Mathematical Physics Electronic Journal

ISSN 1086-6655

Volume 10, 2004

Pap er 9

Received: Aug 15, 2002, Revised: Nov 5, 2003, Accepted: Nov 22, 2004

Editor: A. Kupiainen

QUANTIZATION OF A DIMENSIONALLY REDUCED SEIBERG-WITTEN MODULI SPACE

RUKMINI DEY

Abstract. In this paper we apply Quillen’s determinant line bundle construction to construct a prequantum line bundle on the moduli space of solutions N of the dimensionally reduced Seiberg-Witten equations with a Higgs field. The Quillen curvature of the line bundle is shown to be proportional to a symplectic form on the moduli space.

1. Introduction

The problem of quantization of symplectic manifolds can often be related to geometry. Geometric prequantization is a construction of a Hilbert space H, namely, sections of a prequantum line bundle on a symplectic manifold (M, Ω) and a correspondence between classical observables - functions on M - and operators on H such that the Poisson bracket of the functions corresponds to the commutator of the operators. The latter is ensured by the fact that the curvature of the prequantum line bundle is precisely the symplectic form [18]. A relevant example would be geometric quantization of the moduli space of flat connections. The moduli space of flat connections of a principal G-bundle on a Riemann surface has been quantized by Axelrod, Della Pietra and Witten by a construction of the the determinant line bundle of the Cauchy-Riemann operator, namely, L = det(Ker ¯∂_A)^∗ ⊗ det(Coker ¯∂_A), [2].

†Department of Mathematics, I.I.T. Kanpur, Kanpur 208016, India and Harish Chandra Research Institute, Chhatnag Road, Jhusi, Allahabad 211019, India e-mail: rkmn@mri.ernet.in. 1

It carries the Quillen metric such that the canonical unitary connection has a curvature form which coincides with the natural Kähler form on the moduli space of flat connections on vector bundles over M of a given rank [14].

Inspired by [2], we apply Quillen’s determinant line bundle construction to construct a prequantum line bundle on the moduli space of solutions to the dimensionally reduced Seiberg-Witten equations in two dimensions, with a Higgs field [5].In [5] we dimensionally reduced the Seiberg-Witten equations with a Higgs field and showed that the moduli space N of solutions admits a symplectic form. We repeat the construction of the symplectic form here which uses a moment map and Marsden-Weinstein quotient construction. In our case the determinant line bundles are parametrized by unitary connections on a unitary line bundle on a compact Riemann surface of genus g ≥ 1, sections of the line bundle and a Higgs field. We show that the Quillen curvature of this line bundle is precisely the symplectic form.

2. The moduli space of the dimensional reduction

Let M be a compact Riemann surface of genus g ≥ 1 with a conformal metric ds^2 = h^2dz ⊗ dz̄ and let ω = ih^2dz ∧ dz̄ be a real form proportional to the induced Kähler form. Let L be a unitary line bundle with a Hermitian metric H such that L̄ = L^{−1} . Let ψ_1, ψ_2 be sections of the line bundle L i.e., ψ_1, ψ_2 ∈ Γ(M, L). We

denote Ψ = [ ψ_1 ψ_2 ] . We assume that Ψ is not identically zero.

We have an inner product < ψ_1, ψ_2 >_H and norm |ψ|_H ∈ C^∞(M) of the sections of L. Since L̄ = L^{−1} , we can write these without H since < ψ_1, ψ_2 > and |ψ| are sections of the trivial bundle and hence are functions on the surface M. Let A − Ā be a unitary connection on L and Φ = ϕdz − ϕ̄dz̄ ∈ Ω^1(M, iR).

Dimensional reduction of the Seiberg-Witten equations are written as follows [5]:

(1.1) F (A) = i

(|ψ_1|^2 − |ψ_2|^2) 2 ω, (1.2) 2 ¯∂Φ = −i < ψ_1, ψ_2 > ω,

(1.3) [ −^1_2 ϕ̄dz̄ ¯∂ − Ā ∂ + A −^1_2 ϕdz ] [ ψ_1 ψ_2 ] = 0.

