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1. Introduction

Variational inclusion problems are among the most interesting and intensively studied
classes of mathematical problems and have wide applications in the fields of optimiza-
tion and control, economics and transportation equilibrium, and engineering science.
For the past years, many existence results and iterative algorithms for various variational
inequality and variational inclusion problems have been studied. For details, please see
[1-50] and the references therein.

Recently, some new and interesting problems, which are called to be system of vari-
ational inequality problems were introduced and studied. Pang [28], Cohen and Chap-
lais [29], Bianchi [30] and Ansari and Yao [16] considered a system of scalar variational
inequalities and Pang showed that the traffic equilibrium problem, the spatial equilib-
rium problem, the Nash equilibrium, and the general equilibrium programming problem
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can be modeled as a system of variational inequalities. Ansari et al. [31] introduced and
studied a system of vector equilibrium problems and a system of vector variational in-
equalities by a fixed point theorem. Allevi et al. [32] considered a system of generalized
vector variational inequalities and established some existence results with relative pseu-
domonotonicity. Kassay and Kolumbén [17] introduced a system of variational inequal-
ities and proved an existence theorem by the Ky Fan lemma. Kassay et al. [18] studied
Minty and Stampacchia variational inequality systems with the help of the Kakutani-
Fan-Glicksberg fixed point theorem. Peng [19, 20] introduced a system of quasivaria-
tional inequality problems and proved its existence theorem by maximal element the-
orems. Verma [21-25] introduced and studied some systems of variational inequalities
and developed some iterative algorithms for approximating the solutions of system of
variational inequalities in Hilbert spaces. K. Kim and S. Kim [26] introduced a new sys-
tem of generalized nonlinear quasivariational inequalities and obtained some existence
and uniqueness results of solution for this system of generalized nonlinear quasivaria-
tional inequalities in Hilbert spaces. Cho et al. [27] introduced and studied a new sys-
tem of nonlinear variational inequalities in Hilbert spaces. They proved some existence
and uniqueness theorems of solutions for the system of nonlinear variational inequali-
ties.

As generalizations of the above systems of variational inequalities, Agarwal et al. [33]
introduced a system of generalized nonlinear mixed quasivariational inclusions and in-
vestigated the sensitivity analysis of solutions for this system of generalized nonlinear
mixed quasivariational inclusions in Hilbert spaces. Kazmi and Bhat [34] introduced a
system of nonlinear variational-like inclusions and gave an iterative algorithm for finding
its approximate solution. Fang and Huang [35] and Fang et al. [36] introduced and stud-
ied a new system of variational inclusions involving H-monotone operators and (H,#)-
monotone, respectively. Peng and Huang [37] proved the existence and uniqueness of
solutions and the convergence of some new three-step iterative algorithms for a new sys-
tem of variational inclusions in Hilbert spaces.

On the other hand, Yu [10] introduced a new concept of (H,#)-accretive operators
which provide unifying frameworks for H-monotone operators in [1], H-accretive oper-
ators in [9], (H,#)-monotone operators in [35], maximal #-monotone operators in [5],
generalized m-accretive operators in [8], m-accretive operators in [12], and maximal
monotone operators [13, 14].

Inspired and motivated by the above results, the purpose of this paper is to introduce
a new mathematical model, which is called to be a system of variational inclusions with
(H,n)-accretive operators, that is, a family of variational inclusions with (H,#)-accretive
operators defined on a product set. This new mathematical model contains the system of
inequalities in [16, 21-30] and the system of inclusions in [35-37], the variational inclu-
sions in [1, 2, 9, 11], and some variational inequalities in the literature as special cases.
By using the resolvent technique for the (H,#)-accretive operators, we prove the exis-
tence of solutions for this system of variational inclusions. We also prove the convergence
of a multistep iterative algorithm approximating the solution for this system of varia-
tional inclusions. The result in this paper unifies, extends, and improves some results in
[1,2,9,11,21-30, 35-37].
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2. Preliminaries

We suppose that E is a real Banach space with dual space, norm, and the generalized
dual pair denoted by E*, ||-||, and (-, -), respectively, 2E is the family of all the nonempty
subsets of E, CB(E) is the families of all nonempty closed bounded subsets of E, and the
generalized duality mapping J, : E — 2" is defined by

JoGe) = {f* € E*: (o, f) = [If*[[ - Ixll, [[f*[] = = *'}, Vx€E, 2.1

where g > 1 is a constant. In particular, J, is the usual normalized duality mapping. It is
known that, in general, J,(x) = Ix11972],(x), for all x # 0, and Jg is single valued if E* is
strictly convex.

