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ABSTRACT. The space of Boehmians with A—convergence is a complete topological vector space in
which the topology is induced by an invariant metric. We show that the dual space of the space of periodic
Boehmians can be identified with the class of trigonometric polynomials.
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1. INTRODUCTION

In this note we will consider a class B of generalized functions known as Boechmians. The class of
Boehmians is a generalization of regular operators, Schwartz distributions, and other spaces of generalized
functions [1].

Mikusinski [2] has shown that B with A—convergence is an F-space (i.e. a complete topological vector

space, not necessarily convex, such that the topology is given by an invariant metric). Hence, a natural
question arises; can we characterize B the class of all continuous linear functionals on §?

T. K. Boehme proved (unpublished) that the class B°(®) of all continuous linear functionals on B(%)

(Boehmians on the real line) consists only of the trivial linear functional. That is, there are no nontrivial
continuous linear functionals on B(XK) . This is not the case for B”(I") (the dual space of the class of

periodic Boehmians). Indeed, there are enough continuous linear functionals to separate points.
In this note, we will show that B’ (T') can be identified with the class of all trigonometric polynomials.

Let A4 denote the class of trigonometric polynomials. That is, p€ 4 if for some m€N,

m
_ inx
p(x) = Zane , where anGCfor n=0, *1,. .., +m.
n=-—m

m
THEOREM 1.1. For any T€B"(T), there exists a unique p(x) = Zanei“" €a
n=-m
(for some mE€N) such that

m
T®) = Y0 Fm), for all FEB(). (L.1)

n=-m
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m

Conversely, any p(x) = Zanei“" € A4 defines a continuous linear functional on B(I") via (1.1).
n=-m

2. PRELIMINARIES

We use the same notation as in [3]. For other results concerning B(I") see [4,5]. In [3] the
construction of B(T") differs from the construction in {4,5], but the space B(I') in both cases can be shown
to be the same.

The collection of all continuous complex-valued functions on R will be denoted by C(R). The
support of a continuous function f, denoted by supp f, is the complement of the largest open set on which
f is zero.

The convolution of two continuous functions, where at least one has compact support, is given by
E*)x) =7 _fx-tg dt.

A sequence of continuous nonnegative functions {8, } will be called a delta sequence if
@) I: 8, (x)dx =1forn=1,2,...,and (ii) supp § < (-€, €), where £ ~0 as n— .

A pair of sequences (f,, §) is called a quotient of sequences, and denoted by f /8, if f €C(R) (n=1,
2,...),{8,} is a delta sequence, and f *§_=f_*8_for all m and n. Two quotients of sequences f /5
and g /o, are equivalent if f *o, =g+ for all m and n. The equivalence classes are called Boehmians.
The space of all Boehmians will be denoted by B(%), and a typical element of (&) will be written as F =
f/8,. By defining a natural addition and scalar multiplication on B(R), i.e. {,/3 +g /o, =
(fn*(sn + gn*Bn)l(Sn*Gn) and a(fnlﬁn) = antSn, where o is a complex number, B(R) becomes a vector
space.

A sequence {F_} of Boehmians is said to be A~convergent to F, denoted by A~ lim F_ =F, if there

n—eo
exists a delta sequence {Sn} such that for each n, (F ~ F)*§ €C(R) and (F - F)*§_ — 0 uniformly on
compact sets as n—oo.
A
If either f is a periodic function of period 2= or supp f c (-, m), the n'® Fourier coefficient f(n) of f

is defined as ’t\'(n) = (27‘)-1‘[—1:: f(x)e™1"% dx, for n=0, +1, +2, . .. By a simple calculation we see that
(£%8) (n) = 2 £(n)5(n) for all n.
-]
Let (N = {FEP(R) : F= Z anei“", for some sequence {a,} of complex numbers}.

n oo
Thatis F = A- lim 2 akeik". For FeB(T) such that F = Z anei“x, the n'® Fourier coefficient of F,
n—yoo K=-n

denoted by F(n), is F(n) =a .

The proof of the next proposition is straightforward and hence is left to the reader.

PROPOSITION 2.1. Suppose that F €B(T') for n=1,2,...If A~ lim F =F, then
n—oo

—oo

im F (k) = Fk) for each k.
N—oo

PROPOSITION 2.2 [3, Lemma 3.5]. Let {n,} be a subsequence of positive integers such that

z I/n, < eo. If {a,} is any sequence of complex numbers such that a = Oforn#n, (k=1,2,...),
k=1

then there is a Boehmian FE(I) such that F(n) = a_for all n.
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The conclusion of Proposition 2.2 is also valid for a subsequence {n, } of negative integers such that

E l/nk > —oo,
k=1

3. PROOF OF THE THEOREM
Suppose that T has the form of (1.1), then clearly T is linear. The continuity of T follows from
Proposition 2.1.
For the other direction, suppose that T is any continuous linear functional on B(I').

LetF= ) a ™ ¢ B(). Then, T = Y, a Te™).

Hence to finish the proof, it suffices to show that for only a finite number of n's, T(e'™) does not
vanish.
Suppose that this is not the case. Thus, there are infinitely many positive (negative) n's such that
T(e'™) does not vanish.
Now, pick a subsequence {n, } from the above n's such that n, 2 2k, for keN.
Let oy, = (T(e"*)), for keN.

