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1. INTRODUCTION.

A result of continuing interest in fixed point theory is one due to Kirk [6].
This states that a non-expansive self-mapping of bounded, closed and convex sub-
set possessing normal structure in a reflexive Banach space has a fixed point.
The interest in this result has been further enhanced due to simultaneous and in-
dependent appearance of results of Browder [2] and Gohde [5] which are essentially
special cases of the result of Kirk. Recently Kannan [6] and Cirié [2) have obtain-
ed results in basically the same spirit by suitably modifying the non-expansive
condition on the mapping and the condition of normal structure on the underlying
set. In this paper we give a fixed point result for multi-mappings (Theorem 2.1)
and extend the results of Kannan [6] and Ciric [3] to a pair of mappings (Theorems
3.1 and 3.2). This enables us to establish convergence of Ishikawa iterates (cf.

[9]) for a pair of mappings.
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2. A FIXED POINT THEOREM FOR MULTI-MAPPINGS.

Let K be a closed, bounded and convex subset of a Banach space X. For x ¢ X,
let 8(x;K) denote sup { ||x-k|| : k € K} and let §(K) denote the diameter of K.
Recall that a point x € K is called a non-diametral point of K if &§(x;K) < &(K)

and that K is said to have normal structure whenever given any closed bouncded con-

vex subset C of K with more than one point, there exists a non-diametral x € C.
It is well-known (cf. [4]) that a compact convex subset of an arbitrary Banach
space and a closed, bounded and convex subset of a uniformly convex Banach space
have normal structure. With K as before. let r(K) denote the radius of

K : inf { ¢(x,K) : x € K} and let KC denote the Chebyshev centre of

K : {xe K :r(K) =8(x,K) }. It is well known (cf. Opial [8]) that if K is

4 non-empry wedklv . ompact convex subset i a4 Banach spa.e X, then K is nonempty

closed - onvex subset ot K and, turthermore 11 K has norma: structure, then
c(KC) < ¢(K) (whenever &(K) > 0). Let 2K denote the collection of all non-empty
subsets of K and, tor A,B « ZK let 3(A,B) denote sup . a=b,. :a - A, b e B} .

Theorem ..1. Let K be a nonempty weakly compact convex subser of the Banach
space X. Assume K has normal structure. Let T:K > ZK be a mapping satisfying:
for each closed convex subset F of K invariant under T, there exists some
a(F), 0 < a(F) < 1, such that

§(Tx,Ty) < max { §(x,F), a(F) §(F) }
for each x, y ¢ F.

Then T has a fixed point xO satisfying Tx0 = {xo}.

Proof. We imitate in parts the proof of Kirk's theorem. Let {F denote the
collection of non-empty closed convex subsets C of K that are left invariant by
T(i.e., TC ¢ C, where TC = U{Tc : c € C *). Ordergy by set-inclusion. By weak
compactness of K, we can apply Zorn's lemma to get a minimal element M. It suf-
fices to show that M is a singleton. Suppose that M contains more than one ele-
ment. By the definition of normal structure there exists xO = M such that

sup { llxo—yll Py e M} = 8(x e 80D,

Hence &(x ,M) < a. (M) §(M) for some a,, O < a, < 1.
o -1 1 1
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If 8§(Tx, Ty) < 6(x,M) for all x, y € M, let Mg = {x e M: §(x,M) < @y SM) ).

Otherwise, by hypothesis there exists a(M), 0 < a(M) < 1, such that

§(Tx, Ty) < a §(M) for some x, y € M.

Let B = max {a, al} and Mg {x e M: &(x,M) < BS(M) }.

As X, € MG’ M6 is nonempty. Evidently, M6 is convex. Since x * &8(x,M) is contin-

uous, M6 is closed.

Let x € M&

§(Tx, Ty) < max {8(x,M),0 (M)}

<B &(M) for y € M.