The modulus of smoothness of E is the function g : [0, ) — [0, %) defined by

1
0x(t) = sup{i(nan Fllx—yll) = 1: Ixll < 1, lIyll < t}. (2.2)

A Banach space E is called uniformly smooth if

lim LE(t)

m == =0. (2.3)

E is called g-uniformly smooth if there exists a constant ¢ > 0, such that
op(t) <cti, g>1. (2.4)

Note that ], is single valued if E is uniformly smooth. Xu and Roach [51] proved the
following result.

LEmMa 2.1. Let E be a real uniformly smooth Banach space. Then, E is q-uniformly smooth
if and only if there exists a constants c; > 0, such that for all x, y € E,

lx+ yll7 < llxll?+q(y,Jq(x)) +cqllyl19. (2.5)

We recall some definitions needed later, for more details, please see [3, 4, 9, 10] and
the references therein.

Definition 2.2. Let E be a real uniformly smooth Banach space, and let T,H : E — E be
two single-valued operators. T is said to be
(1) accretive if

(T(x)=T(y),Jg(x—y)) =0, Vx,y€E; (2.6)
(ii) strictly accretive if T is accretive and
(T(x) =T (y),Jg(x—y)) =0 iffx=y; (2.7)
(iii) r-strongly accretive if there exists a constant r > 0 such that

(T(x)=T(y),Jg(x—y)) =rllx—yl9, Vx,y€E; (2.8)
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(iv) r-strongly accretive with respect to H if there exists a constant » > 0 such that
(T(x)—T(y),Jq(H(x)—H(y))) =rllx—yll%, VxyeE; (2.9)
(v) s-Lipschitz continuous if there exists a constant s > 0 such that
[[T(x)-T(y)|| <sllx—yll, Vx,y€E. (2.10)

Definition 2.3. Let E be a real uniformly smooth Banach space, let T: E — E and
1 : E X E — E be two single-valued operators. T is said to be
(i) #-accretive if

(T(x) = T(y),Jg(n(x,9))) =0, Vx,y€E; (2.11)

(ii) strictly g-accretive if T is #-accretive and

(T(x) = T(y)Jg(n(x,y))) =0 iffx=y; (2.12)

(iii) r-strongly #-accretive if there exists a constant r > 0 such that

(T(x)=T(y),Jg(n(x,))) =rllx—yll9, Vx,y€E. (2.13)

Definition 2.4. Lety:EXE — E, let T,H : E — E be single-valued operators and M : E —
2F be a multivalued operator. M is said to be
(1) accretive if

(u=nJy(x=y)) =0, Vx,y€E, uecMkx),veM(y) (2.14)
(ii) n-accretive if
(u—vJy(n(x,))) =0, Vx,y€E, uecMx),veM(y) (2.15)

(iii) strictly #-accretive if M is n-accretive, and equality holds if and only if x = y;
(iv) r-strongly y-accretive if there exists a constant r > 0 such that if

(u=vJy(n(x, ) =rlix—yl4, Vx,y €E, ueM(x),veM(y); (2.16)

(v) m-accretive if M is accretive and (I +oM)(E) = E holds for all p > 0, where I is the
identity map on E;

(vi) generalized y-accretive if M is n-accretive and (I +pM)(E) = E holds for all ¢ > 0;

(vii) H-accretive if M is accretive and (H +oM)(E) = E holds for all ¢ > 0;

(viii) (H,n)-accretive if M is n-accretive and (H +oM)(E) = E holds for all o > 0.

Remark 2.5. (i) It #(x,y) = x — y, for all x, y € E, then the definition of (H,#)-accretive
operators becomes that of H-accretive operators in [9]. If E = ¥ is a Hilbert space, the
definition of (H,#)-accretive operator becomes that of (H,#)-monotone operators in
[36], the definition of H-accretive operators becomes that of H-monotone operators
in [1, 35]. Hence, the definition of (H,#)-accretive operators provides unifying frame-
works for classes of H-accretive operators, generalized 5-accretive operators, m-accretive
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operators, maximal monotone operators, maximal n-monotone operators, H-monotone
operators, and (H,#)-monotone operators.

