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ON LORENTZIAN SPACES OF
CONSTANT SECTIONAL CURVATURE

Vladica Andrejié

ABSTRACT. We investigate Osserman-like conditions for Lorentzian curvature
tensors that imply constant sectional curvature. It is known that Osserman
(moreover zwei-stein) Lorentzian manifolds have constant sectional curvature.
We prove that some generalizations of the Rakié¢ duality principle (Lorentzian
totally Jacobi-dual or four-dimensional Lorentzian Jacobi-dual) imply con-
stant sectional curvature. Moreover, any four-dimensional Jacobi-dual alge-
braic curvature tensor such that the Jacobi operator for some nonnull vector
is diagonalizable, is Osserman. Additionally, any Lorentzian algebraic curva-
ture tensor such that the reduced Jacobi operator for all nonnull vectors has
a single eigenvalue has a constant sectional curvature.

1. Introduction

We investigate some sufficient conditions that a manifold is of constant sectional
curvature, especially in the Lorentzian setting. According to Schur’s lemma for a
pseudo-Riemannian manifold (M, g) of dimension n > 3, if the sectional curvature
k(o) does not depend on the plane ¢ C T, M, but only on the point p € M, then x
is constant. It allows us to put the problem into a pure algebraic concept with an
algebraic curvature tensor.

Let (V,g) be a (possibly indefinite) scalar product space of dimension n. The
squared norm of a vector X € V is the real number ex = g(X,X). The sign of
the squared norm separates all vectors X € V into three different types. A vector
X €V is spacelike if ex > 0; timelike if ex < 0; null if ex = 0. Especially, a vector
X €Visunit ifex € {—1,1} and it is nonnull if ex # 0.

An algebraic curvature tensor on (V, g) is a quadri-linear map R: V* — R that
satisfies usual Zqo-symmetries and the first Bianchi identity. In the presence of an
orthonormal basis (E1, ..., E,) in V we can use shortcuts R;;x = R(E;, E;, Ex, E;)
and ¢; = ep, for 1 <4,j,k, 1 < n.

The formula R(X,Y)Z = Y. | &;R(X,Y, Z, E;)E; defines the associated al-
gebraic curvature operator. We can define the polarized Jacobi operator using
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J(X,Y)Z = 3(R(Z,X)Y + R(Z,Y)X), while the Jacobi operator is given by
Ix(Y) = J(X,X)Y = R(Y,X)X. In the case of nonnull X, the orthogonal X+
is a nondegenerate hyperspace in V, while Jx (X ) = 0. Thus, the Jacobi operator
for nonnull X € V is completely determined by its restriction JIx: X+ 5 X +,
called the reduced Jacobi operator. We say that R is Jacobi-diagonalizable if Jx
is diagonalizable for any nonnull X.

2. Motivation

Given an algebraic curvature tensor R on (V, g), its sectional curvature is de-

fined on a non-degenerate two-dimensional subspace o of V as follows
R(X, Y’ Y’ X)

exey — (9(X,Y))?
where {X,Y} is any basis of 0. Recall that 0 = Span{X,Y} is non-degenerate if
and only if exey # (9(X,Y))%

Let A, B,T € V be orthonormal withey =ep =1 = —ep. Since erigpear(T+
0B, A) = R(T+6B,A, A, T + 0B) we have
0?k(B,A) — k(T,A) + 20R(T, A, A, B)

62 —1

If kK > m is bounded from below, then 02k(B, A) — (T, A) + 20R(T, A, A, B) is
greater than m(6% — 1) for || > 1 and less than m(6? — 1) for |§| < 1, so by
continuity it is zero for # = 1 and 6 = —1, which implies x(B,A) = (T, A)
and R(T, A, A,B) = 0. Using this argument, Kulkarni [12] proved the following
theorem.

k(o) =kr(X,Y) =

K(T + 6B, A) =

THEOREM 2.1 (Kulkarni, 1979 [12]). Let k be the sectional curvature function
of an algebraic curvature tensor R on an indefinite (V,g). If k is either bounded
from above or bounded from below, then k is constant.