Let C = A×(Γ(M, L)⊕Γ(M, L))×Ω^1(M, iR) , where A is the space of connections on the line bundle L, Γ(M, L) the space of sections of the line bundle and Ω^1(M, iR) is the space of Higgs fields. The gauge group G = Maps(M, U(1)) acts on C as (A, Ψ, Φ) → (A + idτ, e^{−iτ} Ψ, Φ) and leaves the space of solutions to (1.1) − (1.3) invariant. There are no fixed points of this action. Taking the quotient by the gauge group G of the solutions to (1.1) − (1.3) we obtain a moduli space which we denote by N , which has a symplectic structure [5].

We showed in [5] that when Ψ is not identically zero, the moduli space has dimension 2g + 2. We show here that for a trivial bundle L on the torus, genus g = 1, the moduli space is non-empty. We repeat the proof here.

Proposition 2.1. Let L be a trivial line bundle on a compact Riemann surface of genus g = 1 then (1.1) − (1.3) has a solution with Ψ ≠ 0, Φ ≠ 0. Thus N is non-empty.

Proof. Let us solve for the case of the case of the torus, g = 1. Let our torus be thought of as 0 ≤ x ≤ 2π and 0 ≤ y ≤ 2π with the endpoints identified. We take the metric on the torus to be ds^2 = dz ⊗ dz̄, i.e. h = 1. The equations are then as follows

(1.1) F (A) = −^{|Ψ 1|2−|Ψ 2|2}_2 dz ∧ dz̄ = 0 (1.2) ¯∂Φ =^{−1}_2 Ψ_1Ψ̄_2dz̄ ∧ dz (1.3a)^{¯∂Ψ 2}_{Ψ 2} − Ā −^1_2 (ϕ̄dz̄)^{Ψ 1}_{Ψ 2} = 0 (1.3b)^{∂Ψ 1}_{Ψ 1} + A −^1_2 ϕdz^{Ψ 2}_{Ψ 1} = 0. where Φ = ϕdz − ϕ̄dz̄ Since we took the line bundle to be trivial, one solution would be to take Ψ_1 = c_1, Ψ_2 = c_1e^{ic2(z+z̄)} , ϕdz = −ic_2e^{−ic 2(z+z̄)} dz, A = −^{ic2}_2 dz where c_1 is a complex constant and c_2 is a real constant satisfying |c_1| = √ 2c_2. □

We show later, as we showed in [5], that N has a natural symplectic form. This form was mentioned in [22] as well. It arises from a form defined on C as follows

(1.4) Ω(X, Y) = − ∫ M α_1 ∧ α_2 + ∫ M 1 2 (−β_1ζ̄_1 + β_2ζ̄_2 + β̄_1ζ_1 − β̄_2ζ_2)h^2dz ∧ dz̄ − ∫ M γ_1 ∧ γ_2

where I = [ i 0 0 −i ] , where X = (α_1, β, γ_1), Y = (α_2, η, γ_2) ∈ T_pC. It descends

to the moduli space N by a moment map construction which we have elaborated on later in this paper.

3. Prequantum line bundle

For the rest of the paper we shall restrict ourselves to a genus g ≥ 1 compact Riemann surface, L a unitary line bundle, i.e. L̄ = L^{−1} .

A very clear description of the determinant line bundle can be found in [14] and [3]. Here we mention the formula for the Quillen curvature of the determinant line bundle det(Ker ¯∂_A)^∗ ⊗ det(Coker ¯∂_A), given the canonical unitary connection ∇_Q, induced by the Quillen metric, [14]. Namely, recall that the affine space A (notation as in [14]) is an infinite-dimensional Kähler manifold. Here each connection is identified with its (0, 1) part. Since the total connection is unitary (i.e. of the form A − Ā, where A = A^{1,0}, − Ā = A^{0,1}) this identification is easy. The complex structure is the Hodge-star operator. In fact, for every A ∈ A, T^′_A(A) = Ω^{0,1}(M, End(L)) and the corresponding Kähler form is given by