Definition 2.6 [5]. Let 51 : E X E — E be a single-valued operator, then #(-, -) is said to be
7-Lipschitz continuous if there exists a constant 7 > 0 such that

lln(uv)|| < tllu—vll, VuveE. (2.17)

Definition 2.7 [10]. Letn : E X E — E be a single-valued operator, let H : E — E be a strictly
n-accretive single-valued operator, and let M : E — 2Ebean (H, #)-accretive operator, and

let A > 0 be a constant. The resolvent operator RIP\IJ : E — E associated with H, , M, A is
defined by

Ryt(u) = (H+AM)™'(u), Vuek. (2.18)

Lemma 2.8 [10]. Let 1 : E X E — E be a t-Lipschitz continuous operator, H : E — E be a
y-strongly n-accretive operator, and let M : E — 2F be an (H,n)-accretive operator. Then,

the resolvent operator RAH/[Z : E — E is 797 /y-Lipschitz continuous, that is,
H,n Hyn 797!
’@MAM—RMngs—;Wx—ﬂL Vx,y €E. (2.19)

We extend some definitions in [6, 37, 46] to more general cases as follows.

Definition 2.9. Let Ey, Ey,...,E, be Banach spaces, let g, : E; — E; and N; : Hf:IEj — E;
be two single-valued mappings.

(i) Ny is said to be &-Lipschitz continuous in the first argument if there exists a
constant £ > 0 such that

||N1 (X1,xz,...,xp) _Nl (yl)er--~)xp)|| = g”-xl _}/1H,

: (2.20)
Vxi,y1 € Ei, xj €Ej (j=2,3,...,p).
(if) N is said to be accretive in the first argument if
(N, (leXZy-..,Xp) -N; (yl,xz,...,xp),]q(xl -y1)) =0, (a1)

Vxi,y1 € Ei, x; €Ej (j =2,3,...,p).

(iii) Ny is said to be a-strongly accretive in the first argument if there exists a constant
a > 0 such that

(N1 (x1,%2,,%p) = N1 (y1,%2,0.,%p), Jg (x1 = 31)) = o1 — 1%,

. (2.22)
Vxi,y1 € E1, xj € Ej (j =2,3,...,p).
(iv) N is said to be accretive with respect to g in the first argument if
(N1 (x1,%2,05,%p) = Ni(y1,%2,0..5%p) 14 (g (x1) —g(31))) = 0, (23)

Vxi,y1 € Ei, xj €Ej (j =2,3,...,p).
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v) Nj is said to be 3-strongly accretive with respect to ¢ in the first argument if there
gly P g g
exists a constant 8 > 0 such that

(N1 (x1,%2,.5%p) = Ni (y1,%2,..,%p ), Jg (g (x1) — g (1)) = BlIx1 = 1|,

) (2.24)
Vxi,y1 € E1, xj €Ej (j=2,3,...,p).

In a similar way, we can define the Lipschitz continuity and the strong accretivity (ac-
cretivity) of Nj: ]_[JPZIEJ- — E; (with respect to g : E; — E;) in the ith argument
(i=2,3,...,p).

3. A system of variational inclusions

In this section, we will introduce a new system of variational inclusions with (H,#)-
accretive operators. In what follows, unless other specified, for each i = 1,2,...,p, we
always suppose that E; is a real g-uniformly smooth Banach space, H;,gi : E; — Ej, #;
E; X E; — E;, F;,G; : Hle E; — E; are single-valued mappings, and that M; : E; — 25 is an
(Hj,ni)-accretive operator. We consider the following problem of finding (x1,x2,...,%,) €
[12,E; such that for each i = 1,2,..., p,

0e F,'(X],Xz,...,xp) +G,'(X1,X2,...,Xp) +Mi(gi(xi)). (31)

The problem (3.1) is called a system of variational inclusions with (H,#)-accretive
operators.

Below are some special cases of problem (3.1).

(i) For each j = 1,2,...,p, if E; = 3€; is a Hilbert space, then problem (3.1) becomes
the following system of variational inclusions with (H,#)-monotone operators, which is
to find (x1,x2,...,%p) € ]_[leE,- such that for eachi = 1,2,..., p,

0 € Fi(x1,%25...,%p) + Gi(x1,%2,...,xp) + Mi(gi(x:)). (3.2)

(ii) For each j = 1,2,..., p, if g; = I; (the identity map on E;) and G; = 0, then prob-
lem (3.1) reduces to the system of variational inclusions with (H,#)-accretive operators,
which is to find (x1,x2,...,%,) € ]_[leEj such that for each i = 1,2,...,p,

OEFi(Xl,Xz,...,Xp) +M,‘(X,'). (33)

(iii) If p = 1, then problem (3.2) becomes the following variational inclusion with an
(Hi,#%1)-monotone operator, which is to find x; € #; such that

OeFl(x1)+G1(x1)+M1(g1(x1)). (34)

Moreover, if 771 (x1, y1) = x1 — y1 for all x1, 31 € ¥, and H, = I, (the identity map on
d€1), then problem (3.4) becomes the variational inclusion introduced and researched by
Adly [11] which contains the variational inequality in [2] as a special case.