Theorem [ZT] inspired Dajczer and Nomizu [7] to improve it with the following.

THEOREM 2.2 (Dajczer and Nomizu, 1980 [7]). Let k be the sectional curvature
function of an algebraic curvature tensor R on an indefinite (V, g). If k of indefinite
planes are bounded both above and below, then k is constant.

We say that R is timelike (or spacelike) Osserman if the characteristic polyno-
mial of Jx is independent of unit timelike (or spacelike) X. Let R be Lorentzian
timelike Osserman and let T € V be unit timelike. Since T+ < V is positive definite
it has an orthonormal basis Vi,...,V,,_1 consisting of eigenvectors of Jr. How-
ever, Jr(V;) = A\;V; holds for 1 < i < n —1 where A1,...,\,—1 are independent of
T since they are roots of the characteristic polynomial. Thus, for arbitrary X =
Sl agl; € T we have £(T,X) = g(Jr(X), X)/(erex) = — ¥, a2A/ ¥, 2,
and therefore — maxigicn—1 A < K(7,X) < —minigicn—1 . Garcia-Rio, Ku-
peli, and Vazquez-Abal [8] used this argument, so Theorem implies that x is
constant.
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THEOREM 2.3 (Garcia-Rio, Kupeli, and Vézquez-Abal, 1997 [8]). Lorentzian
timelike Osserman algebraic curvature tensor has constant sectional curvature.

The concepts of timelike Osserman and spacelike Osserman are equivalent (see
[9]), so we can say that any Lorentzian Osserman R has constant sectional curva-
ture. However, the Osserman property is further equivalent with a generalization
of the Einstein property named k-stein. We say that R is k-stein if there exist
constants C1, Cs, ..., Cy such that Tr((Jx)?) = C; holds for each 1 < j < k and
X € V. An algebraic curvature tensor R is Osserman if and only if it is k-stein for
any positive integer k (see Gilkey [11l Lemma 1.7.3]). Therefore, one can say that
R is Osserman if det(exAId —Jx) = 0 is the same equation for all nonnull X.

For Theorem to hold, it is enough to assume that R is Lorentzian zwei-
stein (2-stein). Let R be zwei-stein, then Tr((JTx++y)?) = (ex4tv)?Co, for X LY
implies Tr((Jx + 2tJ(X,Y) + t2Jy)?) = (ex + t?ey)?Cy for all t € R. Thus
Tr(jXQ) =¢e%Cy and Tr(Ix Ty ) +4 Tr((T (X, Y))?) + Tr(Jy Tx ) = 2exey Co. For
an arbitrary orthonormal basis (E1,...,E,) in V and for 1 < 2 # y < n we can
conclude

> ey (Rivy; + Riyas)® — €x8y(€x Rizaj — €y Riyy)*) =0,

1<i,j<n
For e,¢, < 0 it becomes 3, ; €igj ((Rizyj + Riyej)® + (Rizaj + Riyy;)®) = 0. For
Lorentzian R we have ¢; = 1 for all i ¢ {z,y}, some parts in our sum disappear, so
> ((Rizys + Riyej)” + (Rizaj + Riyy;)?) = 0.
i.j¢{z,y}
Therefore Rizz; + Riyy; = 0 holds for all 4, j ¢ {z,y}. Especially for i = j we have
K(Ei; Eac) = EiEIRiIIi = EiEyRiyyi = K(Ei; Ey)a

whenever 4, x,y are different with e,y = —1, for example ¢, = —1.

In order to complete the proof we shall use the following argument, missed by
other authors (see [5]), which significantly speeds up things. Since, zwei-stein is
Einstein by definition, we have

Ci= > cigyRyiy =Y cifaRizai = (n— 1)K(E;, Ey),
1<y<n y#i

and therefore x(E;, E;) = k(E;, Ey) = C1/(n — 1) for any orthonormal basis, so R
has constant sectional curvature.

