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1. Introduction and preliminaries. Let D be a nonempty subset of a real
Banach space X and T : D — D a nonlinear mapping. The mapping T is said to
be asymptotically quasi-nonexpansive (see [5]) if F(T) # @ and there exists a
sequence {k;} in [0, o) with lim,,_ . k;; = 0 such that

IT"x - p|| < (1+kn)lx - pl (1.1)

forallx e D, p € F(T), and n € N. The mapping T is said to be asymptotically
nonexpansive (see [3]) if there exists a sequence {k;,} in [0, o) with lim;,~. k;, =
0 such that

[|T"x —T"y|| < (1 +ky)llx -2yl (1.2)

for all x,v € D and n € N. The mapping T is said to be a mapping of asymp-
totically nonexpansive type [4] if

limsupsup (||[T"x - T"y||-llx-») <0 (1.3)
xeD

Nn—oo

for any v € D.

In 1973, Petryshyn and Williamson [7] gave necessary and sufficient condi-
tions for Mann iterative sequence to converge to fixed points of quasi-non-
expansive mappings. In 1997, Ghosh and Debnath [2] extended the results of
[7] and gave the necessary and sufficient conditions for Ishikawa iterative se-
quence to converge to fixed points for quasi-nonexpansive mappings.

Recently, Liu [5] extended results of [2, 7] and gave the necessary and suffi-
cient conditions for Ishikawa iterative sequence to converge to fixed points of
asymptotically quasi-nonexpansive mappings.
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First, we introduce the concept of class of mappings of asymptotically quasi-
nonexpansive type: the mapping T is said to be a mapping of asymptotically
quasi-nonexpansive type if F(T) # @ and

limsupsup (||T"x - p||-llx —pll) <0 forany p € F(T). (1.4)
xeD

Nn—oo

REMARK 1.1. If T is a mapping of asymptotically nonexpansive type with
F(T) # @, then T is a mapping of asymptotically quasi-nonexpansive type.

REMARK 1.2. If D is bounded and T is an asymptotically quasi-nonexpan-
sive mapping, then T is a mapping of asymptotically quasi-nonexpansive type.
In fact, if T is an asymptotically quasi-nonexpansive mapping, then there exists
a sequence {k,} in [0, o) with lim,, . k,, = 0 such that

IT"x = pll < (1 +kn)lIx-pl (1.5)
forall x e D, p € F(T), and n € N, which implies

sup {||T"x - T"y|| - llx — » I} < ky - diamD (1.6)
xeD

for any v € F(T) and n € N. Hence

limsupsup (||[T"x - T"y||-llx-»l) <0 forany y € F(T). (1.7)
xeD

n—oo

We observe from Remarks 1.1 and 1.2 that the class of mappings of as-
ymptotically nonexpansive type is an intermediate class between the class of
mappings of asymptotically quasi-nonexpansive type and that of mappings of
asymptotically nonexpansive type with nonempty fixed-point sets. Let
C, ={T:T:D — D is a nonexpansive mapping},

C, ={T:T:D — D is a quasi-nonexpansive mapping},

C3={T:T:D — D is an asymptotically nonexpansive mapping},

Cy4={T:T:D — D is an asymptotically quasi-nonexpansive mapping},

Cs; ={T:T:D — D is a mapping of asymptotically nonexpansive type},

Cs={T :T:D — D is a mapping of asymptotically quasi-nonexpansive type}.
(1.8)

Then we have the following implications:

CQ—0C (1.9)

.

C3:>C4

P

Cs — (.
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In this paper, we are mainly interested in the problem of approximation of
fixed points of the more general class of mappings of asymptotically quasi-
nonexpansive type than that of asymptotically quasi-nonexpansive mappings.
The purpose of this paper is to continue discussion concerning convergence of
Mann and Ishikawa iteration processes for mappings of asymptotically quasi-
nonexpansive type in Banach spaces. We give necessary and sufficient condi-
tions for the Mann and Ishikawa iteration processes to converge to fixed points
of mappings of asymptotically quasi-nonexpansive type. Further, we obtain
extensions of various results obtained quite recently by Deng [1], Ghosh and
Denath [2], Liu [5], and Tan and Xu [9, 10] to more general types of space as
well as families of operators.

We say that a Banach space X satisfies Opial’s condition [6] if, for each se-
quence {x,} in X weakly convergent to a point x and for all y # x,

liﬂinf||xn—x|| <linm_inf{|xn—y||. (1.10)

The examples of Banach spaces which satisfy Opial’s condition are Hilbert
spaces, and all L?[0,271] with 1 < p # 2 fail to satisfy Opial’s condition [6].

Let D be a nonempty closed convex subset of a Banach space X. Then I - T
is demiclosed at zero if, for any sequence {x,} in D, condition x,, — x weakly
and lim,, . || X, — Tx, || = 0 implies (I - T)x = 0.

2. Main results. In this section, we establish some weak and strong con-
vergences for mappings of asymptotically quasi-nonexpansive type in Banach
spaces.

