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Let {T(t)}t>0 be a C-semigroup on a Banach space X with generator A. We will
investigate the asymptotic almost periodicity of {T(t)} via the Hille-Yosida space
of its generator.
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1. Introduction. Motivated by the abstract Cauchy problem

%u(t) =Au(t) (t=0), u0) =x, (1.1)

a generalization of strongly continuous semigroups, C-semigroups, has re-
cently received much attention (see [6, 7, 17]). The operator A generating a
C-semigroup leads to (1.1) having a unique solution, whenever x = Cy for
some 7y in the domain of A. It is well known that the class of operators that
generate C-semigroups is much larger than the class of operators that generate
strongly continuous semigroups.

On the other hand, the asymptotic almost periodicity of Cy-semigroup has
been studied systematically in [2, 4, 8, 11, 12, 14, 15, 16]. It was shown that
when A generates an asymptotically almost periodic Cy-semigroup on a Banach
space X, then X can be decomposed into the direct sum of two subspaces X,
and X, and the mild solutions with initial values taken from X, are almost
periodic and thus can be extended to the whole line while the mild solutions
from X, are vanishing at infinity.

In this paper, we will discuss the asymptotic almost periodicity of C-semi-
groups. We show that if A generates an asymptotically almost periodic C-
semigroup, then the range of C has an analogous decomposition. The tech-
nique we use here is the Hille-Yosida space for A, which is a maximal imbed-
ded subspace of X such that the part of A on this subspace generates a Cop-
semigroup. The crucial facts are that a mild solution of the abstract Cauchy
problem is asymptotically almost periodic in the Hille-Yosida space if and only
if it is asymptotically almost periodic in X, and the mild solution is vanishing
at infinity in the Hille-Yosida space if and only if it is vanishing in X.

Under suitable spectral conditions, we obtain a theorem for asymptotic al-
most periodicity of C-semigroups that is more easily testified (Theorem 3.7).
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At last, we give a theorem for asymptotically almost periodic integrated semi-
groups (Theorem 3.9).

Although there are papers devoted to asymptotic properties of individual
solution [1, 2, 3, 4], our main concern is some kind of global property.

Throughout the paper, all operators are linear. We write D (A) for the domain
of an operator A, R(A) for the range, and p(A) for the resolvent set; X will
always be a Banach space, and the space of all bounded linear operators on X
will be denoted by B(X) while C will always be a bounded, injective operator
on X. Finally, R* will be the half-line [0,+ o), and C* will be the half-plane
{zlz=7T+iw, T,w €R and T > 0}.

2. Preliminaries. We start with the definitions and properties of C-semi-
groups.

DEFINITION 2.1. A family {T(t)};~0 C B(X) is a C-semigroup if

(@ T()=C,

(b) the map t — T(t)x, from [0, + o) into X, is continuous for all x € X,
() CT(t+5s)=T({t)T(s).

The generator of {T(t)}¢~0, A is defined by

_c1im} _
Ax=C [lg%lt(T(t)x Cx)] (2.1)
with
1 . L
D(A) = {x eX| lgfgl?(T(t)x—Cx) exists and is 1nR(C)}. (2.2)

The complex number Aisin pc(A), the C-resolvent set of A, if (A—A) is injective
and R(C) < R(A—A). And we denote by o¢(A) the set of all points in complex
plane which are not in the C-resolvent of A.

For the basic properties of C-semigroups and their generators, we refer to
[7]. Next, we introduce the Hille-Yosida space for an operator.

DEFINITION 2.2. Suppose that A has no eigenvalues in (0, o) and is a closed
linear operator. The Hille-Yosida space for A, Z, is defined by Zy = {x € X |
The Cauchy problem (1.1) has a bounded uniformly continuous mild solution
u(-,x)} with

llxllz, = sup{||u(t,x)||: t =0} forx € Z,. (2.3)

LEMMA 2.3 (see [7]). Suppose that A generates a strongly uniformly contin-
uous bounded C-semigroup {T(t)};>0 on X. Then, the Hille-Yosida space for
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A, Zy is a Banach space and
Zo = {x | t — C™'T(t)x is uniformly continuous and bounded} (2.4)
with
lxllz, = sup{||C'T(t)x]||: t = 0}. (2.5)

Moreover, Zy — X, that s, Zy can be continuously imbedded in X, Al z, generates
a contraction Cy-semigroup S(t) = C"1T(t) on Zy, and T(t)x = S(t)Cx for all
x € X.