THEOREM 2.4 (Blazi¢, Bokan, and Gilkey, 1997 [5]). Lorentzian zwei-stein
algebraic curvature tensor has constant sectional curvature.

3. Duality principle

One natural property of a Riemannian Osserman curvature tensor is the Rakié
duality principle, where Jx(Y) =AY = Jy(X) = AX holds for unit X,Y € V
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(see Raki¢ [14]). This implication is inaccurate in a pseudo-Riemannian setting so
we corrected it with the following implication (see [3]):

(31) jx(Y) =ex\Y = jy(X) = ey AX.

If (BJ) holds for all X,Y € V with ex # 0, we say that R is Jacobi-dual (see [4])
or that R satisfies the duality principle. The concept with no restrictions on X
and Y can be reformulated with the following definition. We say that an algebraic
curvature tensor R is totally Jacobi-dual if the equivalence

Y belongs to an eigenspace of Jx < X belongs to an eigenspace of Jy

holds for all X,Y € V.

Let us emphasize some known results in this topic. Some sufficient condi-
tions for an algebraic curvature tensor to be Jacobi-dual are to be Riemannian
Osserman (Rakié¢, 1999 [14]), four-dimensional Osserman (Andreji¢, 2010 [2]), or
Jordan-Osserman (the special case of Osserman which keeps the Jordan normal
form) (Nikolayevsky and Rakié¢, 2016 [13]). In this paper we deal with the con-
verse question. Whether being Jacobi-dual necessarily implies being Osserman?
We have an affirmative answer in the following cases: the three-dimensional case
(Andreji¢, 2009 [2]), the Riemannian four-dimensional case (Brozos-Vézquez and
Merino, 2012 [6]), and the Jacobi-diagonalizable case (Nikolayevsky and Rakié,
2016 [13]). According to Theorem 241 it is natural to have the following theorem.

THEOREM 3.1 (Andreji¢ and Rakié [4]). A Lorentzian totally Jacobi-dual cur-
vature tensor has constant sectional curvature.

PROOF. Let T be a unit timelike vector in a Lorentzian space V, then T is
positive definite, so jT is diagonalizable. Let Sq,...,Sn—1 be orthonormal (eg, =
—ep = 1) eigenvectors of jT. Then Jr(S;) = er\;S; and Jacobi-duality gives
Js;(T) =eg, T forall 1 <i<n—1.

Since jT:I:Si (T) = R(T,Tj:Sz)(Tj:Sl) = :FJT(Si)+jSi (T) = )\Z(Tj:SZ), and
similarly Jris,(Si) = FA(T £5;), we have Jris, (U;) CU; = Span{T, S;}. Since
Jres, is self-adjoint, g(Jres, U),Us) = gUs-, Tras,(Us)) S gU-U;) = {0},
and therefore Jrigs, (Ui") C U = Span U, {S;} holds.

The restriction Jr+g,l;,+ is diagonalizable as a self-adjoint operator on a def-
inite space. If M is a nonnull eigenvector of Jrisly ., then Jris, (M) = pM
together with the totally Jacobi-dual condition gives Ju (T £ S;) = v(T £ 5;).
However, pey = g(Jres, (M), M) = g(Tu(T £ S;), T £ S;) = verys, = 0, so
p = 0, and therefore Jrig, (M) = 0. Consequently, Jris,(Ui") = {0} and there-
fore Jr+s,(S;) =0 holds, for all 1 <i# j <n—1.

We can express Jris, = Jr+Js, £2J (T, S;) and get Jris, +Jr—s, = 2(JIr+
Js,). Thus Jrig,(S;) = 0 implies Js,(S;) = —Jr(S;) = A;S;. Comparing this
equation after (4, j)-symmetry Js,(S;) = A;S; and after the Jacobi-dual property
Js; (Si) = A;S;, we easily conclude that A\; = \; for 1 <14 # j < n—1, which proves
that R has constant sectional curvature. O
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4. Four-dimensional Jacobi-dual

Let R be a four-dimensional Jacobi-dual algebraic curvature tensor on (V, g).
We have been working under the assumption that Jx is diagonalizable for some
nonnull X. Then there exists an orthonormal basis (F1, E2, F3, E4) in V such that
jEl (Ez) = ElAliEi holds for 7 = 2, 3, 4.

