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We obtain the cohomology of the variational complex on the infinite-order jet space of a
smooth fiber bundle in the class of exterior forms of finite jet order. In particular, this
provides a solution of the global inverse problem of the calculus of variations of finite
order on fiber bundles.
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1. Introduction. Let Y — X be a smooth fiber bundle; put further dimX =n > 1.
We obtain cohomology of the variational complex on the infinite-order jet space J*Y
of Y — X in the class of exterior forms of finite jet order. This is cohomology of the
horizontal (or total) differential dy and the variational operator 6.

We usually consider two bigraded differential algebras 77 and 0% of exterior forms
on J*Y. The algebra 7% consists of exterior forms which are locally the pullback of
exterior forms on finite-order jet manifolds. The de Rham cohomology, dy- and 6-
cohomology of 7% have been investigated in [2, 12]. The subalgebra 0% of 5% con-
sists of the pullback of exterior forms on finite-order jet manifolds. Cohomology of 0%,
except the de Rham cohomology and the particular result of [14] on 6-cohomology, re-
mains unknown. At the same time, the algebra 0% is most interesting for applications.
We prove that the graded differential algebra 0% has the same dp- and 6-cohomology
as I (see Theorem 5.1 below). In particular, this result provides a solution of the
global inverse problem of the calculus of variations of finite order on fiber bundles
(see Corollary 6.1 below), and is also applied to computation of BRST cohomology in
quantum field theory [6].

Note that a solution of the global inverse problem of the calculus of variations
in the class of exterior forms of bounded jet order has been suggested in [2] by a
computation of cohomology of a fixed order variational sequence. However, this com-
putation requires rather sophisticated ad hoc technique in order to be reproduced (see
[9, 10, 15] for a different variational sequence). Our results agree with those in [2], but
without minimizing an order of a Lagrangian.

The article is organized as follows. Section 2 is devoted to differential calculus on
J*Y. In Section 3, the variational bicomplex on J®Y is set. In Section 4, cohomology
of the graded differential algebra 7% is computed. In Section 5, an isomorphism of
cohomology of I% to that of 0% is proved. In Section 6, a solution of the global inverse
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problem of the calculus of variations in the class of exterior forms of finite jet order
is provided.

2. The differential calculus on J*Y. Smooth manifolds throughout are assumed to
be real, finite-dimensional, Hausdorff, second-countable (i.e., paracompact), and con-
nected. We follow the terminology of [4, 8], where a sheaf S is a particular topological
bundle, S denotes the canonical presheaf of sections of the sheaf S, and I'(S) is the
group of global sections of S.

Recall that the infinite-order jet space J*Y of a smooth fiber bundle Y — X is defined
as a projective limit of the inverse system

1

y o . gty Iy 2.1)

g

X

of finite-order jet manifolds J”Y of Y — X. Endowed with the projective limit topology,
J*Y is a paracompact Fréchet manifold [12]. A bundle coordinate atlas {Uy, (x?*,y?)}
of Y — X yields the manifold coordinate atlas

() ' (Uy), (x" v0)}, 0<IAl (2.2)

of J*Y, together with the transition functions

i oxH i
Vi = Py e (2.3)

where A = (Ag---A1), A+ A = (AAg - - - A1) are multi-indices and d, denotes the total
derivative

d)\ = a)\ + Z y}\maiA. (2.4)
|Al=0

With the inverse system (2.1), we have the direct system

1% .,1.12* ot

0% (X) " 0F —0—. 0% L M (2.5)

of graded differential R-algebras O} of exterior forms on finite-order jet manifolds
J'Y, where tr/_,* are the pullback monomorphisms. The direct limit of this direct
system is the above mentioned graded differential algebra 0% of exterior forms on
finite-order jet manifolds modulo the pullback identification. By passing to the direct
limit of the de Rham complexes of exterior forms on finite-order jet manifolds, the de
Rham cohomology of 0% has been proved to coincide with the de Rham cohomology
of the fiber bundle Y [1, 3]. However, this is not a way of studying other cohomologies
of the algebra 0% . To solve this problem, we enlarge 0% as follows.