If p = 1, then problem (3.3) becomes the following variational inclusion with an (Hj,
#1)-accretive operator, which is to find x; € E; such that

0eF, (X1)+M1(X1). (35)
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Problem (3.5) was introduced and studied by Yu [10] and contains the variational
inclusions in [1, 9] as special cases.

If p = 2, then problem (3.3) becomes the following system of variational inclusions
with (H,#)-accretive operators, which is to find (x1,x,) € E; X E; such that

0e Fl (xl,JQ) +M1 (xl))

0 er(xl,xz) +M2(X2). (36)

Problem (3.6) contains the system of variational inclusions with H-monotone opera-
tors in [35], the system of variational inclusions with (H,#)-monotone operators in [36]
as special cases.

If p =3 and for each j = 1,2,3, E; = ; is a Hilbert space and G; = 0, then prob-
lem (3.1) becomes the system of variational inclusions with (H,#)-monotone operators
in [37] with f; =0and {; = 1.

(iv) For each j = 1,2,...,p, if E; = % is a Hilbert space, and M;(x;) = A;,¢; for all
xj € ¥;, where ¢; : #; — RU {+o0} is a proper, 7;-subdifferentiable functional and A, ¢
denotes the 7;-subdifferential operator of ¢;, then problem (3.3) reduces to the following
system of variational-like inequalities, which is to find (x1,x2,...,%,) € Hf: 1 #; such that
foreachi=1,2,...,p,

(F,-(xl,xz,...,xp),qi(z,-,xi)) +§0,‘(Zi) - (p,‘(x,‘) >0, Vze %,‘. (3.7)

(v) For each j = 1,2,...,p, if E; = ¥; is a Hilbert space, and M;(x;) = dg;(x;), for all
xj € %j, where ¢; : ?Cj — RU {400} is a proper, convex, lower semicontinuous functional
and d¢; denotes the subdifferential operator of ¢;, then problem (3.3) reduces to the
following system of variational inequalities, which is to find (x1,x,...,%x,) € Hle #; such
that for eachi = 1,2,..., p,

<F,‘(X1,X2,...,Xp),2i —Xi> +(pi(Z,') - (Pi(xi) >0, Vze %13 (38)

(vi) For each j = 1,2,...,p, if M;(x;) = 90k, (x;) for all x; € ¥(;, where K; C ¥(; is a
nonempty, closed, and convex subsets and Jk; denotes the indicator of Kj, then prob-
lem (3.8) reduces to the following system of variational inequalities, which is to find
(X1,X25...,Xp) € ]_[‘f:l #C; such that for eachi=1,2,...,p,

(F,' (XI,XZ,...,XP),Z,' - x,‘> >0, Vz eK. (3.9)

Problem (3.9) was introduced and researched in [16, 28-30]. If p = 2, then problems
(3.7), (3.8), and (3.9), respectively, become the problems (3.2), (3.3) and (3.4) in [36].
It is easy to see that problem (3.4) in [36] contains the models of system of variational
inequalities in [21-25] as special cases.

It is worthy noting that problem (3.1)—(3.8) are all new problems.

4. Existence and uniqueness of the solution

In this section, we will prove existence and uniqueness for solutions of problem (3.1). For
our main results, we give a characterization of the solution of problem (3.1) as follows.
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LemMa 4.1. Fori=1,2,...,p, let nj: E; X E; — E; be a single-valued operator, let H; : E; —

E; be a strictly n;-accretive operator, and let M; : E; — 25 be an (H;,n;)-accretive operator.

Then (x1,%2,...,%p) € 12, E; is a solution of the problem (3.1) if and only if for each i =
2o

gi(x) = Rﬁ} (Hi(gi(x1)) = AiFi(x1,%25.. ., %p) = AiGi(x1,%2,...,%p)), (4.1)

where RH = (Hy+ M) "L and \; > 0 are constants.

Proof. The fact directly follows from Definition 2.9. O
LetT = {1,2,..., p}.