F (α, β) = ∫ M (α ∧ ∗β),

where α, β ∈ Ω^{0,1}(M, EndL), and ∗ : Ω^{0,1}(M, End(L)) → Ω^{1,0}(M, End(L)) is the Hodge-star operator such that ∗(ηdz) = −η̄dz̄ and ∗(ηdz̄) =η̄dz. Then one has

F (∇_Q) = 2i π F. Similarly, since the space A is the space of unitary connections, the ∂-deteminant line bundle det(Ker∂_A)^∗ ⊗ det(Coker∂_A) exist. T^{′′}_A = Ω^{1,0}(M, End(L)) and the corresponding Kähler form is given by

F (α, β) = ∫ M (α ∧ ∗β),

where α, β ∈ Ω^{1,0}(M, End(L)) and F (∇_Q) =^{2i}_π F.

3.1. Prequantization of the moduli space of solutions to N for a genus g ≥ 1 Riemann surface. Let ψ^0_1 , ψ^0_2 ∈ Γ(M, L) be two sections of the trival line bundle L, fixed upto gauge equivalence and such that |ψ^0_1 |^2 = |ψ^0_2 |^2 = 1. This is possible to choose since |ψ^0_1 |^2 and |ψ^0_2 |^2 are sections of a trivial bundle (L ⊕ L̄), L being unitary, i.e. L̄ = L^{−1} . Let a (1, 0)-form θ be such that θ ∧ θ̄ = h^2dz ∧ dz̄, the Kähler form on the compact Riemann surface [7]. We assume that |ψ_1|, |ψ_2| and < ψ_1, ψ_2 > are smooth functions on M.

Theorem 3.1. The moduli space N of solutions to (1.1) − (1.3) admits a prequantum line bundle P whose Quillen curvature F = −^{4i}_π Ω where Ω is the natural symplectic form on N as in (1.4).

Before proving 3.1 we need some definitions and lemmas. First we note that to the connection A − Ā (A = A^{1,0}, − Ā = A^{0,1}) one can add any one form such that its (1, 0) part is negative of the bar of the (0, 1) part and still obtain a derivative operator. We are going to let these new 1-forms be parametrised by components of Ψ, Ψ̄ and Φ. In this way we will create 12 new determinant line bundles all parametrised by C. These are constructed by adding new 1-forms, like (ψ ψ̄_0)θ̄, or Φ^{0,1} to the connection 1-form A^{0,1} to form new Cauchy-Reimann derivative operators. Note that terms like ψ ψ̄_0 are functions on M since L̄ = L^{−1} , so such objects are well defined.

Next we will use a particular combinations of the 12 determinant bundles so constructed so that the Quillen curvature is exactly proportional the natural symplectic form on N . The particular combination which will be useful is P = L̃^1_+ ⊗ (L^1_+)^{−1} ⊗ L̃^1_− ⊗(L^1_− )^{−1} ⊗ L̃^2_+ ⊗(L^2_+)^{−1} ⊗ L̃^2_− ⊗(L^2_− )^{−1} ⊗ R̃_+ ⊗(R_+)^{−1} ⊗ R̃_− ⊗(R_− )^{−1} ., where each of these will be defined in what follows.

Definitions : Let us denote by L^1_± = det(^{¯∂+A0,1√}_3 ±^{ψ 1ψ̄ 02√}_2 θ̄), (where the index 1 in L^1_± stands for ψ_1). This is a determinant line bundle on the affine space B^1 = {^{A0,1+α 0,1√}_3 ±^{(ψ 1+ψ) ψ̄ 02√}_2 θ̄|α ∈ A, ψ ∈ Γ(M, L)}. This is isomorphic to A^{0,1} ⊕{f θ̄}

(where f =^{ψ 1ψ̄ 02√}_2 ). The latter is isomorphic to {α^{0,1}, ψ_1} which is isomorphic to a subspace of C where Φ and ψ_2 is kept fixed. Thus the determinant bundle is a line bundle on C by extending the same fiber for all Φ and ψ_2.