Let ©F be a sheaf of germs of exterior forms on the r-order jet manifold J"Y, and
@;k its canonical presheaf. There is the direct system of canonical presheaves

6 . ox L o LT O (2.6)
X 0 1 v ) .

where 11/_;* are the pullback monomorphisms. Its direct limit ®* is a presheaf of
graded differential R-algebras on J°Y. Let TX be a sheaf constructed from ®%, T
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its canonical presheaf, and 7% =T'(T%) the structure algebra of sections of the sheaf
T%. There are R-algebra monomorphisms @ — ’(_E;i, and 0% — J%. The key point is
that, since the paracompact space J®Y admits a partition of unity by elements of the
ring 79 [12], the sheaves of 7% -modules on J®Y are fine and, consequently, acyclic.
Therefore, the abstract de Rham theorem on cohomology of a sheaf resolution [8] can
be called into play in order to obtain cohomology of the graded differential algebra
J X. Then we prove that 0% has the same dy- and 6-cohomology as T%.

For short, we agree to call elements of % the exterior forms on J*Y. Restricted
to a coordinate chart (1'(5")*1 (Uy) of J*Y, they can be written in a coordinate form,
where horizontal forms {dx?} and contact 1-forms {9}'\ = dyk - y}H Adx?‘} provide
local generators of the algebra J%. There is the canonical decomposition

g*

=PIk, 0<k 0=<s=<n, (2.7)
k,s

of ¥ into 7% -modules I ks of k-contact and s-horizontal forms, together with the
corresponding projections

hi:T5 — gk 0<k, h:J5—9T55, 0<s<n. (2.8)

Accordingly, the exterior differential on 7% is split into the sum d = dy + dy of hori-
zontal and vertical differentials such that,

dpohyg =hgodohy, du(p) =dx  rda(P),

. 2.9)
dyoh® =hSodoh?, dy(Pp) = 0L n3p, PeTE.

3. The variational bicomplex. Being nilpotent, the differentials dy and dy provide
the natural bicomplex {7C'§am} of the sheaf T* on J*Y. To complete it to the variational
bicomplex, we define the projection R-module endomorphism:

T=> %fohkoh",
k>0 (3-1)
T(p) = (—~1)MOIA[dr(2M]P)], 0=IAl, p €O,

of ®f such that
Tody =0, TodoT—Tod=0. (3.2)

Introduced on elements of the presheaf ®* (cf. [3, 5, 13]), this endomorphism is in-
duced on the sheaf TZ and its structure algebra J%. Put

€ =T(CTY"), E=T1(T&"), k>0. (3.3)
Since T is a projection operator, we have isomorphisms
€ =T(TYY),  Ex=T(€). (3.4)

The variational operator on T%" is defined as the morphism & = T o d. It is nilpotent,
and obeys the relation

0oT—Tod=0. (3.5)



42 GENNADI SARDANASHVILY

Let R and ©% denote the constant sheaf on J*Y and the sheaf of exterior forms on X,
respectively. The operators dy, dy, T, and 6 give the following variational bicomplex
of sheaves of differential forms on J*Y:

dy dy dy dy -0
dyg g dpg T
0 ThO Tkt cThkm N il € 0
dy dy dy dy -5
dy dn dy T
1,0 1,1 1 1
0 T Ta T C TR € 0
dy dy dy dy -0
dy dy dy
0,1 0 0 0.
0 R TS, T N o C T ="
.n.oo:k .n.oo* .n-oo* .n-oo*
d d d d
0 R 0% (0] % oy - 0% 0
0 0 0 0
(3.6)

The second row and the last column of this bicomplex form the variational complex

0 —R T o1 du, di zcon 3 g O e ... 3.7)

The corresponding variational bicomplexes and variational complexes of graded dif-
ferential algebras 7% and 0% take place.

There are the well-known statements summarized usually as the algebraic Poincaré
lemma (cf. [11, 13]).

LEMMA 3.1. IfY is a contactible bundle R"*¥ — R™, the variational bicomplex of the
graded differential algebra C% is exact.

It follows that the variational bicomplex (3.6) and, consequently, the variational
complex (3.7) are exact for any smooth bundle Y — X. Moreover, the sheaves T in
this bicomplex are fine, and so are the sheaves € in accordance with the following
lemma.

LEMMA 3.2. Sheaves €y are fine.