LEMMA 2.1. Let D be a nonempty subset of a normed space X and let T :
D — E be a mapping of asymptotically quasi-nonexpansive type. For two given
real sequences {,} and {B,} in [0,1], let a sequence {x,} in D be defined by

Xn+1 = (1 - (xn)xn + oy Tyn,

(2.1)
Yn=1=Bn)xXn+PBnTxn, n=12....
If p is a fixed point of T, then
@ lxne1r —pll < Ixn —pll+ (1 + Bu) supxep (IIT"x — pll = lIx — pl), n =

1,2,...,
(b) limy,—« [lx5n — pll exists.

PROOF. Let p be a fixed point of T.
(a) From (2.1), we have

l|xn1 = pll < (1= o) ||xn = pl| + &al [T" 0 — pl|
< (1= o) l|xn —pll+ u ([[T"yn - pl|
—lly=pl) +anllyn—pl|
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< (L=oa)|lxn=pll+ (IT"yn =Pl = ll2n-pll)
+ 0 (1= Bn) [[xn = P+ Bl T"x0 — pI])

<llxn=pll+ (IT"yn - pll - lyn-pl)
+Bn([[T"xn — I~ lxn —pl|)

<|[lxn-pll+(1 +Bn)§(1€15(l|T"X—vH—IIx—vII)-

(2.2)
(b) For m,n € N, we have
Ixnem—pll < Hxnm_l—n||+25ug(||T”*m’1x—v||—le—pll)
xXe
< |[xnsm-1—pl|+2sup (|[T"x - p|| - lIx-pll)
xeD
m (2.3)
<|[|Xnem-2—pll+4sup (|[T™x —p||-x—pll)
xeD
< oo <|lxn—pll+2nsup (||[T"x - pl[ - lIx - pl).
xeD
Hence, for n € N,
limsup||xm — p|| <||xn - pl[+2nlimsup (|[T™x - p|| - x - plI)
meee m=ee (2.4)
<|lxn-pll.
It follows that
limsup||x;, — p|| < liminf [|x, - p||. (2.5)
m—oo n—oo
Thus limy, -« [|x, — pl exists. O

LEMMA 2.2. LetD and T be asin Lemma 2.1. For a given real sequence {, }
n [0,1], let a sequence {x,} in D be defined by

Xni1 = (=) xpn+0, T"xy, m=12,.... (2.6)

If p is a fixed point of T, then
@ lIxn+1—pll < llxn—pl+supyepIT"x —pll-lIx-pl), n=1,2,...,
(b) limy,—« [lxn —pll exists.

THEOREM 2.3. Let X be a Banach space which satisfies Opial’s condition and
let D be a weakly compact subset of X. Let T and {x,} be as in Lemma 2.1.
Suppose that T has a fixed point, I — T is demiclosed at zero, and {x,} is an
approximating fixed-point sequence for T, that is, limy, .« || X, — Txy || = 0. Then
{xn} converges weakly to a fixed point of T.

PROOF. First, we show that wy (x,) C F(T). Let x,, — x weakly. By as-
sumption, we have limy . |[x, — Txy| = 0. Since I — T is demiclosed at zero,
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x € F(T). By Opial’s condition, {x,} possesses only one weak limit point, that
is, {x5,} converges weakly to a fixed point of T. |

THEOREM 2.4. Let X be a Banach space which satisfies Opial’s condition and
let D be a weakly compact subset of X. Let T and {x,} be as in Lemma 2.2.
Suppose that T has a fixed point, I — T is demiclosed at zero, and {x,} is an
approximating fixed-point sequence for T, that is, lim,, . || x,, — Txy | = 0. Then
{xn} converges weakly to a fixed point of T.

REMARK 2.5. Theorem 2.3 improves Theorem 2 of Deng [1] for mappings
of asymptotically quasi-nonexpansive type. Theorem 2.4 generalizes Theorem
2.1 of Schu [8].

THEOREM 2.6. Let D be a closed subset of Banach space, let T : D — D be
a mapping of asymptotically quasi-nonexpansive type, and F(T) be nonempty
closed set. For two given real sequences {x, } and {B} in [0,1], let the Ishikawa
iterative sequence {x,} in D be defined by (2.1). Then {x,} converges strongly
to a fixed point of T if and only if liminf, d(x,,F(T)) =0.

PROOF. Let {x,} converge strongly to a point z € F(T). Then lim, d(x,,
F(T)) = 0. Conversely, suppose liminf,, d(x;,,F(T)) = 0. From Lemma 2.1(a),

[ner = pll < llxn = pll +2sup ([|T"x = p[| - llx - 1) 2.7)
xe

for any n € N and p € F(T). Since T is a mapping of asymptotically quasi-
nonexpansive type, we have

limsup{suB(HT"X—lﬂH—IIX—pll)}SO. (2.8)

n k=n

Hence, there exists a positive integer no and a sequence {a,} of positive real
numbers with lim,, a,, = 0 such that

sup{ sup (|Tx~p |~ lx=pl) | = a (2.9)

k=n

for any n = ny. Without loss of generality, we can assume that a, = 1/2n2.
Hence,