Without loss of generality we can assume €3 = 4. Since Jacobi-duality gives
JEg,(F1) = e2X12F; then Jg, (Span{Es, E4}) is a subset of definite Span{Es, F4}.
Therefore, Jg, is diagonalizable with two mutually orthogonal eigenvectors agEs +
as By and eqoq B3 — e3az By for some ag, ay € R such that a§€3 + 04354 # 0. If we
set the relation ~ for collinear vectors, then

3T, (E2) + a3 TE, (Bs) + 20304 J (Es, E4)(E2) ~ Eo,
a1 Te,(B2) + a3Tp, (B2) — 2esesasa4J (Es, Ey)(Es) ~ B,
and therefore
(e36405 + a3) Tp, (B2) + (e3c40 + 03)Tp, (B2) ~ En.

Hence Jg,(E2) L E4 which together with Jg,(Span{Es, E4}) C Span{FEs, E4}
(from Jp,(E1) = esA13E1) implies Jg,(E2) ~ Es and consequently Jg, (E4) ~ Ej.
Thus Jg,(E3) ~ E3 and Jg,(E4) ~ E4, which means that our basis diagonalizes
all of operators Jg, , Ju,, JEs, JEy, S0 We have Jg, (E;) = e;\i; Ej where Ajj = \j;
forall 1 <,5 <4.

This allows simple calculations,

1 1
J(Er, Eq)(E3) = ZEIE(Rm% + R3o13) B = 554(R3124 + R3214) B4,

which holds in all permutations of indices {1, 2, 3,4}. Since,
Jor Br+an s (E3) = (afe1 A3 + aBea)a3) B3 + ayaoes(Raio4 + Ra214)Fa,
Jor Br+asEs (B1) = (3e1 s + a3224) Ex + a10oe3(Rar2s + Razi3) Es,
after the substitution Q12 = R3124 + Ra214 = R4123 + Ra213, we have
Jon Br+an B (3 B3 + s By) = (az(aderi Az + asea)a3) + agaianesQr2) Es
+ (a(afer Mg + a3ea)as) + azaranesQia) Ey.

We should discuss two cases Q12 # 0 and @12 = 0. Let us suppose first that
Q12 # 0. Since Jg,(E2) = g1 \2F2 and Jg,(F1) = eaM2E1, a straightforward
calculations give \7&1E1+G¢2E2 (EQO{QE:[ 7510&1E2) = E€a1E14axEs )\12(520[2E1 7510&1E2)
(see Andreji¢ [1I, Lemma 1]). Therefore for any oy, a2 € R such that a2e;+a3es # 0
there exist a3, ay € R such that ades + ajey # 0 and Jo, B, +asE, (3 E3 + agEy) ~
CY3E3 + CY4E4. Thus

as(az(aiei Az + aseadas) + asaraaesQr2)
= az(au(aferira + a3e2d01) + aza10264Q12),
which implies

azag(afer(Az — Aa) + a3e2(A2z — Aaa)) = a102Qi2(ajes — ajes).
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However, Jacobi-duality follows that a1 E1 + ao Es is an eigenvector of Ja, sty Eys
and since Q34 = Raza1 + Raaz1 = Risas + Ria3z2 = Q12, we can use the symmetric
formula to get

araz(ajes(As1 — As2) + afea(M1 — A2)) = azauQia(afes — a3eq).

Let us rescale this with a3 = z,a2 = 1 and a3 = y, ay = 1, which means that for
any z (with 2% # —e1e2) there exists y (with y? # —e3e4) such that

(£4Q122)y* — (122 (M3 — A14) + €2( A2z — A24))y — £3Q122 = 0,
(e3(M3 — Aa3)x)y” — (Qr2(e22® — £1))y + e4(Ms — Aoa)z = 0.

