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LetH be a finite-dimensional Hopf algebra over a field k, B a leftH-module algebra,
and H∗ the dual Hopf algebra of H. For an H∗-Azumaya Galois extension B with
center C , it is shown that B is an H∗-DeMeyer-Kanzaki Galois extension if and
only if C is a maximal commutative separable subalgebra of the smash product
B#H. Moreover, the characterization of a commutative Galois algebra as given by
S. Ikehata (1981) is generalized.
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1. Introduction. Let H be a finite-dimensional Hopf algebra over a field k,

B a left H-module algebra, and H∗ the dual Hopf algebra of H. In [7], the class

of Azumaya Galois extensions of a ring as studied in [1, 2] was generalized to

H∗-Azumaya Galois extensions. An H∗-Azumaya Galois extension B was char-

acterized in terms of the smash product B#H see [7, Theorem 3.4]. Observing

that the commutator VB(BH) of BH in B is also an H∗-Azumaya Galois exten-

sion (see [7, Lemma 4.1]), in the present paper, we will give a characterization

of anH∗-Azumaya Galois extension B in terms of VB(BH). Moreover, we will in-

vestigate the class of H∗-Azumaya Galois extensions B such that VB(BH)= C ,

where C is the center of B. We note that when H = kG, where G is a finite

automorphism group of B, such a B is precisely a DeMeyer-Kanzaki Galois ex-

tension with Galois group G [3, 6, 8, 9]. Several equivalent conditions are then

given for an H∗-Azumaya Galois extension being an H∗-DeMeyer-Kanzaki Ga-

lois extension, and the characterization of a commutative Galois algebra as

given by Ikehata [5, Theorem 2] is generalized to an H∗-DeMeyer-Kanzaki Ga-

lois extension.

2. Basic definitions and notation. Throughout, H denotes a finite-dimen-

sional Hopf algebra over a field k with comultiplication ∆ and counit ε, H∗ the

dual Hopf algebra of H, B a left H-module algebra, C the center of B, BH =
{b ∈ B | hb = ε(h)b for all h ∈ H}, and B#H the smash product of B with H,

where B#H = B⊗kH such that, for all b#h and b′#h′ in B#H, (b#h)(b′#h′)=
∑
b(h1b′)#h2h′, where ∆(h)=∑h1⊗h2.

For a subring A of B with the same identity 1, we denote the commutator

subring of A in B by VB(A). We call B a separable extension of A if there
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exist {ai,bi in B, i = 1,2, . . . ,m for some integer m} such that
∑
aibi = 1 and

∑
bai⊗bi =

∑
ai⊗bib for all b in B where ⊗ is over A. An Azumaya algebra

is a separable extension of its center. A ring B is called a Hirata separable

extension of A if B⊗A B is isomorphic to a direct summand of a finite direct

sum of B as a B-bimodule. A ring B is called an H∗-Galois extension of BH if B
is a right H∗-comodule algebra with structure map ρ : B → B⊗kH∗ such that

β : B⊗BH B→ B⊗kH∗ is a bijection where β(a⊗b)= (a⊗1)ρ(b). An H∗-Galois

extension B is called an H∗-Azumaya Galois extension if B is separable over

BG which is an Azumaya algebra over CG, and an H∗-DeMeyer-Kanzaki Galois

extension if B is an H∗-Azumaya Galois extension and VB(BH)= C .

Let P be a finitely generated and projective module over a commutative

ring R. Then for a prime ideal p of R, Pp (= P ⊗R Rp) is a free module over

Rp (= the local ring of R at p), and the rank of Pp over Rp is the number of

copies of Rp in Pp , that is, rankRp(Pp) =m for some integer m. It is known

that the rankR(P) is a continuous function (rankR(P)(p) = rankRp(Pp) =m)

from Spec(R) to the set of nonnegative integers with the discrete topology (see

[4, Corollary 4.11, page 31]). We will use the rankR(P)-function for a finitely

generated and projective module P over a commutative ring R.