Let us denote by L^2_± = det(^{¯∂+A0,1√}_3 ±^{ψ̄ 2ψ 01√}_2 θ̄) , a determinant line bundle on

the affine space B^2 = {^{A0,1+α 0,1√}_3 ±^{(ψ̄ 2 +ψ̄)ψ 01√}_2 θ̄|α ∈ A, ψ ∈ Γ(L)} which is again isomorphic to a subspace of C. Thus one can define this to be a line bundle on C by extending the same fiber for all Φ and Ψ_1.

Let us denote by R_± = det(^{¯∂+A0,1√}_3 ± Φ^{0,1}) a determinant line bundle on B_3 =

{^{A0,1+α 0,1} √ 3 ± Φ^{0,1}| α and Φ varying} which is isomorphic to a subspace of C. The line bundle can be extended to be a line bundle on C.

We define in parallel the ∂-determinant line bundles. We have R̃_± = det(^{∂+A1,0√}_3 ± Φ^{1,0}), (the notation tilde stands for ∂-determinant line bundles). Similarly, we have

L̃1_± = det(^{∂+A1,0}_{√3} ±^{ψ̄ 1ψ 0}2_{√2} θ) and L̃2_± = det(^{∂+A1,0}_{√3} ±^{ψ̄ 0}1^{ψ 2}_{√2} θ). In all these definitions

α, ψ, Φ vary. Overlooking the isomorphisms and extending by the same fiber over the parameters which are not present we think of all these bundles as being determinant bundles on C.

Curvature and symplectic form:

Using the definition of ∗ and that α^{1,0}_2 = −ᾱ^{0,1}_2 and γ^{1,0}_2 = −γ̄^{0,1}_2 the Quillen curvature of L^1_± is

F_L1_± ((α_1, β, γ_1), (α_2, ζ, γ_2)) = 2i π ∫ M ( α^{0,1}_1 √ 3 ± β_1ψ̄^0_2 √ 2 θ̄) ∧ ∗(α^{0,12}√ 3 ± ζ_1ψ̄^0_2 √ 2 θ̄)

= 2i π ∫ M ( α^{0,1}_1 √ 3 ± β_1ψ̄^0_2 √ 2 θ̄) ∧ (− α^{1,02}√ 3 ± ζ̄_1ψ 0_2 √ 2 θ) Similarly, the Quillen curvature of L̃^1_+ is

F_{L̃}1_± ((α_1, β, γ_1), (α_2, ζ, γ_2)) = 2i π ∫ M ( α^{1,0}_1 √ 3 ± β̄_1ψ 0_2 √ 2 θ) ∧ ∗( α^{1,0}_2 √ 3 ± ζ̄_1ψ 0_2 √ 2 θ) = 2i π ∫ M ( α^{1,0}_1 √ 3 ± β̄_1ψ 0_2 √ 2 θ) ∧ ( α^{0,1}_2 √ 3 ∓ ζ_1ψ̄^0_2 √ 2 θ̄) Changing β_1 to β_2 and ζ_1 to ζ_2 in the above formula we get F_L2_± and F_{L̃}2_± .

Similarly, the Quillen curvature of R_± is

F_{R±} ((α_1, β, γ_1), (α_2, ζ, γ_2)) = 2i π ∫ M ( α^{0,1}_1 √ 3 ± γ^{0,1}_1 ) ∧ ∗( α^{0,1}_2 √ 3 ± γ^{0,1}_2 ) = 2i π ∫ M ( α^{0,1}_1 √ 3 ± γ^{0,1}_1 ) ∧ (− α^{1,0}_2 √ 3 ∓ γ^{1,0}_2 )

and the Quillen curvature of R̃_± is

F_{R̃±} ((α_1, β, γ_1), (α_2, ζ, γ_2)) = 2i π ∫ M ( α^{1,0}_1 √ 3 ± γ^{1,0}_1 ) ∧ ∗( α^{1,0}_2 √ 3 ± γ^{1,0}_2 ) = 2i π ∫ M ( α^{1,0}_1 √ 3 ± γ^{1,0}_1 ) ∧ ( α^{0,1}_2 √ 3 ± γ^{0,1}_2 )

Let P = L̃^1_+ ⊗ (L^1_+)^{−1} ⊗ L̃^1_− ⊗ (L^1_− )^{−1} ⊗ L̃^2_+ ⊗ (L^2_+)^{−1} ⊗ L̃^2_− ⊗ (L^2_− )^{−1} ⊗ R̃_+ ⊗

(R_+)^{−1} ⊗ R̃_− ⊗ (R_− )^{−1} .