Since the solutions goes in pairs (mutually orthogonal eigenvectors), two equa-
tions above are the same, which implies

£4Q12r = Kez(A13 — Aas)z,
e12° (A3 — A1a) + €2(A2g — A2a) = KQ12(e22® — £1),
—e3Q12x = Keg(Aa — ),
for infinitely many = and some K = K(z). Immediately A3 — Aoz = —(A14 — Aa4),
that is
A13 + A1g = A2z + Aoy
Additionally,
e3( A3 — Aa3) (€127 (M3 — M) +€2(Aaz — Aaa)) = £4Q75 (6227 — €1),
and the polynomial

(e163(A13 — A23)(A1s — Ara) — £264Q7,)2” +e2e3(A13 — A2s)(Aag — Aoa) +E164Q7, =0
has infinitely many solutions, so

(M3 — X23) (M3 — A1a) = e1628384Q7,,

(A3 — A23) (A3 — Aaa) = —€1€28364Q7,.
Therefore A\15 — A14 = Aag — A2z, which together with A3+ A4 = A2y + Aog implies
(4.1) A3 = Aog and  Ayg = Aos.
Moreover, we have

(M3 — Ma)? = e162e364Q7,,

that immediately implies 1e26364 = 1, which means that Q12 # 0 is impossible in
the Lorentzian setting.

We turn now to the case Q12 = 0, 80 Ju, £y +as B, (E3) = (03113 +a3c223) F3
holds, and duality gives

a3 3B + aneshazEy = Jgy (a1 En + asEs)

2 2
a1€1)\13 + 04252)\23

=e3 (an By + asEs),

2 2
aie] + ase2

which implies /\13 = )\23. Similarly, ja1E1+a2E2 (E4) = (OA%€1>\14 + 04362/\24)E4
implies )\14 = /\24.
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Using symmetries we can conclude the following. If Q12 = Rsi24 + R3214 # 0
then )\13 = )\24 and )\14 = )\23, otherwise )\13 = )\23 and )\14 = )\24. If Q13 =
Ro134 + Raz14 # 0 then Ao = Agq and A\yg = o3, otherwise A2 = Aoz and
Mg = A3q. If Q14 = R3142 + R3412 # 0 then A3 = Aoy and A2 = A3y, otherwise
A13 = A3q4 and A2 = Ag4. This is enough to conclude that R is Einstein since for
X =3, o;E; we have

Tr(Jx) = Y eiR(E:, X, X, E;) = Y £i0p0q Ripgi

4,p,q

%

= £i02 Rippi = alephipy = exC

- 1y Lippi = pEpNip — € X
,p 4P

The simplest case is Q12 = Q13 = Q14 = 0 which implies A2 = A3 = Ay =
A2z = Aog = Agq4 = C/3, so R has constant sectional curvature. Notice that this is
the only possible case in the Lorentzian setting.

THEOREM 4.1. Any four-dimensional Lorentzian Jacobi-dual algebraic curva-
ture tensor has constant sectional curvature.

Since the first Bianchi identity gives Q12 + Q13 + Q14 = 0, it is impossible to
have only one @ different than zero. However, Q12 = 0 and Q13Q14 # 0 implies
A1z = A2z = Mg = Aag # A2 = Agq, so (&) holds anyway. This means that we
left with the most general case where A2 = Agq, A13 = Aog, and A4 = o3 with
additional E1E2€3E4 = 1, ()\147)\13)2 = Q%Q, ()\127)\14)2 = Q%g, ()\137)\12)2 = %4.

Changing the sign of one vector in our basis, if necessary, we can set

(4.2) Aa— A3 =Q12, A2 —Aa = Q13, Az — A2 = Q4.

