( ) 2( )
o3 O2Uo) O2tigi) Ol
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and

R6 (ulll 611 yoeoy uéﬁ 816)(11,60(910) =

Orug@z) Oruguy Orugis) Orug

82U1 62U1 82u1 82u1
_ . lo, 1 la s a(3) o(4) o(5) o (6)
3 E SIgN 0 UG U (1)U o) By, 1, Oty Dy, Ol Ol Os.

og€Syma 4

82u(27(3) 82u§(4) 32u§(5) agui(ﬁ)
Here
l l l
Ty =Ty — T

is torsion tensor and
) _ ! l l m ! m
Riji = =0kl + 051, + T Ui — T I
is curvature tensor and summations are made by shuffle permutations

Symg 4 = {0 € Symglo(1) < o(2), o(3) <o(4) <oa(5) <o(6)}.

Theorem 2. Take place the following analoges of Bianchi identities

7
> (~1)'Re(Xy,..., X;,..., X7) =0,
i=1
7 . —
> (-1)'Vx,Re(X1,...,X;,..., X7) =0.
=1

If Cristoffel symbols are compatible with Riemann metric g; ;, and { , ) is a scalar
product, then

(Re(X1,...,X6)(X7), Xg) = —(Rs(Xq,...,X6)(Xs), X7).
Here X4,...,Xg are any vector fields on M?2.

So, 6-torsion and 6-curvatures are defined by 1-jets of vector fields. Recall that
in classical cases torsion and curvature forms are U-linear maps. In case of 6-
commutators U-linearity fall and remains only linearity over scalars.
Forms Tg(X1,...,Xs) and Rg(X1,...,Xs)(Xo) are polylinear over R and skew-
symmetric under arguments X, ..., X5 but 6-curvature is U-linear under Xj.
Since 6-form 7 is not identically 0, notions of flatness in terms of 6-curvature and
usual curvature are coincide. Similar things happen for torsions.

Corollary 3. Rg =0 is an identity if and only if R = 0 is an identity.
Ts = 0 is an identity if and only if T = 0 is an identity.
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