Let J = R* or R. The spaces of all bounded continuous functions from J
into X will be denoted by Cp,(J,X), Co(R*,X) will designate the set of those
@ € Cp(R*, X) that vanish at infinity on R*, and we will hereafter assume that
each of these spaces is equipped with the supremum norm. Moreover, for f €
Cp(J,X),we J,weput fi,(t) = f(t+w) (t€J)andlet H(f) = {fw :w € J}
denote the set of all translates of f.

DEFINITION 2.4. (a) A function f € C(J,X) is said to be almost periodic if
for every & > 0, there exists | > 0 such that every subinternal of J of length [
contains, at least, one T satisfying || f(t +T) — f(t)|| < & for t € J. The space of
all almost periodic functions will be denoted by AP(J,X).

(b) A function f € Cp(R*,X) is said to be asymptotically almost periodic if
for every € > 0, there exist [ > 0 and M > 0 such that every subinterval of R* of
length [ contains, at least, one T satisfying || f(t+ 1) — f(t)|| < € for all t > M.
The space of all asymptotically almost periodic functions will be denoted by
AAP(R*, X).

LEMMA 2.5 (see [10, 15, 16]). For a function f € C(R*,X), the following
statements are equivalent:

(a) f € AAP(R*,X);

(b) there exist uniquely determined functions g € AP(R,X) and @ € Co(R*,X)
such that f = glg+ + @;

(c) H(f) is relatively compact in Cp, (R*, X).

DEFINITION 2.6. Let {F(f)};c; < B(X) be a strongly continuous operator
family.

(a) F(t) (t € J) is almost periodic if F (-)x is almost periodic for every x € X.

(b) E(t) (t € RY) is asymptotically almost periodic if F(-)x is asymptotically
almost periodic for every x € X.

3. Main results. In order to characterize the asymptotic almost periodicity
of C-semigroups, we need the following result.
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LEMMA 3.1. Assume that {T (t)};s¢o is a C-semigroup on X generated by A
and A has no eigenvalues in (0, ). Suppose that T(-)x : R* — X is asymptoti-
cally almost periodic for some x € X. Then,

(a) there exist y € X and @ € Co(R*,X) such that, for allt =0, T(t)y €
R(C), C7'T(-)y € AP(R",X), and

Tt)x=C'Tt)y+p(t); (3.1)

(b) if {T(t)} is strongly uniformly continuous and bounded, then there exist
v,z € Zy such that S(-)y € AP(R*,Zy), S(-)z € Co(R*, Zy), and

THx=St)y+S(t)z Vt=0, (3.2)

where Z is the Hille-Yosida space for A and {S(t)} is the Cy-semigroup
generated by Alz,.

PROOF. (a) By Lemma 2.5, there exist uniquely determined functions h €
AP(R,X) and @ € Cop(R*,X) such that T(-)x = h|g+ + @, and, from the proof
of Lemma 2.5 (see [14]), we know that there exists 0 < t,, — o such that

h(t) :rlliln T(t+ty)x Vt=0. (3.3)
Let v = h(0), then we have lim, . T (t,,)x = . Therefore, for each t > 0,

Ch(t) = lim CT (t+t,)x = T(0) lim T (t)x = T(1), (3.4)

which implies T(t)y € R(C) for all t = 0 and C™'T(-)y = h|p+ € AP(R*,X),
so that

Tt)x=C'T(t)y+@(t) Vt=O0. (3.5)

(b) Let v and @ (t) be the same as in (a). Since C"'T(-)y = h|g+ € AP(R*, X),
we have that C~!T(t)y is uniformly continuous and bounded in [0, +o), and
so it follows that y € Zy by Lemma 2.3. Setting z = Cx — v, then obviously,
z € Zy. Hence, S(t)y = C~'T(t)y and

SHz=C'TW)z=C'THt)Cx-C'T(t)y =T(t)x-C'T(t)y = @(t)
(3.6)
so that

Tt)x=S{t)y+S(t)z Vt=0. (3.7)

Next, we show that S(-)y € AP(R*,Zy) and S(-)z € Co(R*, Zy). By the defi-
nition of almost periodicity, we know, for every & > 0, there exists [ > 0 such
that every subinterval of R* of length [ contains, at least, one T satisfying

stu0p||S(t+T)y—S(t)y||<s, (3.8)
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hence,
supl[S(t+1)y = S(0)¥lz,
= sup ||[CTIT()S(tE+T)y—C1T(s)S(t)y]|

t=0,5=0
sup |[|[CT'T(s)CIT(t+T1)y—CIT(s)CIT(1)y||

t=0,5=0

sup |[|[CTIT(t+s+T)y—-CIT(t+5)y||
t=0,5=0

= sup [|[SEt+s+T)y-S(t+s5)y||

t=0,5=0

suopHS(tJrT)y—S(t)yH <&,
(=3

(3.9

which yields S(t)y € AP(R™, Zy). Also,

IS®)zll,, = su(l))HC’lT(s)S(t)zH = sug)||5(t+s)z|| = su1t3||S(s)z|| (3.10)

converges to 0 as t — +oo since S(t)z € Co(R*,X), and this yields S(t)z €
Co(R*, Zp). O

Now, we can prove the following theorem which characterizes the asymp-
totic almost periodicity of C-semigroups.