3. H∗-Azumaya Galois extensions. In this section, keeping all notations as

given in Section 2, we will characterize an H∗-Azumaya Galois extension B in

terms of the commutator VB(BH) of BH in B.

Theorem 3.1. If B = BH ·VB(BH), then (VB(BH))H = CH .

Proof. Since C ⊂ VB(BH), CH ⊂ (VB(BH))H . Conversely, since VB(BH) ⊂ B,

(VB(BH))H ⊂ BH . Hence (VB(BH))H ⊂ BH∩VB(BH)⊂ the center of VB(BH). But

B = BH ·VB(BH), so the center of VB(BH) is C . Thus, (VB(BH))H ⊂ CH .

Theorem 3.2. A ring B is anH∗-Azumaya Galois extension of BH if and only

if B = BH ·VB(BH) such that VB(BH) is an H∗-Azumaya Galois extension of CH

and BH is an Azumaya CH -algebra.

Proof. (⇒) Since B is anH∗-Azumaya Galois extension of BH , then VB(BH)
is an H∗-Azumaya Galois extension of (VB(BH))H (see [7, Lemma 4.1]) and

BH is an Azumaya CH -algebra (see [7, Theorem 3.4]). Moreover, by the proof

of [7, Lemma 4.1], B#H is an Azumaya CH -algebra such that B#H 	 BH ⊗CH
(VB(BH)#H) 	 BH(VB(BH)#H), where BH and VB(BH)#H are Azumaya CH -

algebras. But H is a finite-dimensional Hopf algebra over a field k, so B 	
BH ⊗CH VB(BH) from the isomorphism B#H 	 BH ⊗CH (VB(BH)#H), and so

B = BH ·VB(BH). Hence (VB(BH))H = CH by Theorem 3.1. Thus VB(BH) is an

H∗-Azumaya Galois CH -algebra.

(⇐) Since VB(BH) is anH∗-Azumaya Galois algebra over CH , VB(BH)#H is an

Azumaya CH -algebra [7, Theorem 3.4]. By hypothesis, BH is an Azumaya CH -

algebra, so BH ⊗CH (VB(BH)#H) 	 BHVB(BH)#H = B#H which is an Azumaya
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CH -algebra. Thus B#H is a Hirata separable extension of B (see [5, Theorem 1]).

Moreover, VB(BH) is a separable CH -algebra (see [7, Theorem 3.4]) and BH is

an Azumaya CH -algebra by hypothesis, so BH ·VB(BH) (= B) is also a separable

CH -algebra. Thus B is anH∗-Azumaya Galois extension of BH [7, Theorem 3.4].

Next we generalize the characterization of a commutative Galois algebra as

given by Ikehata (see [5, Theorem 2]) to a commutative H∗-Galois algebra.

Lemma 3.3. If C is a commutative H∗-Galois algebra over CH , then C is a

maximal commutative subalgebra of C#H.

Proof. Since C is a commutative H∗-Galois algebra over CH , C#H 	
HomCH (C,C) [6, Theorem 1.7]. Hence it suffices to show that VHomCH (C,C)(CL)
= CL where CL = {cL, the left multiplication map induced by c ∈ C}. In fact,

CL ⊂ VHomCH (C,C)(CL) is clear. Conversely, let f ∈ VHomCH (C,C)(CL). Then, for

each c ∈ C , (cf)(x) = (fc)(x) for all x ∈ C . Hence cf(x) = f(cx), and so

cf(1)= f(c) for all c ∈ C . Thus f(c)= df (c) for all c ∈ C , where df = f(1)∈
C , that is, f = (df )L ∈ CL.

Theorem 3.4. Let C be a commutative separable CH -algebra containing

CH as a direct summand as a CH -module. Then, C is a commutative H∗-Galois

algebra over CH if and only if C⊗CH (C#H) 	Mn(C), the matrix algebra over

C of order n where n is the dimension of H over k.