THEOREM 4.2. For i =1,2,...,p, let y; : E; X E; — E; be o;-Lipschitz continuous, let H; :
E; — E; be y;-strongly n;i-accretive and t;-Lipschitz continuous, let g; : E; — E; be Bi-strongly
accretive and 0;-Lipschitz continuous, let M; : E; — 2Fi be an (H;,n;)-accretive operator, let
F;: ]_[f:1 E; — E; be a single-valued mapping such that F; is r;-strongly accretive with respect
to g; and s;-Lipschitz continuous in the ith argument, where g; : E; — E; is defined by gi(x;) =
Hjo gi(x;) = Hi(gi(x;)), for all x; € E;, F; is t;j-Lipschitz continuous in the jth arguments for
eachjeT, j#i, G;: ]_[leEj — E; be a single-valued mapping such that G; is l;;-Lipschitz
continuous in the jth argument for each j € T. If there exist constants A; >0 (i = 1,2,...,p)
such that

S —— ol Lol 2 Akoqfl
q1_Qﬁ1+cq9?+l—z/T?G?—qllﬁ*‘Cq/th?-f— A +Z k (tk1+lk1)<1
Y1 4! - Yk
q q ‘72q_1 al _4n4 940 | 122/\202 - -
V1 —gPr+egb+— \/Tz 0; — qharat+cghyls; + Z (ta +1k2) <
Y2 Y2 kel k42
ol pdyod ' Pl gl
V1 —q[ip+cqo9p+—\/‘rg€p q/lprp+cq/\p F ) idd ik Z kCk (tep+lkp) <1
Vo Y -1 Yk
(4.2)

Then, problem (3.1) admits a unique solution.
Proof. For i =1,2,...,p and for any given A; > 0, define a single-valued mapping T;), :
[1}-1Ej —~ Eiby

Tip, (x1,22,...,%p) o
4.3
Hn i

~8ix) +RM”Z"(Higi(xi) = LiFi(x1,%25...,%p) = AiGi(x1,%2,..5%p) ),

for any (x1,%x2,...,Xp) € ]_[leE,-.
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For any (x1,%2,...,%p), (Y1, ¥25-- > ¥p) € Hf=1Ei, it follows from (4.3) that for i = 1,
)pa

||Til- xl7x2>---)xp) - i)t ()’1;}’2,--->yp)||i

= ||X, gz(xz) +RH q'x( i(gi(xi)) _AiFi(xl’XZ)---)xp) —AiGi(Xbe,...,xp))

_ [}’i—gi(}/i) +R1V1i,’m,( (gz(yl)) —A,’Fi(yl,yz,...,yp) _AiGi(yl)yZ)”-)yp))]”i
<||xi— yi— (gi(xi) — gi(yi) ||

IR (Hi(gi (1)) = MFi (1,525 %p) = LiGi(x1, %52, %p) )
—Rz;,’;;m,. (Hi(gi(7:)) = MFs (715 725> ¥p) = MiGi(y1, ¥2e oo 7))
(4.4)

Fori=1,2,...,p, since g; is B;-strongly accretive and 6;-Lipschitz continuous, we have

Ilxi — yi = (gi(xi) — gi ()|

yilf = alg(x) g Ja b =) +egllgta) gl (45)
ill?.

=||xi -
< (1—qPi+c0])||xi —

It follows from Lemma 2.1 that for i = 1,2,..., p,

HRHI ’11 (gi(xi)) —/\,-Fi(xl,xz,...,xp) —/\iGi(Xl,Xz,...,Xp))

Ai

~ Ryt ( 18 () = ME (91,725 7p) = MG (19205 3p))| l,

|| i(gi(x:) = Hi(gi(3i))) = Li(Fi(x1,%2,...5%p) = Fi(y1, 7255 yp));

oq_l/l-
+ ly, l||Gi(xl,x2,-~-’xp)_Gi(}/lx)/z)---x)’p)”i

i
q-1

( '(xi)) _Hl(gl(yl)) _Ai(Fi(xl)xZV--yxifhxi)-xiw‘l)---)xp)

_Fi(xl)xZ)--->xi71>yi)xi+l)---’xp))||i

ol ')

1

+’—< Z ||Fi(x1,x2,...,x]-,l,xj,xjﬂ,...,xp)
i

jer,j#i
—Fi(xbxz,.-->xj—1,yj,xj+1>---)xp)“i)
9-1 p
o' A
+ ’T’ ( D G (X1, %25 3 X 15X X155 Xp)
1 j=1

— Gi(xl,xz,...,xj1,yj,xj+1,...,xp)||i>.
(4.6)
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Fori=1,2,..., p, since H; is 7;-Lipschitz continuous, and g; is 8;-Lipschitz continuous
and F; is r;-g;-strongly accretive and s;-Lipschitz continuous in the ith argument, we have