THEOREM 3.2. Let {T(t)} be a C-semigroup generated by A on X. Then,
{T(t)} is asymptotically almost periodic if and only if R(C) < Xy, + Xos, Where
Xoa = {x | x € Zy, S(t)x € AP(R",Zp)} and Xos = {x | x € Zy, S(t)x €
Co(R*,Zp)}, where Zy is the Hille-Yosida space for A, {S(t)} is the Cy-semigroup
generated by A|z,.

PROOF. Necessity. First, it follows from [17, Lemma 1.6.(a)] and the uni-
form boundedness theorem that {T(t)} is bounded and strongly uniformly
continuous. By Lemma 3.1(b), for every x € X, there exist y,z € Zp such
that S(-)y € AP(R*,Zp), S(-)z € Co(R*,Zp), and T(t)x = S(t)y + S(t)z for
all t = 0. Choosing t = 0, we obtain Cx = y + z, that is, R(C) < Xo4 + Xos-

Sufficiency. Since R(C) < Xy, + Xos, for any x € X, there exist vy € Xy, and
z € Xos such that Cx = y +2z.Hence, by Lemma 2.3, we have T (t)x = S(t)Cx =
S(t)y + S(t)z while S(t)y € AP(R*,Zy) and S(t)z € Co(R",Zp). Since Zj is
continuously imbedded in X, it follows that T(t)x is asymptotically almost
periodic by Lemma 2.5, that is, {T(t)} is an asymptotically almost periodic
C-semigroup. O

From the proof of Lemma 3.1(b), we know that for y,z € Z,, S(t)y €
AP(R*,X) and S(t)z € Co(R*,X) if and only if S(t)y € AP(R*,Zy) and S(t)z €
Co(R*,Zp), respectively. Hence, we have the following corollary.

COROLLARY 3.3. Let{T(t)};=0 be aC-semigroup generated by A on X. Then,
{T(t)} is asymptotically almost periodic if and only if for any x € X, there
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exist v,z € Zy such that Cx =y +z, C"'T(t)y € AP(R*,X), and C"'T(t)z €
Co(R*,X), where Z, is the Hille-Yosida spaces for A.

In the case of R(C) = X, we have the following theorem.

THEOREM 3.4. Assume that {T(t)} ;>0 is a C-semigroup on X and R(C) = X.
Then, {T(t)} is asymptotically almost periodic if and only if R(C) < X, + X,
where X; = {x | x € X, T(t)x € AP(R",X)} and X; = {x | x € X, T(t)x €
Co(R*,X)}.

PROOF. Necessity. By Lemma 3.1(a), for every x € X, there exist y € X and
@ € Co(R*,X) such that for all t = 0, T(t)y € R(C), C™'T(-)y € AP(R",X),
and

T(t)x=C'T{t)y+@(t). (3.11)

It follows that T(t)Cx = CT(t)x = T(t)y + Cp(t). Setting z = Cx — y, then
Tt)z=THt)Cx—-T(t)y = Cp(t) € Co(R*,X); on the other hand, T(-)y €
AP(R*,X) since C is bounded. So, we have R(C) < X,; + X;.

Sufficiency follows from the fact that R(C) is dense in X and AAP(R*, X) is
closed in the space of all bounded uniformaly continuous functions from R*
to X. O

The following result clarifies the relations between the generator of an
asymptotically almost periodic C-semigroup and of an asymptotically almost
periodic Cyp-semigroup.

THEOREM 3.5. Suppose that A is closed and has no eigenvalues in (0, ), and
assume that C~'AC = A. Then, A generates an asymptotically almost periodic C-
semigroup if and only if R(C) € Zaap = (Zo)a + (Zo)s, Where (Zp)a = {x | x € X,
the Cauchy problem (1.1) has an almost periodic mild solution u(-,x)} and
(Zy)s = {x | x € X, the Cauchy problem (1.1) has a mild solution u(-,x) €
Co(R*, X)}. And Zgap is the maximal continuously imbedded subspace on which
A generates an asymptotically almost periodic Cy-semigroup.