Proof. (⇒) Since C is an H∗-Galois algebra over CH , C#H 	HomCH (C,C)
such that C is finitely generated and projective over CH [6, Theorem 1.7]. Hence

C#H is an Azumaya CH -algebra and C is a maximal commutative subalgebra

of the Azumaya CH -algebra C#H by Lemma 3.3. By hypothesis, C is also a

separable CH -algebra, so C is a splitting ring for the Azumaya CH -algebra C#H
such that C⊗CH (C#H)	HomC(C#H,C#H) (see the proof of [4, Theorem 5.5,

page 64]). Noting that C#H = C⊗kH which is a free C-module of rank n where

n= dimk(H), we have that C⊗CH (C#H)	Mn(C).
(⇐) Since C ⊗CH (C#H) 	 Mn(C), C ⊗CH (C#H) is an Azumaya C-algebra.

By hypothesis, CH is a direct summand of C as a CH -module, so C#H is an

Azumaya CH -algebra [4, Corollary 1.10, page 45]. Hence C#H is a Hirata sep-

arable extension of C . But C is a separable CH -algebra by hypothesis, so C is

an H∗-Galois algebra over CH [7, Theorem 3.4].

We remark that the necessity does not need the hypothesis that CH is a

direct summand of C .

4. H∗-DeMeyer-Kanzaki Galois extensions. We recall that B is an H∗-

DeMeyer-Kanzaki Galois extension of BH if B is an H∗-Azumaya Galois exten-

sion of BH and VB(BH) = C . In this section, we characterize an H∗-DeMeyer-

Kanzaki Galois extension in terms of the smash product VB(BH)#H and prove

that C is a splitting ring for the Azumaya CH -algebras VB(BH)#H and B#H.
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Theorem 4.1. Let B be an H∗-Azumaya Galois extension of BH . Then the

following statements are equivalent:

(1) B is an H∗-DeMeyer-Kanzaki Galois extension of BH ;

(2) rankCH (VB(BH))= rankCH (C);
(3) C is a maximal commutative separable subalgebra of VB(BH)#H.

Proof. (1)⇒(2). It is clear.

(2)⇒(1). Since B is an H∗-Azumaya Galois extension of BH , VB(BH) is an

H∗-Azumaya Galois algebra over CH by Theorem 3.2 such that VB(BH) is a

separable and finitely generated projective module over CH (see [7, Theorem

3.4]). Hence the rank function rankCH (VB(BH)) is defined and VB(BH) is an

Azumaya algebra over its center [4, Theorem 3.8, page 55]. But B = BH ·VB(BH)
by Theorem 3.2, so the center of VB(BH) is C . Thus VB(BH) is an Azumaya C-

algebra; and so C is a direct summand VB(BH) as a C-module. This implies that

C is a direct summand VB(BH) as a CH -module. Therefore the rank function

rankCH (C) is also defined. Now by hypothesis, rankCH (VB(BH)) = rankCH (C),
so VB(BH)= C , that is, B is an H∗-DeMeyer-Kanzaki Galois extension of BH .

(1)⇒(3). Since B is an H∗-DeMeyer-Kanzaki Galois extension of BH , B is an

H∗-Azumaya Galois extension such that VB(BH)= C . Hence B = BH ·VB(BH)	
BH⊗CH C such that C is anH∗-Galois algebra over CH by Theorem 3.2, and so C
is a separable CH -algebra containing CH as a direct summand as a CH -module

[7, Theorem 3.4]. Hence C is a maximal commutative separable subalgebra of

C#H where C = VB(BH) by Lemma 3.3.