[[Hi(gi(xi)) — Hi(gi(yi)) = Ai(Fi(X1,%2, .. Xim15Xis Xi 15, Xp )
—Fi(xl,xz,...,x,-_l,yi,x,-ﬂ,...,xp))||iq
<||(Hi(gi(x:)) — Hi(gi (yi) DT = qhiCFi (1,25 .o Xim 1, X0 Xi 155 Xp)
— Fi(X1,%0,.. s Xi 15 Yis Xit 1. Xp ), Hi(gi (i) ) — Hi(gi (1))
+ M F; (X1, %250, Xim 1 X0 Xt 155 Xp) = Fi(X1,%250 0 Xim 1, Vi Xit 1505 Xp ) ||
< 77llgi(xi) — g (yllf = qhirillxi = yillT + cqdi?s] | = yill]
< (]60] — ghiri + cgA?s]) | |xi — yil[].

(4.7)

Fori=1,2,...,p, since F; is t;;-Lipschitz continuous in the jtharguments (j €T, j #
i), we have

||F,-(x1,x2,...,xj_l,xj,xjﬂ,...,xp) —F,-(xl,xz,...,xj_l,yj,xj+1,...,xp)||i < t,-]-||xj —yj”j.
(4.8)

For i = 1,2,...,p, since G; is [;j-Lipschitz continuous in the jth arguments (j = 1,
2,...,p), we have

||Gi(-x1>-x2)---)-xjflaxj)xj+l)--'>xp) - Gi(xl)xZ)--->xj71)yj>xj+1>-'-)xp)“i = l1]||xj —)/]”]
(4.9)

It follows from (4.4)—(4.9) that for each i = 1,2,...,p

||Ti,l,' (xl)xZ)- .. 7xp) - Ti,l[ ()/1,)/2,” . >yp)||i

g—l . g—l
< (</1 ~afrr e+ % il - gl e A+ %) =yl

]
+ Al—'[ >, (b +1j)lx; _yj||j]'

Vi Lijer,ji
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Hence,

p
Z ||Ti,/\,' (x17x2)---)xp) - Ti,/\; (}/1,)/2>---a)’p)||i

i=1
» Ldiod™!
< S (T ar o 0T g et T
i=1 '
A,'O';rl
+—[ 5 <tij+zij>||xj—yj||j]}

Vi Lijer,ji

= (?/1 —qPr +c 07 +

-1 P q-1
Aol Ao
L o +Z k

n k=2

q-1
+ (qul —gBa+cy08+ 0;— (’/7393 — ghary + cgh)s]
2

-1 q-1
Iohyol Ako;
201 S k

q-1
o
! : {/T?qu —ghn +cq)t1qs?

(tk1+lk1))||x1—}’1||1

(tea + lkz)) ||x2 - }’2||z
Y2 kel,k#2

q-1
o
et ({1/1 — Py +cybh + )’;— {I/TZHZ — ghprp +cghysh
p
Lphpop '
+ pptpUp
Yp

sf(énxk—yknk),

p-1 _g-1
o, Mk
+> -k (tk,p”k,p))pr—)’pHp
k=1 Yk

(4.11)
where
q-1 41
E - max{m+ 0;— Z/T?G? - ‘Z)L11’1 +Cq/11q5(11 + M;—(ﬁ
1 1
P ol ol
Z %k tkl + lkl)) m"' ;T 3/7393 - Q/lzrz + quzqsg
_1 q_l
A
+122/\2—02+ Z K% (tk2+lk2),...,m
V2 kerkiz Yk
;- lpplpagil

p-1 g-1
0, o, Mk
+ 5/7392 — gAprp+cghplsy + +> - (tip +lp) }
Y Vp =1 Yk

(4.12)
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Define | - lIr on [T, E; by [1(x1,%2,...,%p)Ir = llx1 1l + 1x2ll2 + - - - + llxp |l p, for all
(%1,%25...,Xp) € 12, E.. It is easy to see that []2, E; is a Banach space. For any given
i >0 (i €T), define Wy, a0, [10y Ei — T2, Ei by

Wrdhs,, (X122, %))

(4.13)
= (Tl,/ll (x13x23~-->-xp)7T2,lz (xlaxZ;H-axp))r-nan,/\p (-xly-xZ)---y-xp))>
for all (x1,x,...,%,) € HleEi.
By (4.2), we know that 0 < & < 1, it follows from (4.11) that
WAty (X15%2,00,p) = W 20, (%1525 -5 %) || (4.14)