Then we can check that

Lemma 3.2. The Quillen curvature of P is −^{4i}_π Ω on C.

Proof. F_{L̃}1_+ −F_L1_+ +F_{L̃}1_− −F_L1_− +F_{L̃}2_+ −F_L2_+ +F_{L̃}2_− −F_L2_− +F_{R̃+} −F_{R+} +F_{R̃−} −F_{R−}

= −^{4i}_π Ω. □

Quotient by the gauge group:

(A, Ψ, Φ) → (A_τ , Ψ_τ , Φ) = (A + idτ, e^{−iτ} Ψ, Φ) by a gauge transformation and

Ψ^0 → Ψ^0_τ = e^{−iτ} Ψ^0, such that ψ_1ψ̄^0_2 and ψ^0_1ψ̄_2 remain invariant under gauge transformations. Over (A_τ , ψ_τ , Φ) we consider the fiber F_τ = det( ¯∂_{Aτ ,Ψ τ} ) and analogous fibers for the other ¯∂ and ∂-determinant bundles. Let us rename P to be the bundle constructed by identifying F ≡ F_τ , when (A, Ψ) is gauge equivalent to (A_τ , Ψ_τ ) and analogously for all the other terms.

Lemma 3.3. P is a well defined line bundle over N ⊂ C/G

Proof. Let us consider first the Cauchy-Riemann operator^{¯∂+A0,1√}_3 +^{ψ 1ψ̄ 02√}_2 θ̄ which appears in the first term of the tensor product in P parametrized by the A, Ψ. The same argument works for the other terms in the tensor product. The term ψ_1ψ̄^0_2 does not change under the gauge group. If A → A_τ , under the gauge transformation τ, it is easy to show that the operators^{¯∂+A0,1√}_3 +^{ψ 1ψ̄ 02√}_2 θ̄ and^{¯∂+A0,1τ√}_3 +^{(ψ 1ψ̄ 02 )√}_2 θ̄ have isomorphic kernels and cokernels and their corresponding Laplacians have the same spectrum and the eigenspaces are of the same dimension. There is a canonical isomorphism given by: s → e^{−iτ} s. Thus when one identifies ∧^{top}(Ker ¯∂_{A,Ψ} )^∗ ⊗ ∧^{top}(Coker ¯∂_{A,Ψ} ) with ∧^{top}((K^a_{A,Ψ} ))^∗ ⊗ ∧^{top} ¯∂_{A,Ψ} K^a_{A,ψ} , where K^a_{A,Ψ} is the direct sum of eigenspaces of the operator D_{A,Ψ} D^†_{A,Ψ} of eigenvalues < a, over the subset U^a = {(A, Ψ)|a /∈ SpecΔ_{A,Ψ} } of the affine space (see [14] or [3] for more details), there is an isomorphism of the fibers as (A, Ψ) → (A_τ , Ψ_τ ). Thus one can identify ∧^{top}((K^a_{A,ψ} ))^∗ ⊗ ∧^{top} ¯∂_{A,ψ} K^a_{A,Ψ} ≡ ∧^{top}((K^a_{Aτ ,Ψ τ} ))^∗ ⊗ ∧^{top} ¯∂_{Aτ ,Ψ τ} K^a_{Aτ ,Ψ τ}

and thus we can define the fiber over the quotient space^C_G to be the equivalence class of this fiber. Thus P is well defined on^C_G . Then we restrict it to N ⊂^C_G . □

Lemma 3.4. Ω is a symplectic form on N .

Proof. Let C = A × (Γ(M, L) ⊕ Γ(M, L)) × Ω^1(M, iR) be the space on which equations (1.1) − (1.3) are imposed. Let p = (A, Ψ, Φ) ∈ C, X = (α_1, β, γ_1), Y = (α_2, η, γ_2) ∈ T_pC.