(3)⇒(2). Since B is anH∗-Azumaya Galois extension of BH , B = BH ·VB(BH)	
BH⊗CH VB(BH) such that VB(BH) is an H∗-Azumaya Galois algebra over CH by

Theorem 3.2. Hence VB(BH)#H is an Azumaya CH -algebra and VB(BH) is an

Azumaya C-algebra [7, Theorem 3.4]. By hypothesis, C is a maximal commu-

tative separable subalgebra of VB(BH)#H, so

C⊗CH
(
VB
(
BH
)
#H
)	HomC

(
VB
(
BH
)
#H,VB

(
BH
)
#H
)

(4.1)

(see [4, Theorem 5.5, page 64]). On the other hand,VB(BH)#H	HomCH (VB(BH),
VB(BH)) (see [7, Theorem 3.4]). Thus

C⊗CH
(
VB
(
BH
)
#H
)	 C⊗CH HomCH

(
VB
(
BH
)
,VB

(
BH
))

	HomC
(
C⊗CH VB

(
BH
)
,C⊗CH VB

(
BH
))

;
(4.2)

and so HomC(VB(BH)#H,VB(BH)#H) 	 HomC(C ⊗CH VB(BH),C ⊗CH VB(BH)).
This implies that VB(BH)#H 	 P ⊗C (C ⊗CH VB(BH)) for some finitely gener-

ated projective C-module P of rank 1, that is, VB(BH)#H 	 P⊗CH VB(BH). Tak-

ing rankCH ( ) both sides, we have that n · rankCH (VB(BH)) = (rankCH (P)) ·
(rankCH (VB(BH))) where n = dimk(H). But rankCH (VB(BH)) is also n, so

rankCH (C)= rankCH (P)=n= rankCH (VB(BH)).
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Theorem 4.1 implies that the Azumaya CH -algebras VB(BH)#H and B#H
have a nice splitting ring C which is an H∗-Galois algebra over CH and separa-

ble over CH such that C⊗CH (VB(BH)#H) and C⊗CH (B#H) are matrix algebras.

Corollary 4.2. If B is anH∗-DeMeyer-Kanzaki Galois extension of BH , then

C⊗CH (VB(BH)#H) 	Mn(C), the matrix algebra over C of order n where n =
dimk(H).

Proof. By hypothesis, B is anH∗-DeMeyer-Kanzaki Galois extension of BH ,

so C (= VB(BH)) is an H∗-Galois algebra over CH by Theorem 3.2. Hence C is

a separable CH -algebra and C#H is an Azumaya CH -algebra [7, Theorem 3.4].

Thus CH is a direct summand of C as a CH -module. Therefore, C⊗CH (C#H)	
Mn(C) by Theorem 3.4.

Corollary 4.3. If B is anH∗-DeMeyer-Kanzaki Galois extension of BH , then

C⊗CH (B#H)	Mn(B), the matrix algebra over B of ordernwheren= dimk(H).

Proof. By Corollary 4.2, C⊗CH (C#H)	Mn(C), so

BH⊗CH C⊗CH (C#H)	 BH⊗CH Mn(C). (4.3)

Since B = BH ·VB(BH)	 BH⊗CH VB(BH)= BH⊗CH C , we have that

C⊗CH (B#H)	 C⊗CH
((
BH⊗CH C

)
#H
)

	 C⊗CH BH⊗CH (C#H)

	 BH⊗CH C⊗CH (C#H)

	 BH⊗CH Mn(C)	Mn
(
BH⊗CH C

)

	Mn(B).

(4.4)

Acknowledgments. This paper was written under the support of a Cater-

pillar Fellowship at Bradley University. The authors would like to thank Cater-

pillar Inc. for the support.

References

[1] R. Alfaro and G. Szeto, Skew group rings which are Azumaya, Comm. Algebra 23
(1995), no. 6, 2255–2261.

[2] , On Galois extensions of an Azumaya algebra, Comm. Algebra 25 (1997),
no. 6, 1873–1882.

[3] F. R. DeMeyer, Some notes on the general Galois theory of rings, Osaka J. Math. 2
(1965), 117–127.

[4] F. R. DeMeyer and E. Ingraham, Separable Algebras over Commutative Rings, Lec-
ture Notes in Mathematics, vol. 181, Springer-Verlag, Berlin, 1971.