Hence T(M) is contained in a closed ball of arbitrary centre in Tx and radius
BS(M). By the minimality of M, if m € Tx, then M ¢ U( m : B85(M)) (the closed ball
of centre m and radius BS(M)), whence m ¢ M6 and T(MG) c MG' But
G(MG) < BS(M) < §(M) which contradicts the minimality of M. Thus M is a singleton
and this completes the proof.

Corollary 2.2. Let K be a nonempty weakly compact convex subset of the Banach
space X. Assume K has normal structure. Let T be a mapping of K into itself which
satisfies: for each closed convex subset F of K invariant under T there exists
some a(F), 0 < a(F) < 1, such that

[|Tx-Ty|| < max { &6(x,F), ad(F) }
for each x, y € F. Then T has a fixed point.

Corollary 2.3. Let K be a nonempty weakly compact convex subset of the Banach
space X. Assume K has normal structure. Let T be a mapping of K into itself which
satisfies: for each closed convex subset F of K invariant under T there exists
some a(F), 0 < a(F) < 1, such that

[ITx-Ty|| < max { ||x-y||, £(F), o 8(F) }
for each x, y € F. Then T has a fixed point.

Remark. The preceeding results generalize the results of Kirk [7] and Browder

[2].
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3. COMMON FIXED POINTS OF MAPPINGS.

Theorem 3.1. Let K be a weakly compact convex subset of the Banach space X.

Let T, T, be two mappings of K into itself satisfying:

1’ "2

@ llryx - Tyl < max € el [+ 1,51 D72,
(-1, [+ 1y-1,2 1) /3,

ey |+ 11yl 141 ly-1,91 1) /3)

for each x, y € K,

(2) TlC c C if and only if TZC c C for each closed subset C of K;
(3) either 2S¥Pc I[z-leII < 8(c)/2,
or
,SUPc ][z—Tzz|| < 8(c)/2

holds for each closed convex subset C of K invariant under T1 and TZ'

Then there exists a unique common fixed point of T1 and TZ'

Proof. Let gFdenote the family of all non-empty closed convex subsets of K,

each of which is mapped into itself by Tl and T2. Ordering gfby set-inclusion, by
weak compactness of K and Zorn's lemma, we obtain a minimal element F of K. With-
out loss of generality, assume that
2SUPp ||z-T22|1 < 8(F)/2.

Let x € Fc‘ Since §(F)/2 < r(f), we obtain using (1) that ||T1x—T2y!| < r(F).
(y € F). This gives that T2(F) c U(Tlx : r(F)) = U, whence TZ(F nU) cFnUand
by hypotheses (2) Tl(F nU) ¢ FnU. By the minimality of F, we obtain F < U.
This gives G(Tlx,F) = r(F), whence Tlx € FC. Therefore, Tl(Fc) c FC and by
hypothesis (2) TZ(FC) c Fc. We now show that if F contains more than one element,
then FC is a proper subset of F. Assume the contrary that FC = F. Since
8§(x,F) = r(F) for each x € F, we obtain &§(F) = r(F) = 6(x,F), (x ¢ F). Again
from (1), we get

lTyx - T,y|| < max {3 6(F)/4, (8(F) + §(F))/3,

(8(F) + 8(F) + 6(F)/2)/3}

58(F)/6.
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The same argument as before yields G(Tlx,F) < 55(F)/6 < §(F), which is a contradiction.
Consequently, if F contains more than one element, then Fc is a proper subset of F.
But this in view of above contradicts the minimality of F. Hence F contains exactly
one element, say, Xg» whence Tlxo = xo = szo. Assume there exists another element
Yo € K such that leo =Y = szo. Then using (1), we obtain
[1Tyxg = Tpyol | <% 11 Tyxg - 9,11

whence Xg = Tlx0 = T2y0 = Yo

THEOREM 3.2. Let K be a weakly compact convex subset of the Banach space X.
1’ T2 be mappings of K into itself satisfying:
W 1yx - Tyl < omax ([ ]x - x| |+ [ly-1,5]D/2,

