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A BOUND ON CORRELATION IMMUNITY

D.G. FON-DER-FLAASS

ABSTRACT. A new bound on correlation immunity of non-constant un-
balanced Boolean functions is proved. The bound is applied to obtain a
new necessary condition for existence of a perfect coloring of the hyper-
cube with given parameters. The new bound is stronger than the bounds
previously obtained by Bierbrauer and Tarannikov, and is reached on an
infinite class of examples.

In this note we prove a new bound on correlation immunity of unbalanced
Boolean functions. This bound was conjectured by Yu. Tarannikov.

Let @ = {1,...,n}. The powerset H = P(Q) will be considered as the n-
dimensional hypercube; two subsets being adjacent iff they differ in exactly one
element. For any sets x,y their symmetric difference will be denoted by = + y, and
the size of = by |x|.

For z,y € H, x Ny = (), define the set [z] +y = {zUy | 2 C z}. This is just a
k-dimensional face of the hypercube, where k = |z|.

Our main object is the 2"-dimensional linear space V of all real-valued functions
on H endowed with the standard inner product (f,g) = >, .y f(x)g(x). Also, by
fg we denote the ordinary product of functions.

For any subset S C H, let x° be the characteristic function of S; that is, x°(z) =
1if 2 € S, otherwise x°(x) = 0.

Definition 1. A function f € V is called correlation immune of degree n — m iff
(f,XY) is constant for all m-dimensional faces U C H.

Two special cases of this notion are particularly important and well-studied: cor-
relation immune Boolean functions, and orthogonal arrays (for instance, cf. [6] and
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[1]). A Boolean function is correlation immune of degree n — m if the characteristic
function of its set of ones is such, in our sense. An orthogonal array OA, (¢, k,2) can
be defined as a multiset of binary vectors of length k intersecting every (k — t)-face
by exactly A elements (with multiplicities). So, it can be represented as a function
taking integer non-negative values which is correlation immune of degree k — ¢.

The constant Boolean functions trivially are correlation immune of degree n. If
a Boolean function is balanced, that is, it takes the value 1 in precisely one half
of the cases, then its correlation immunity can be as large as n — 1: consider the
function p(z) = |z| mod 2. For non-constant unbalanced Boolean functions, non-
trivial upper bounds for the correlation immunity were found in [1] and [6].

We shall prove here a bound which is stronger than all those proved earlier. This
bound was conjectured by Yu. Tarannikov (private communication), and proved for
m <4 ([5]).

Theorem 1. If the function x° for S C H, ) # S # H, is correlation immune of
degree n —m, and |S| # 2"~ then m > n/3 + 1.

PROOF. Let |S| = ¢, and [H\ S| =b=2"—c. We have b # 0, ¢ # 0, and b # c.
Consider the function ¢ = by® — ex®\¥ (that is, ¢(x) = b if z € S, and ¢(z) = —¢
otherwise). The function ¢ is correlation immune of degree n — m, because x° is;
and the sum of its values is 0. Therefore, (g, xV) = 0 for every face U of dimension
m or more.

For every x € H, define the function f* as follows:

£ () = (-1

The collection {f* | z € H} is an orthogonal basis of V' (the Fourier basis). We can
note that each f* is an eigenvector of the adjacency matrix of the hypercube, with
the eigenvalue —n + 2|z|.

We shall need the following easy properties of the functions f*.

(i) =1

(it) 7 = Do (=D

(if) f v = frevee,

Expand ¢ on the basis {f*}: ¢ = > w, f*. Since the basis is orthogonal, we have

(g, %)

Wy = 7.
(f f)
It follows from (ii) and the correlation immunity of ¢ that w, = 0 if |z| > m.
Now consider the function ¢2. Each value of ¢ (b and —c) satisfies the equation

t2 — (b — ¢)t — bc = 0; therefore ¢> = (b — ¢)q + be - f%; so,
¢ =befP+ ) (b—Jwf".

rEH

On the other hand, using (iii), we find:

¢® = wy /) waf?) = (Y wywa fUY) = (3 wi) [ wyw. frEEE
yeH z€H y,2€EH y#z
Let k be the largest size of x € H for which w, # 0. Take any = with w, # 0;
let I = |z|. Comparing coefficients at f* in the above sums, we see that there exist
y # z such that w, # 0, w, # 0, and y + z = x + Q. Therefore, n — [ = |z + Q| =
ly + 2| < |yl + |z| < 2k, and n <[+ 2k < 3k. On the other hand, ¥ < m — 1, and
the theorem is proved.l]
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What happens when equality is achieved? All the inequalities in the above proof
also must turn into equalities, which means that m = k + 1, n = 3k, and every
x for which w, # 0, is of size k. So the function ¢, being a linear combination of
eigenfunctions to the same eigenvalue —3k + 2k = —k, is itself such eigenfunction.

Take an arbitrary vertex v € S, let it be adjacent to r elements of S and s
elements of H \ S. We have two equations, r + s = n, and br — cs = —kb; the
second one follows from ¢ being an eigenfunction. Therefore r and s are uniquely
determined, and do not depend on the choice of v € S. Similarly, for some uniquely
determined numbers ¢ and u, every vertex v € H \ S has t neighbours in S and u
neighbors in H \ S.

This means, by definition, that the partition (S, H \ S) is an equitable partition,
or a perfect coloring, of the hypercube (cf. [3] or [2]). Conversely, if the partition
(S, H\ S) is a perfect coloring with parameters (r, s, t,u) (where r +s =t+u = n)
then the function f € V taking the value s on S, and the value —t on H \ S is
an eigenfunction to the eigenvalue r — ¢, and so is correlation immune of degree
n—k+1,fork=(n+r—1t)/2=r+(s—1t)/2. So, for perfect colorings our bound
n < 3k can be stated as follows:

Theorem 2. If the partition (S,H \ S) is a perfect coloring with parameters
(r,s,t,u) where s #t then r > (3t — s)/4.

Three infinite families of examples achieving the equality are known. Two of
them have the above parameters (r, s, t,u) = (0, 3k, k, 2k) (cf. [4]), and one has the
parameters (r, s, ¢,u) = (I, 51,31, 31) (cf. [7]).
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