[5] S. Ikehata, Note on Azumaya algebras and H-separable extensions, Math. J.
Okayama Univ. 23 (1981), no. 1, 17–18.

[6] H. F. Kreimer and M. Takeuchi, Hopf algebras and Galois extensions of an algebra,
Indiana Univ. Math. J. 30 (1981), no. 5, 675–692.

[7] M. Ouyang, Azumaya extensions and Galois correspondence, Algebra Colloq. 7
(2000), no. 1, 43–57.



1632 G. SZETO AND L. XUE

[8] G. Szeto and L. Xue, Some correspondences for a center Galois extension, Math.
Japon. 52 (2000), no. 3, 463–468.

[9] L. Xue, The invariant subrings of DeMeyer-Kanzaki Galois extensions, Port. Math.
(N.S.) 59 (2002), no. 1, 37–45.

George Szeto: Department of Mathematics, Bradley University, Peoria, IL 61625, USA
E-mail address: szeto@hilltop.bradley.edu

Lianyong Xue: Department of Mathematics, Bradley University, Peoria, IL 61625, USA
E-mail address: lxue@hilltop.bradley.edu

mailto:szeto@hilltop.bradley.edu
mailto:lxue@hilltop.bradley.edu


Journal of Applied Mathematics and Decision Sciences

Special Issue on

Decision Support for Intermodal Transport

Call for Papers

Intermodal transport refers to the movement of goods in
a single loading unit which uses successive various modes
of transport (road, rail, water) without handling the goods
during mode transfers. Intermodal transport has become
an important policy issue, mainly because it is considered
to be one of the means to lower the congestion caused by
single-mode road transport and to be more environmentally
friendly than the single-mode road transport. Both consider-
ations have been followed by an increase in attention toward
intermodal freight transportation research.

Various intermodal freight transport decision problems
are in demand of mathematical models of supporting them.
As the intermodal transport system is more complex than a
single-mode system, this fact offers interesting and challeng-
ing opportunities to modelers in applied mathematics. This
special issue aims to fill in some gaps in the research agenda
of decision-making in intermodal transport.

The mathematical models may be of the optimization type
or of the evaluation type to gain an insight in intermodal
operations. The mathematical models aim to support deci-
sions on the strategic, tactical, and operational levels. The
decision-makers belong to the various players in the inter-
modal transport world, namely, drayage operators, terminal
operators, network operators, or intermodal operators.

Topics of relevance to this type of decision-making both in
time horizon as in terms of operators are:

• Intermodal terminal design
• Infrastructure network configuration
• Location of terminals
• Cooperation between drayage companies
• Allocation of shippers/receivers to a terminal
• Pricing strategies
• Capacity levels of equipment and labour
• Operational routines and lay-out structure
• Redistribution of load units, railcars, barges, and so

forth
• Scheduling of trips or jobs
• Allocation of capacity to jobs
• Loading orders
• Selection of routing and service

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/jamds/guidelines.html. Prospective
authors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
tem at http://mts.hindawi.com/, according to the following
timetable:

Manuscript Due June 1, 2009

First Round of Reviews September 1, 2009

Publication Date December 1, 2009

Lead Guest Editor

Gerrit K. Janssens, Transportation Research Institute
(IMOB), Hasselt University, Agoralaan, Building D, 3590
Diepenbeek (Hasselt), Belgium; Gerrit.Janssens@uhasselt.be

Guest Editor

Cathy Macharis, Department of Mathematics, Operational
Research, Statistics and Information for Systems (MOSI),
Transport and Logistics Research Group, Management
School, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussel,
Belgium; Cathy.Macharis@vub.ac.be

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/jamds/guidelines.html
http://www.hindawi.com/journals/jamds/guidelines.html
http://mts.hindawi.com/
mailto:Gerrit.Janssens@uhasselt.be
mailto:Cathy.Macharis@vub.ac.be

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editor