Assume K has normal structure. Let T

(xryy |+ [ly-1,x1 /2,
=y [+ =T x|+ [ y=Ty ()73}
for each x,y € K,

(2) T,C € C if and only if TZC C C for each closed convex subset C of K,

1
3) either sup ||z - lell < r(,
zeD
or sup ||z - Tzz|| < (D)
zeD

holds for each closed convex subset D of K invariant under Tl and TZ’
Then there exists a unique common fixed point of T1 and T2’
PROOF. Let & be as in Theorem 3.1. Exactly as in Theorem 3.1., & has a
minimal element F. Without loss of generality, assume that supFllz—Tzzll < r(F).
z €

Let x eFC. Then using (1) we obtain

[Ty - Tyll <x(®. e

This gives exactly as in Theorem 3.1 that Tl(Fg (= Fc and TZ(FC)CZFC. Since K has
normal structure, one has G(Fc) < §(F) if K contains more than one element, which
contradicts the minimality of F. Thus F contains nrecisely one element, which is
the unique common fixed point of T1 and T2 as in Theorem 3.1.

REMARK. One can replace condition (1) of Theorem 3.2 by
W 1 - Tyl] < max (lxyl], (lx=tyxl |+ [ly-1y] 172

(lx=tyy [T+ [y=1yx D73, (| lx=y [[+] [x=Tyx| [+] ly-T,y [ D /3}.
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This also yields the existence of a common fixed point of T1 and T2' However,
it need not be unique.

THEOREM 3.3. Let K be a weakly compact convex subset of the Banach space X.
Assume K has normal structure. Let T

1 T2 be mappings of K into itself satisfying

(2) and (3) of the preceding theorem and,
W 11yx - Tyyl| < max (lxoy ], Hxetyxlls [xeylls Hxetyxl ], |lx-ryy] D

Then there exists a common fixed point of T1 and T2.
The proof of the above theorem is similar to that of Theorem 3.2 and hence it
is omitted.

4. ISHIKAWA ITERATION FOR COMMON FIXED POINTS.

A uniformly convex Banach space is reflexive. A bounded, closed and convex
subset of a uniformly convex Banach space is therefore weakly compact; alsg it
has normal structure. Hence Theorems 2.1, 3.2 and 3.3 can be particularized to
such a setting. Rhoades [9] has extended a result of Ciric (cf. [3], Theorem 2)
to a wider class of transformations by using Ishikawa iterative scheme. With a
suitable modification of arguments, this extends to a pair of mappings of the type
as in Theorem 3.2.

THEOREM 4.1. Let K be a non-empty closed bounded and convex subset of a uni-
T

formly convex Banach space X. Let T be mappings of K into itself satisfying

1’ "2
(1), (2) and (3) of Theorem 3.2. Let the sequence {xn} of iterates be defined by

(%) X, € K,
5 = - >
(5) Yy (1 Bn)xn + Bn Tl X n>0,
(6) X4 = (1 - an)xn + o T2 Yy o n>0,
where {a }, {8} satisfy (i) 0<a , <B <1 for all n,
n n — n’ — "n-—
(ii) Z an(l - an) = oo and , (iii) limBn =B <1. Then {xn} converges to the
n
unique common fixed point of T1 and TZ‘
PROOF. The existence of the unique common fixed point of T, and T, results

1 2

from Theorem 3.2. Let the unique common fixed point be v. From (1)

lrx - vll < Ilx - vl
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and
- vll < |lx - vl .

Following exactly the same lines as in the proof of Theorem 1 of [9] we obtain

subsequences Yo o X of Yor X, respectively such that
k

7 lim ||x. - T,y |l =0
Kk " 2

"

we show that

(8) lim l[xnk - [l = o.

Tl xnk

It would be sufficient, with (7), to show that lim ||T.x - T.y || = 0.
K 1 0, 2 oy

For any integer n, from

HTlxn - sznll f_(||xn Tlxn|| + ||yn - szn(()/z ,
we obtain
9 Hryx, - Ty 1< @ =811 x - Ty |1/ -8).