PROOF. Although the R-modules Ey-; fail to be 79 -modules [13], we can use the
fact that the sheaves €.( are projections T('Cfo’") of sheaves of 79 -modules. Let
{U;}icr be alocally finite open covering of J*Y, and let {f; € 79} be the associated
partition of unity. For any open subset U C J*Y and any section @ of the sheaf Tk
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over U, put h;(p) = fi@p. The endomorphisms h; of Thr yield the R-module endo-
morphisms

Ri=Toh;: € 2 Thn Ll thn T g, (3.8)

of the sheaves €. They possess the properties required for €; to be a fine sheaf.
Indeed, for each i € I, supp f; C U; provides a closed set such that /; is zero outside
this set, while the sum Y ;; h; is the identity morphism. O

Thus, the columns and rows of bicomplex (3.6) as well as the variational complex
(3.7) are sheaf resolutions, and the abstract de Rham theorem can be applied to them.
Here, we restrict our consideration to the variational complex.

4. Cohomology of 7%. The variational complex (3.7) is a resolution of the constant
sheaf R on J*Y. We start from the following lemma.

LEMMA 4.1. There is an isomorphism
H*(J°Y,R) =H*(Y,R) = H*(Y) 4.1)
between cohomology H* (J*Y,R) of J*Y with coefficients in the constant sheaf R, that
H*(Y,R) of Y, and the de Rham cohomology H*(Y) of Y.

PROOF. Since Y is a strong deformation retract of J®Y [1], the first isomorphism
in (4.1) follows from the Vietoris-Begle theorem [4], while the second one results from
the familiar de Rham theorem. O

Consider the de Rham complex of sheaves
0_,[[@_,'([:801,'{:(1”1. (4.2)

on J*Y and the corresponding de Rham complex of their structure algebras

0—R—7J% Logl 4 .. (4.3)

Complex (4.2) is exact due to the Poincaré lemma, and is a resolution of the constant
sheaf R on J*Y since sheaves T, are fine. Then, the abstract de Rham theorem and
Lemma 4.1 lead to the following.

PROPOSITION 4.2. The de Rham cohomology H*(J%) of the graded differential
algebra T ¥ is isomorphic to that H*(Y) of the bundle Y.

It follows that every closed form ¢ € ¥ is split into the sum
b=@+dE, EeT, (4.4)

where @ is a closed form on the fiber bundle Y.
Similarly, from the abstract de Rham theorem and Lemma 4.1, we obtain the
following.



44 GENNADI SARDANASHVILY

PROPOSITION 4.3. There is an isomorphism between dy - and 5-cohomology of the
variational complex

d d d
0—R— g0 25, g01 41 Hogon O g O E, (4.5)

and the de Rham cohomology of the fiber bundle Y, namely,
H*"(dm;7%) = H*"(Y),  H"(8;9%) = H"(Y). (4.6)

This isomorphism recovers the results of [2, 12], but notes also the following. Re-
lation (3.5) for T and relation hod = dyho for hy define a homomorphism of the
de Rham complex (4.3) of the algebra 7% to its variational complex (4.5). The corre-
sponding homomorphism of their cohomology groups is an isomorphism by virtue of
Propositions 4.2 and 4.3. Then, splitting (4.4) leads to the following decompositions.

PROPOSITION 4.4. Any dy-closed form o € %™ m < n, is represented by a sum
o =ho@+duyE, I, (4.7)

where @ is a closed m-form on Y. Any S-closed form o € T&" k = 0, is split into

o=hop+duyE, k=0,E€ITL" (4.8)
oc=T1(@)+6(8), k=1,EcTo%", 4.9)
o=T(p)+6(8), k>1,§€Ex, (4.10)

where @ is a closed (n+k)-formonY.

5. Cohomology of 07

THEOREM 5.1. Graded differential algebra 0% has the same dy- and 5-cohomology
as T%.

PROOF. Let the common symbol D stand for dy and é. Bearing in mind the decom-
positions (4.7), (4.8), (4.9), and (4.10), it suffices to show that, if an element ¢ € 0% is
D-exact in the algebra 7%, then it is so in the algebra 0% . Lemma 3.1 states that, if Y
is a contractible bundle and a D-exact form ¢ on J*Y is of finite jet order [¢] (i.e.,
¢ € 0%), there exists an exterior form @ € 0% on J*Y such that ¢ = D@. Moreover,
a glance at the homotopy operators for dy and 6 (see [11]) shows that the jet order
[@] of @ is bounded by an integer N([¢]), depending only on the jet order of ¢.
We call this fact the finite exactness of the operator D. Given an arbitrary bundle Y,
the finite exactness takes place on J®Y|y over any domain (i.e., a contractible open
subset) U C Y. We prove the following:

(i) given a family {U} of disjoint open subsets of Y, suppose that the finite ex-
actness takes place on J*Y |y, over every subset Uy from this family. Then, it
is true on J*Y over the union |J, Uy of these subsets;

(ii) suppose that the finite exactness of the operator D takes place on J*Y over
open subsets U, V of Y and their nonempty overlap U NV. Then, it is also true
on J®Y|yuv.
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PROOF OF (i). Let ¢ € 0% be a D-exact form on J*Y. The finite exactness on
(11¢) "1 (UUy) holds since ¢ = D on every (115°) 1 (Uy) and [@«] < N([P]).