On C one can define a metric

g(X, Y ) = ∫ M ∗α_1 ∧ α_2 + ∫ M Re < β, η > ω + ∫ M ∗γ_1 ∧ γ_2

and an almost complex structure I =

∗ 0 0 0 0 i 0 0 0 0 −i 0 0 0 0 ∗

: T^pC → T^pC where ∗ :

Ω^1 → Ω^1 is the Hodge star operator on M which is different from the previous one ( since it takes dx forms to type dy and dy forms to −dx so that ∗(ηdz) = −iηdz and ∗(ηdz̄) = iηdz̄).

We define

Ω(X, Y ) = − ∫ M α_1 ∧ α_2 + ∫ M Re < Iβ, η > ω − ∫ M γ_1 ∧ γ_2

where I = [ i 0 0 −i ]

such that g(IX, Y ) = Ω(X, Y ). It can be checked that the metric g, the symplectic form Ω, and the almost complex structure I are invariant under the gauge group action on C.

The equation (1.1) can be realised as a moment map μ = 0 with respect to the action of the gauge group and the symplectic form Ω. The reason is as follows. Let ζ ∈ Ω(M, iR) be the Lie algebra of the gauge group (the gauge group element being u = e^{iτ} , where ζ = iτ ); it generates a vector field X_τ on C as follows : X_ζ (A, Ψ, Φ) = (dζ, −ζΨ, 0) ∈ T_pC, p = (A, Ψ, Φ) ∈ C.

We show next that X_ζ is Hamiltonian. Namely, define H_ζ : C → C as follows:

H_ζ (p) = ∫ M ζ · (F_A − i

(|ψ_1|^2 − |ψ_2|^2) 2 ω). Let X = (α, β, γ) ∈ T_pC.

dH_ζ (X) = ∫ M ζdα − i ∫ M ζRe(ψ_1β̄_1 − ψ_2β̄_2)ω = ∫ M (−dζ) ∧ α − ∫ M Re < Iζ [ ψ_1 ψ_2 ] , [ β_1 β_2 ] ω = Ω(X_ζ , X),

where we use that ζ̄ = −ζ.

Thus we can define the moment map μ : C → Ω^2(M, iR) = G^∗ ( the dual of the Lie algebra of the gauge group) to be

μ(A, Ψ)^·= (F (A) − i

(|ψ_1|^2 − |ψ_2|^2) 2 ω). Thus equation (1.1)) is μ = 0.

Next we show that if S be the solution spaces to equation (1.1) − (1.3), X ∈ T_pS. Then IX ∈ T_pS if and only if X is orthogonal to the gauge orbit O_p = G · p. The reason is as follows. We let X_ζ ∈ T_pO_p, where ζ ∈ Ω^0(M, iR), g(X, X_ζ ) = −Ω(IX, X_ζ ) = − ∫ M ζ · dμ(IX), and therefore IX satisfies the linearization of equation (1.1) iff dμ(IX) = 0, i.e., iff g(X, X_ζ ) = 0 for all ζ. Second, it is easy to check that IX satisfies the linearization of equation (1.2), (1.3) whenever X does.

Now we are ready to show that N has a natural symplectic structure and an almost complex structure compatible with the symplectic form Ω and the metric g.

First we show that the almost complex structure descends to N . Then using this and the symplectic quotient construction we will show that Ω gives a symplectic structure on N . To show that I descends as an almost complex structure we let pr : S → S/G = N be the projection map and set [p] = pr(p). Then we can naturally identify T_{[p]}N with the quotient space T_pS/T_pO_p, where O_p = G · p is the gauge orbit. Using the metric g on S we can realize T_{[p]}N as a subspace in T_pS orthogonal to T_pO_p. Then by what is said before, this subspace is invariant under I. Thus I_{[p]} = τ|_{Tp (Op)}⊥ , gives the desired almost complex structure. This construction does not depend on the choice of p since I is G-invariant.