PROOF. Necessity holds by Lemma 3.1 and the relations between C-semi-
group and solutions of the corresponding Cauchy problem [7, Theorem 3.13].

Sufficiency. By Definition 2.2, we know that both (Z;), and (Zy)s are con-
tained in Zp; so R(C) € Zy. Thus, by [7, Theorem 5.17] and [9, Corollary 3.14],
A generates a bounded C-semigroup; since all mild solutions with initial data
taken from R(C) are asymptotically almost periodic, so is the C-semigroup.

Now, suppose that Y — X and Aly generates a contraction asymptotically
almost periodic Cy-semigroup, then Y — Z; since Z, is maximal (cf. [7, Theorem
5.5]). S0, Y < Zaap follows from the fact that the asymptotic almost periodicity
of the mild solution of the abstract Cauchy problem in Z is equivalent to the
same property in X, and the mild solution u(t) converges to 0 as t — o in X
is equivalent to u(t) — 0 in Z. O
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REMARK 3.6. (a) (Zp), is the maximal subspace on which A generates an
almost periodic Cyp-semigroup.

(b) From the proof of Lemma 3.1 and Theorems 3.2 and 3.5, it is clear that
(ZO)a = XO(Z! (ZO)S = XOS-

When o¢(A) NiR is countable, we obtain a result which is more easily testi-
fied for asymptotic almost periodicity of C-semigroups.

Let f:R* — X be strongly measurable, and let f be the Laplace transform
of f,

+ 00

f(2 :J e 12 £ (1) dL. (3.12)

0

We assume that f(z) exists forall zin C*, so f is holomorphic in C* (usually, f
will be bounded). A point A = in in iR is said to be a regular point for f if there
is an open neighborhood U of A in C and a holomorphic function g: U - X
such that g(z) = f(z) whenever z € UNC". The singular set E of f is the set
of all points of iR which are not regular points.

THEOREM 3.7. Let {T(t)}:~0 be a C-semigroup generated by A in X, and let
oc(A)NiR be countable. Then, the following assertions are equivalent:
(@) {T(t)} is asymptotically almost periodic;
(b) {T(t)} is bounded, strongly uniformly continuous and, for every v €
0c(A)NiR, x € X, limy_gA [ " e~ ML (t +5)x dt exists uniformly for
s=0.

PROOF. (a)=(b). It follows from the properties of asymptotically almost pe-
riodic functions (cf. [4]).

(b)=(a). Given x € X, let f(t) =T (t)x, and then we have that f(t) is bounded,
uniformly continuous and f(?\) = (A—A)"1Cx(ReA > 0). Let E be the singular
set of f in iR, then E < 0¢(A) NniR, and then it follows that E is countable by
the assumption. Moreover, for each i € o¢(A) NiR,

~ +oo .
HmAfs (A +ir) :limAJ e~ WHIILT(t 4 s x dt (3.13)
A-0 A-0 0

exists uniformly for s > 0, where f(t) = f(s +t). Therefore, f(t) = T(t)x is
asymptotically almost periodic by [5, Theorem 4.1]; so, {T (t)} is asymptotically
almost periodic. |

REMARK 3.8. The result of Theorem 3.7 can be deduced directly from (8,
Theorem 4] with the assumption on o¢(A) replaced by that on o (A); while
with the aid of [5, Theorem 4.1], the result can be improved.

We end this paper with a theorem for integrated semigroups, see [13] for
the definitions and basic properties of integrated semigroups.
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THEOREM 3.9. Suppose that A generates a bounded n-times integrated semi-
group {T(t)}¢=0 and o (A) NiR is at most countable. Then, the following asser-
tions are equivalent:

(a) {T(t)} is asymptotically almost periodic;
(b) foreveryr € o(A)NiR, x € X, the limit

+o0
}\ingAJ e AT (¢t 4 o) x dt (3.14)
-0 Jo

exists uniformly for s > 0.

PROOF. We only need to show (b)=(a).
We first recall that for bounded integrated semigroup {T(t)}, we have

+ 00
(A—A)*lx:)\"J e MT(t)xdt (3.15)
0
for ReA > 0, that is,
+ 00 1
J e MT(t)xdt=—(A-A)"'x (3.16)
0 An

forReA > 0, so that T(A) := [, e MT(t)x dt can be extended holomorphically
to a connected open neighborhood V of (iR\o (A))\{0}, hence the singular
set of T"(/\) in iR is contained in (0 (A) NiR) [ J{0}. By our assumption and [5,
Theorem 4.1], we derive (a) from (b). O
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