It follows from

HTlxn - sznll _<_.(|lxn - szn|| + |[yn - Tlxn[‘)/3 ,

that
0 e, = Ty Il < @ =8 lx, -1y |17 2+ 8).
From
Hryxy = Ty 1< Alxg =y [T+ T = 1y [+ [y -1,y [1V/3
we obtain
(1) ||T1xn - sznll j_llxn - sznll / (1 - Bn)

From (9) - (11) we obtain

HTlxn - sznl| 5.2||xn - sznll / 1-8) .

Therefore,
[T, T.y || <2 ||x - T,y ||/(1~— B )
1 n —IIZ o ITk 2 n n
and (7) implies 1lim |(T,x_ - T,y =0
k 1 n 2 n, ’
whence

lim llx - Tlx || =0,
K "k "k

Now let us prove that this implies that
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lim I,x - sz II = 0.
ko Tk T
This follows easily from
ey = Tyxg 1< Mg - 'rlxnkll +llryx, - sznkll
f_llxnk - Tlxnkll + max{(Hxnk - Tlxnk][+![xnk-T2xn‘l)/2,
Ulx, -1x ||+ [lx -1x [D/3,
M 2y me Iy
(lx == [l + x -1x |1+ [Ix - 1T,x [D/3}.
o My R N 2y

which tends to O as k * « since

le -T.x || >0as k>,
no Iy
Also [t,x. -1.x || < ||T.x. =-T.x ||+ ||lt,x. - T,x ||
1 o 1 np ' = 1 0 2 n, 2 1 ng
From (1) of Theorem 3.2,
HT,x. - T.x || <max{llx -T.x ||+ ||x. -1x [||]1/2,
1 ny 2 o= n, 1 ny o 2y
Ulx, = Tx ||+ [[x =-T,x [[1/3}
n, 2 n, n, 1%, ’
Dllx, == I+ e =1 ||+ []x -1x []1/3.
T & ng 1my Mo Py
If
"Tlxnl - sznkll f_[llxnl - sznkll + I!xnk - Tlxnzl*]/B, then
3 T - T < - T + T - T
liryxy = tx, 1< Ml =2 11 Dlnpx, -2y, |
+ ||xnk - sznkll + lszxnk - Tlxnl!l s
which implies
(11) Mr,x -1x || <||lx -1.x ||+ ]]lx -1x |].
1 ny 2 no - ny 1 n, o 2 n,

If
Hryx, = Tyx [l <tllx == [[+[lx -1x |[|+][lx -71x
1 n, 2 nk - n, nk ng 1 n, o

2 nkII)/3 ,

it follows, in a similar manner, that (11) holds. Therefore, in all cases, (11)

is satisfied.
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Therefore,
Hrpe, =mpx Il < Hrgx == I1+ flx = 1x [ +l]x - 1x [l+]]x -T,x ||
o T S L Mo Py footme e Ty
which tends to 0 as k > ®. Therefore {Tlxn } is a Cauchy sequence and hence it
k

converges, say, to u. Consequently

lim x = 1lim T.x = u.

ny
Also,

ol € Ty 11+ Ty =ty (1 +lmp, rull < e, il 1y, 1

"

+ max {(I(x - Tlxnkl' + llu - Tzull)/Z,

e
(H(x“k - T2u|| + ||u - TlxnkH)/3 ,

sy = el + Ty =%, 11+ Tl = 100D/}

Taking the limit as k = ®, we obtain ||u - Tzull = 0. Therefore, u = T2u .

Now,
Hu = 1l < Hu = 1uf] + || Tu - Tju]|

< max {(||u - T1u|| + ||u - T2u||)/2 ,

(o = 1yl |+ 1u = 1yul /s

(Ha = ull + e = 1qul] + [u = Tyul[)/3})
This implies llu - Tlull =0 . Therefore, u = Tlu .
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