PROOF OF (ii). Let ¢ = D@ € 0X be a D-exact form on J*Y. By assumption, it can
be brought into the form D@y on (1ry’) "' (U) and Dy on (115°)~! (V), where @y and
@y are exterior forms of bounded jet order. We consider their difference gy — @y on
(1)1 (U N V). Itis a D-exact form of bounded jet order [y — @v] < N([¢]) which,
by assumption, can be written as @y — @y = Do where o is also of bounded jet
order [0] < N(N([¢])). Lemma 5.2 below shows that o = oy + oy where oy and oy
are exterior forms of bounded jet order on (1T5°)*1(U) and (1T(j’°)*1(V), respectively.
Then, putting

Q'ly=@u-Doy, @'lv=@v+Doy, (5.1)

we have the form ¢, equal to D@y, on (115°) =1 (U) and D@y, on (115°) ~' (V), respectively.
Since the difference @y — @y on (1ry’)~'(U N V) vanishes, we obtain ¢ = D@’ on
(1)1 (U U V) where
’ déf (p,|U = (p,U1 (5.2)
Q'lv =@y

is of bounded jet order [@'] < N(N([¢])). To prove the finite exactness of D on
J*Y, it remains to choose an appropriate cover of Y. A smooth manifold Y admits
a countable cover {Ug} by domains Ug, § € N, and its refinement {U;;}, where j € N
and i runs through a finite set, such that U;; nUy = @, j # k [7]. Then Y has a finite
cover {U; = U ;Uijt. Since the finite exactness of the operator D takes place over any
domain U, it also holds over any member U;; of the refinement {U;;} of {Ug} and,
in accordance with Theorem 5.1 item (i) above, over any member of the finite cover
{U;} of Y. Then by virtue of item (ii) above, the finite exactness of D takes place over Y.

O

LEMMA 5.2. Let U and V be open subsets of a bundle Y and o € ©OF, an exterior
form of bounded jet order on (1t;°) " (UNV) C J*Y. Then, ¢ is split into a sum oy +
ov of exterior forms oy and oy of bounded jet order on (1t5°)~H(U) and (1t§) 1 (V),
respectively.

PROOF. By taking a smooth partition of unity on U UV subordinate to the cover
{U,V} and passing to the function with support in V, we get a smooth real function
f on UuV which is 0 on a neighborhood of U -V, and 1 on a neighborhood of V-U
in UuV. Let (1t°)* f be the pullback of f onto (11¢°) "' (U U V). The exterior form
((rt$°)* f) o is 0 on a neighborhood of (175°) 1 (U) and, therefore, can be extended by
0 to (1r’) "1 (U). We denote it by oy. Accordingly, the exterior form (1 — (1t’)* f) o
has an extension oy by 0 to (1'r(§’°)*1 (V). Then, o = oy + oy is a desired decomposition
because oy and oy are of the jet order which does not exceed that of o. O

6. The global inverse problem. Expressions (4.8) and (4.9) in Proposition 4.4 pro-
vide a solution of the global inverse problem of the calculus of variations on fiber
bundles in the class of Lagrangians L € %" of locally finite order [2, 12] (which is not
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so interesting for physical applications). These expressions together with Theorem 5.1
give a solution of the global inverse problem of the finite-order calculus of variations.

COROLLARY 6.1. (i) A finite-order Lagrangian L € 0%" is variationally trivial, that
is, 6 (L) = 0 if and only if

L=hop+duE, Ee0¥, (6.1)

where @ is a closed n-formonY.
(ii) A finite-order Euler-Lagrange-type operator satisfies the Helmholtz condition
6(¢€) =0 if and only if

€=6(L)+T(¢p), Le0%™ (6.2)

where ¢ is a closed (n+1)-formonY.

Note that item (i) in Corollary 6.1 contains the result of [14]. As was mentioned
above, the theses of Corollary 6.1 also agree with those of [2], but the proof of Theorem
5.1 does not give a sharp bound on the order of a Lagrangian.
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