For example, if Q12 # 0 then A1y — A3 = —Q12, after the change F4 with —FEy,
gives )\14 — )\13 = Q12. 1\IOW7 if )\12 — )\14 7é ng it is )\12 — )\14 = 7Q13, and
:l:()\lg — )\12) = Q14 = 7@12 — ng = )\12 — 2)\14 + )\13. Since )\14 7é )\13 it follows
A4 = A12, 50 Q13 = 0 = A2 — Aqy.

From ([&2), it follows

A4 — M3 = Q12 = —Rizoa + Ruaze = Rig3s — 2R304,
A2 — As = Q13 = —Ri234 + Ria23 = —2R1234 + Ri324,

and therefore

Ryo34 = —g)\u + %)\13 + %)\14, Rizoq = —%)\12 + ;Mg - %)\14-
We calculate the final two of the curvature tensor components which completely
determines R. Is such R Osserman? We know that there exists an Osserman
algebraic curvature tensor with our conditions (eigenvalues). Any four-dimensional
Osserman is Jacobi-dual (see Andrejié¢ [2]), so since it is unique, our R is Osserman.
For example, if the signature is neutral, then we can set, without loss of gen-
erality, £1 = g2 = —1, €3 = ¢4 = 1, and use paraquaternionic structure {Ji, Ja, J3}



14 ANDREJIC

given by
1By =—FEy, JiEy= FEi, JiE3= Ly, J1Ey=—FL3,

JoE = E3, JoEy= FEy, JE3= FE, JE, Es,
J3Ey = FEi, J3Ey=—FE3, J3E3=—-FE3 J3bky= E,

to see that our R is induced by Clifford

M2y M3, Al

——R7T 4+ —R2 4+ —
3 + 3 + 3

THEOREM 4.2. Any four-dimensional Jacobi-dual algebraic curvature tensor

such that Jx is diagonalizable for some nonnull X is Osserman.

R = R7s.

It is worth noting that our theorem is a generalization of the result given in
the Riemannian setting by Brozos-Vazquez and Merino [6].

5. Single eigenvalue

In this section we are working under the assumption that the reduced Jacobi
operator Jx has a single eigenvalue for any nonnull X € V. Let us suppose that
this eigenvalue is expx.

In the Riemannian setting we have X+ = Ker(j x — expx Id). Therefore, for
mutually orthogonal nonnull X, Y € V we have Jx (V) = exuxY and Jy(X) =
eypy X, so exeypux = g(Ix(Y),Y) = exeyr(X,Y) = g(Fv(X),X) = exeypuy
which implies a constant sectional curvature px = py = k(X,Y). The same proof
remains valid for Jacobi-diagonalizable R (see [10} p.102]).

Consider now the same problem in the Lorentzian setting. Here we can use
the fact that Jr is diagonalizable for any timelike T'. For spacelike X orthogonal
to timelike T we can apply Jxiir = Jx + 2tT(X,T) + t2Jr on arbitrary A €
Span{X,T}+. Then we have Jxiir(A) = exrsruxsirA for exiir < 0, while
JIx(A) =aA+ B, J(X,T)A = BA+ C, and Jr(A) = erurA, where B,C € A+.
Thus B + 2tC = 0 holds for all [¢| > \/—ex/er which implies B = C' = 0, and
hence A is an eigenvector of Jx. Therefore Jx is diagonalizable for any spacelike
X and like before we have a constant sectional curvature.

THEOREM b5.1. Any Lorentzian algebraic curvature tensor such that jX has a
single eigenvalue for any nonnull X € V has constant sectional curvature.

This problem in the higher signatures is more complex. Potential examples
of non-Osserman Jacobi-dual algebraic curvature tensor one can try to find with
a minimal set of starting conditions. Then, it is logical to investigate algebraic
curvature tensors such that Jx has a single eigenvalue with the Jordan block of
maximal order (dimV — 1) for any nonnull X € V, because there j x has only one
eigenvector (which is null). Is it possible to find that such an algebraic curvature
tensor is an open problem for future investigations.
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