The symplectic structure Ω descends to μ^{−1} (0)/G, (by what we said before and by the Marsden-Wienstein symplectic quotient construction [8], [9]) since the leaves of the characteristic foliation are the gauge orbits. Now, as a 2-form Ω descends to N and so does the metric g. We check that equation (1.2), (1.3) does not give rise to new degeneracy of Ω (i.e. the only degeneracy of Ω is due to (1.1) but along gauge orbits). Thus Ω is symplectic on N . □

The proof of the theorem 3.1 follows from the lemmas. Acknowledgements:

I wish to thank Professor Leon Takhtajan for the very useful discussions. I am also grateful to Dr. Leon Koralov and Dr. Joe Coffey for the useful discussions.

References

[1] A. Alekseev, S. Shatashvilli: From Geometric Quantization to Conformal Field Theory; Problems of modern quantum field theory, 22-42, Res.Rep.Phys,1989.

[2] S. Axelrod, S. Della Pietra, E. Witten: Geometric Quantization of Chern-Simons Gauge Theory; J.Differential Geom. 33 (1991) no3, 787-902.

[3] J-M. Bismut, D.S. Freed: The Analysis of Elliptic Families.I.Metrics and Connections on Determinant Bundles; Commun.Math.Phys, 106, 159-176 (1986).

[4] I. Biswas and R. Dey: Quantization and Contact Structure on Manifolds with Projective Structure; J. of Geom. and Phys., Vol 42/4, page 355-369 (2002).

[5] R. Dey: Symplectic and Hyperkähler Structures in Dimensional Reduction of the Seiberg- Witten Equations with a Higgs field; Reports on Math. Phy.,Vol 50, no. 3 (2002); math.DG/0112219.

[6] D. Freed: Classical Chern-Simons Theory I; Adv Math 113 (1995) no. 2, 237-303. [7] P. Griffiths and J. Harris: Principles of Algebraic Geometry; John Wiley and sons, Inc., 1994. [8] V. Guillemin and S. Sternberg (1984): Symplectic Techniques in Physics.Cambridge University Press, Cambridge.

[9] N.J. Hitchin: The Self-Duality Equations on a Riemann surface; Proc.London math.Soc.(3) 55 (1987), 59-126.

[10] N.V. Ivanov: Projective Structures, Flat Bundles, And Kähler Metrics on Moduli Spaces;

Math. USSR Sbornik Vol.61 (1988), No. 1.

[11] L.Jeffrey, J. Weitsman: Half Density Quantization of the Moduli Space of Flat connections and Witten’s Semi-classical Manifold Invariants, Topology 32 (1993), 509-529.

[12] M. Nakahara: Geometry, Topology and Physics; IOP publishing, 1990, page 337. [13] G. Papadopoulos: Geometric quantization, Chern-Simons Quantum Mechanics and 1-dim Sigma Models; Classical Quantum Gravity 8 (1991) no. 7 1311-1326.

[14] D. Quillen: Determinants of Cauchy-Riemann Operators over a Riemann surface; Functional Analysis and Its Applications, 19 (1985).

[15] D. Quillen : Superconnections and the Chern character. Topology 24, 89-95 (1985). [16] D. Ray and I. Singer : Analytic Torsion ; Ann. Math., 98, No 1, 154-177 (1973) [17] T.R. Ramadas: Chern-Simons Gauge Theory and Projectively Flat Vector Bundles on M_g ;

Comm.Math.Phys.128 (1990), no.2, 421-426.

[18] N.M. J. Woodhouse: Geometric Quantization; second edition, Oxford Science Publication. [19] E. Witten: Quantum Field Theory and the Jones polynomial; Commun. Math. Phys. 121 (1989) , 351-399.

[20] E. Witten: New Results in Chern-Simons Gauge Theory. Notes by Lisa Jeffrey; London Math.

Soc. Lecture Note Ser. 151.

[21] E. Witten: Quantization of Chern-Simons Gauge Theory with Complex Gauge Group ;

Comm. Math. Phys. 137 (1991) no.1, 29-66.

[22] D. Salamon : Spin Geometry and Seiberg-Witten Invariants (unfinished version, 1996). [23] P.G. Zograf, L.Takhtadzhyan: On the Geometry of Moduli Spaces Of Vector Bundles Over A Riemann Surface; Math. USSR Izvestiya, Vol. 35 (1990) No.