1
sup{sup(HT"x—pH—||x—p|\)}sﬁ (2.10)
k=n LxeD n

for any n > ng. It follows from (2.7) that

1
e~ pll < lxn—pll - @11
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for all n > ng, thatis,
1
d(xn1, F(T)) < d(xn, F(T)) + 5 (2.12)
for all n > ny. Hence for n,m > ny, we have

1

+m-1
A(Xnim, F(T)) < d(xn,F(T))+ > 7 (2.13)

Using [10, Lemma 1, page 303], we obtain that lim, d(x,,F(T)) exists, and
it follows from liminf, d(x,,F(T)) = 0 that lim, d(x,,F(T)) = 0. Thus,

lim,, d(x,,F(T)) = 0. For each & > 0, there exists a natural number m, such
that

d(xn,F(T)) < (2.14)

W m

for all n > mg. Then there exists a p’ € F(T) such that d(x,,p’) < /2 for all
n = myg. If n,m = my, then

A(xn,xm) <d(xn,p') +d(p’,xm) < +% =¢. (2.15)

N ™

This shows that {x,} is a Cauchy sequence in D. Let lim,, x,, = v € D. Since
F(T) c D is closed and lim,, d(x,,F(T)) = 0, we conclude that v € F(T). This
completes the proof. O

As a consequence of Theorem 2.6, we obtain the following result.

THEOREM 2.7. Let D be a closed subset of Banach space, let T : D — D
be a mapping of asymptotically quasi-nonexpansive type, and let F(T) be a
nonempty closed set. For a given sequence {x,} in [0,1], let the Mann iterative
sequence {xy} in D be defined by (2.6). Then {x,} converges strongly to a fixed
point of T if and only if liminf, d(x,,F(T)) = 0.

REMARK 2.8. Theorems 2.6 and 2.7 extend corresponding results of Ghosh
and Debnath [2], Liu [5], and Petryshyn and Williamson [7] from quasi-non-
expansive or asymptotically quasi-nonexpansive mapping to large class of non-
Lipschitzian mappings.

ACKNOWLEDGMENT. The first author wishes to acknowledge the financial
support of the Department of Science and Technology, India, made in the pro-
gram year 2002-2003, Project No. SR/FTP/MS-15. The second author was sup-
ported by Korea Research Foundation Grant KRF-2000-DP001 3.

REFERENCES

[1] L. Deng, Convergence of the Ishikawa iteration process for nonexpansive map-
pings, J. Math. Anal. Appl. 199 (1996), no. 3, 769-775.



(2]
(31
(4]
[5]
[6]

(7]

[8]

(1

(10]

FIXED-POINT ITERATION PROCESSES 2081

M. K. Ghosh and L. Debnath, Convergence of Ishikawa iterates of quasi-
nonexpansive mappings, J. Math. Anal. Appl. 207 (1997), no. 1, 96-103.

K. Goebel and W. A. Kirk, A fixed point theorem for asymptotically nonexpansive
mappings, Proc. Amer. Math. Soc. 35 (1972), 171-174.

W. A. Kirk, Fixed point theorems for non-Lipschitzian mappings of asymptotically
nonexpansive type, Israel J. Math. 17 (1974), 339-346.

Q. Liu, Iterative sequences for asymptotically quasi-nonexpansive mappings, J.
Math. Anal. Appl. 259 (2001), no. 1, 1-7.

Z. Opial, Weak convergence of the sequence of successive approximations for non-
expansive mappings, Bull. Amer. Math. Soc. 73 (1967), 591-597.

W. V. Petryshyn and T. E. Williamson Jr., Strong and weak convergence of the
sequence of successive approximations for quasi-nonexpansive mappings,
J. Math. Anal. Appl. 43 (1973), 459-497.

J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpan-
sive mappings, Bull. Austral. Math. Soc. 43 (1991), no. 1, 153-159.

K.-K. Tan and H. K. Xu, Approximating fixed points of nonexpansive mappings

by the Ishikawa iteration process, J. Math. Anal. Appl. 178 (1993), no. 2,

301-308.

, Fixed point iteration processes for asymptotically nonexpansive mappings,

Proc. Amer. Math. Soc. 122 (1994), no. 3, 733-739.

Daya Ram Sahu: Department of Applied Mathematics, Shri Shankaracharya College
of Engineering, Junwani, Bhilai 490 020, India
E-mail address: sahudr@rediffmail.com

Jong Soo Jung: Department of Mathematics, Dong-A University, Pusan 604-714, Korea
E-mail address: jungjs@mail.donga.ac.kr


mailto:sahudr@rediffmail.com
mailto:jungjs@mail.donga.ac.kr

Mathematical Problems in Engineering

Special Issue on
Time-Dependent Billiards

Call for Papers

This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

‘ Manuscript Due March 1, 2009

‘ First Round of Reviews | June 1, 2009

‘ Publication Date September 1, 2009

Guest Editors

Edson Denis Leonel, Department of Statistics, Applied
Mathematics and Computing, Institute of Geosciences and
Exact Sciences, State University of Sdo Paulo at Rio Claro,
Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro, SP,
Brazil; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