= E”(xl)xZ)”-)xp) - ()’1;)’2>---))’p)||r-

This shows that Wr), 1,,.,1, is a contraction operator. Hence, there exists a unique
(X1,X25...,Xp) € ]_[;-DZIEZ-, such that

Wr,)tl,)tz,...,)tp (x13x23-- . )-xp) = (xlr-xZ:- .. )xp)> (415)

thatis, fori=1,2,...,p,

g,-(x,-) = RIP\I/Ii;,T,- (Hi(g,-(xi)) —/\,‘F,'(Xl,xz,...,xl;) —/\iGi(xl,xz,...,xp)). (4.16)

By Lemma 4.1, (x1,%2,...,X,) is the unique solution of problem (3.1). This completes
this proof. O

5. Iterative algorithm and convergence

In this section, we will construct a new multistep iterative algorithm for approximating
the unique solution of problem (3.1) and discuss the convergence analysis of this algo-
rithm.

LEmMA 5.1 [36]. Let {c,} and {k,} be two real sequences of nonnegative numbers that
satisfy the following conditions:

(1) 0<k,<1,n=0,1,2,... and limsup,, k, < 1;

(2) cpi1 < kncn, n=0,1,2,...;
then ¢, converges to 0 as n — oo,
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Algorithm 5.2. Fori=1,2,...,p, let H;, M;, F;, g, n; be the same as in Theorem 4.2. For

any given (x?,xg,...,xg) IS Hle Ej, define a multistep iterative sequence {(x{,x3,... ,x}’,))}
by

X = al + (1= ) [ — i () + Ry (Hi(gi (7))
(5.1)
M (s ) = LG5, )) ]
where
0<a,<1, limsupa,< 1. (5.2)

THEOREM 5.3. Fori=1,2,...,p, let H;, M;, F;, g;, 1j; be the same as in Theorem 4.2. Assume
that all the conditions of Theorem 4.2 hold. Then {(x{,x3,...,x}))} generated by Algorithm
5.2 converges strongly to the unique solution (x1,x,...,x,) of problem (3.1).

Proof. By Theorem 4.2, problem (3.1) admits a unique solution (x1,x2,...,X,), it follows
from Lemma 4.1 that for each i = 1,2,..., p,

gi (x,-) = Rﬁ[”’j{l (Hi (g, (x,-)) - AiFi (xl,xz,. .. ,XP) - AiGi (xl,xz,. .. ,XP) ) (53)
It follows from (5.1) and (5.3) that for each i = 1,2,..., p,

[

— 2l = [ (= 1) + (1= ) [ 7 — i (o) — (s — i ()

+ Ry (Hi (g () = M (x5 xB) = MG (3,2, x0))

- Rz{:fz{l (Hi(gi(xi)) - )tiFi(xl,xz,. .. ,XP) - AiGi(Xl,xz,. .. ,Xp)):l

< a||xf _xi||i+ (1 —an)||x} —gi(xf) - (xi _gi(xi))”i

Hi,ni no.n n n
Ry (H (g (7)) = MiFi (x5, o) = MG (18,3 )

+(1—an) Y

— ]Iéi;”]{i (H,(g,(x,)) —/\iFi(xl,xz,...,xp) —/\,-G,-(xl,xz,...,xp))Hi.
(5.4)

Fori=1,2,...,p, since g is B;-strongly accretive and 0;-Lipschitz continuous, we have

[[xf — gi(x]') — (x; _gi(xi))Hiq <(1- 4/31'+Cq9iq)||x? —x,»||?. (5.5)



14  Fixed Point Theory and Applications

It follows from Lemma 2.1 that for i = 1,2,..., p,

[RE (H g (e)) A (e 65 8) = MG 2)

—RII:',II;KZ(H,‘(gi(X,‘)) —/\iFi(Xl,Xz,...,XP) —/\iGi(xl,xz,...,xp)) ;

q-1

(x}')) — Hi(gi(xi))
= Xi(Fi (x5 X X X xp)

= Fi (o5, xi X X5 %) )|
(5.6)

Lio?™!
_1_1—1( Z ||F,-(xi’,xg,...,x;?_l,x;?,x;-qﬂ,..., ;)
Vi jer,j#i

_ F,»(x’f,xg,...,x;‘l,xj,x;’+1,...,x;’,)||i>

Lol 't (2
+ 1);' (Z||G,~(x’f,x£‘,...,x§-’l,x;',x;-qﬂ,...,xg)
1 j=1

— Gi(x1,x3,..., 7_1,xj,x;7+1,...,xl”,)||i).