By Proposition 2.2, there there exists a GEB(T) such that ﬁ(nk) = ank for k=1, 2, . . . and zero

otherwise. But this gives TG) = 2, G(n)T(el™) = oo.

Thus, for only a finite number of n's, T(™) must not vanish and the proof is complete.

4. SOME CONCLUDING REMARKS

The dual space of B(T') can be identified with spaces other than the space of trigonometric polynomials,
but these spaces are all isomorphic. For example, we could have identified B”(I") with the subspace of cz
of finite sequences.

It is known that B(T") with A—convergence is not a Banach space. Can the characterization of B’(I') in
this paper be used to determine whether or not B(I') is a Fréchet space?

Does the strong convergence in B”(I") have a nice description in terms of some convergence of

trigonometric polynomials?

Let o be a real-valued even function defined on the integers Z such that

oo

0 = o(0) < w(n+m) < 0Xn) + &¥m) for all n,m€Z and z a_)ig_)
n=1 "
By using Theorems 3.1 and 3.2 in [5], we obtain the following interesting connection between weak
convergence and A—convergence in B(T).

COROLLARY 4.1. Suppose that the set of positive integers is partitioned into two disjoint sets

{t,} and {s } such that 21/1n <eo. Let {F,} be a sequence of Boehmians such that the set
n=1

{e"”(sk)'l\:n(tsk)}:ﬂ is uniformly bounded. Then a necessary and sufficient condition for the sequence

{F,} to be A—convergent to zero is that {F} converges weakly to zero.
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The space of periodic Beurling distributions Pm’ can be identified with a subspace of Boehmians. By
using Corollary 4.1 and the results in [6], one can show that the convergence structure in Pm’ is stronger
than the convergence P " inherits from B(I").

ACKNOWLEDGMENT. The author would like to thank the referee for his/her helpful suggestions
and comments.

REFERENCES

1] MIKUSII(ISKI, P., Boehmians and Generalized Functions, Acta. Math. Hungarica 51(1988),
271-281.

[2] MIKUSII(ISKI, P., Convergence of Boehmians, Japan. J. Math. 9 (1983), 159-179.

[3] NEMZER, D., The Product of a Function and a Boehmian, Collog. Math. 66 (1993), 49-55.
[4] NEMZER, D., Periodic Boehmians, Internat. J. Math. & Math. Sci. 12 (1989), 685-692.
[Sj NEMZER, D., Periodic Boehmians II, Bull. Austral. Math. Soc. 44 (1991), 271-278.

{6] NEMZER, D., Convolution Quotients of Beurling Type, Math. Japonica 42 (1995), 1-8.



Journal of Applied Mathematics and Decision Sciences

Special Issue on

Decision Support for Intermodal Transport

Call for Papers

Intermodal transport refers to the movement of goods in
a single loading unit which uses successive various modes
of transport (road, rail, water) without handling the goods
during mode transfers. Intermodal transport has become
an important policy issue, mainly because it is considered
to be one of the means to lower the congestion caused by
single-mode road transport and to be more environmentally
friendly than the single-mode road transport. Both consider-
ations have been followed by an increase in attention toward
intermodal freight transportation research.

Various intermodal freight transport decision problems
are in demand of mathematical models of supporting them.
As the intermodal transport system is more complex than a
single-mode system, this fact offers interesting and challeng-
ing opportunities to modelers in applied mathematics. This
special issue aims to fill in some gaps in the research agenda
of decision-making in intermodal transport.

The mathematical models may be of the optimization type
or of the evaluation type to gain an insight in intermodal
operations. The mathematical models aim to support deci-
sions on the strategic, tactical, and operational levels. The
decision-makers belong to the various players in the inter-
modal transport world, namely, drayage operators, terminal
operators, network operators, or intermodal operators.

Topics of relevance to this type of decision-making both in
time horizon as in terms of operators are:

e Intermodal terminal design

e Infrastructure network configuration

e Location of terminals

e Cooperation between drayage companies

o Allocation of shippers/receivers to a terminal

e Pricing strategies

e Capacity levels of equipment and labour

e Operational routines and lay-out structure

e Redistribution of load units, railcars, barges, and so
forth

e Scheduling of trips or jobs

e Allocation of capacity to jobs

e Loading orders

e Selection of routing and service

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/jamds/guidelines.html. Prospective
authors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
tem at http://mts.hindawi.com/, according to the following
timetable:

Manuscript Due June 1, 2009

First Round of Reviews | September 1, 2009

Publication Date December 1, 2009

Lead Guest Editor

Gerrit K. Janssens, Transportation Research Institute
(IMOB), Hasselt University, Agoralaan, Building D, 3590
Diepenbeek (Hasselt), Belgium; Gerrit.Janssens@uhasselt.be

Guest Editor

Cathy Macharis, Department of Mathematics, Operational
Research, Statistics and Information for Systems (MOSI),
Transport and Logistics Research Group, Management
School, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussel,
Belgium; Cathy.Macharis@vub.ac.be

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/jamds/guidelines.html
http://www.hindawi.com/journals/jamds/guidelines.html
http://mts.hindawi.com/
mailto:Gerrit.Janssens@uhasselt.be
mailto:Cathy.Macharis@vub.ac.be

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editor