Fori=1,2,...,p, since H; is 7;-Lipschitz continuous, and g; is 8;-Lipschitz continuous
and F; is r;-g;-strongly accretive and s;-Lipschitz continuous in the ith argument, we have

||Hi(gi(x}')) — Hi(gi(x:) _)‘i(Fi(x?’xg)'--ﬁx?—l’x?)x?ﬂ’-“)xp
= Fi(xf,xg,oxpxioxfon e oxp)IE - (5.7)
< (r161 — qhiri + ch?s?)fo‘ — x| |%.

For i = 1,2,...,p, since F; is t;;-Lipschitz continuous in the jth arguments (j € T,
j # i), we have

E: (x5, x X1 x) = B (a0 xp) [ < | — x5
(5.8)

For i = 1,2,..., p, since G; is l;;-Lipschitz continuous in the jth arguments (j = 1,2,
..>P), we have

NG (53, X X s x) = Gl X X x5, X g )| < B[] —x]-||j.
(5.9)
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It follows from (5.4)—(5.9) that fori = 1,2,..., p,

[l = xill;

= an||x?—xi||i+(1 _“n) V1 —qﬂi+cq9?||x?—xi||i

-1
<207~ qhor+ e st~ xl

q
+(1—(x,,)0’

Aio'iq71 AO‘
+(1—a,) = ( > tij”x;‘q_xj”j)"'(l_ n)

i jer, j#i

=an||x¢—xi||i+<1—an>(</1—qﬁf+cqe?

- (élanxy—xjuj)

1

ol ! Lidio? !
+ 1—{/1-619? — ghiri+ e Al s+ X - i
yi i Vi q’ti Vi yi i
1 1

q—1
Gi 1
+(1—ay) ( Z (tij+lij)||xj_xj||j>'

jET,j#i
(5.10)

It follows from (5.10) that

P
Z||x,-”“—x,-||,-
i=1
P
.y [annxr il

i=1
7, T 7 kil
+(1—an)| 1 —gPi+c0 + \/‘r 0 —qhiri +cghisi + ——— Vi ||x —xil;

- (s (rij+z,-,->||x7—xj||j)}

booNjel, j#i

<ocn<li||x xl||) (1-a,)é (illx?—xilli)

(£ (- D) (znx —xl||1),

(5.11)
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where £ is defined by

&= max{\ll —qp +cqe‘1 \/rﬁe‘f qhn +cq/11 st

Lito! b & e
+EEL Y ky’; (tir + 1), 31— qBa + ¢, 605

n k=2
q-1 q-1
o InAo
+ 2 3/1393 —qhary + cqlzqsq 2020
2 Y2
_ -1
Aol ! of
+ Z k (tk2+lk2),...,€/1—qﬁp+cqez+P—Q/Tgeg—q/\prp+cq)tpqsg
kehkt2 VK Yo
Lod,ol !
+P‘D;P Z tkp-f—lkp)
P k=1

(5.12)

It follows from hypothesis (4.2) that 0 < £ < 1.
Let a, = Z;il Ix? — xilli,&n = &+ (1 — &)a,,. Then, (5.11) can be rewritten as a,+; <
&nan, n=0,1,2,.... By (5.2), we know that limsup, &, < 1, it follows from Lemma 5.1 that

an = ||xI = x|, convergesto0asn— oo, (5.13)

Therefore, {(x],x5,... ,x;)} converges to the unique solution (x1,x,,...,x,) of problem
(3.1). This completes the proof. O

Remark 5.4. If E is a 2-uniformly smooth Banach space and there exist constants A; > 0
(i=1,2,...,p) such that

) L
¢1_2/31+629f+$wef_zammaﬂs% G z £t +1a) <
1 k=2

Ao
2222+

\/1—2ﬂ2+C29§+%\/T226%—2/\21’2+C2)L22$%+ Z M(tkz*‘l}g) <1
2 k

Y2 kel k42

1Y Lpdpoy "= i)
V1= 282+ 03 + 21203 — 20, + cody2sh + PSR S OBk (g ,) <,
Y Vo k=1 Vi
(5.14)
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then (4.2) holds. It is worth noting that the Hilbert space and Lp (or [,) spaces (2<g < )
are 2 unifomly smooth Banach spaces.

Remark 5.5. Theorems 4.2 and 5.3 unify, improve, and extend those resultsin [1, 2,9, 11,
21-30, 35-37] in several aspects.

Remark 5.6. By the results in Sections 4 and 5, it is easy to obtain the existence of solutions
and the convergence results of iterative algorithms for the special cases of problem (3.1).
And we omit them here.
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