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1. Introduction

In this paper, we present a dual of the fixed point theorems of expansion and compression
using an axiomatic index theory as well as the original Leggett-Williams fixed point which
is itself a generalization of the fixed point theorems of expansion and compression. In
[1] Leggett and Williams presented criteria which guaranteed the existence of a fixed
point for single-valued, continuous, compact maps that did not require the operator to
be invariant on the underlying sets utilizing a concave functional and the norm. In that
sense, the Leggett-Williams fixed point theorem generalized the compression-expansion
fixed point theorem of norm type by Guo [2]. In [3] Anderson and Avery generalized the
fixed point theorem of Guo [2] by replacing the norm in places by convex functionals
and in [4] Zhang and Sun extended this result by showing that a certain set was a retract
thus completely removing the norm from the argument. In this paper, we provide, in a
sense, a generalization of all of the compression-expansion arguments that have utilized
the norm and/or functionals (including [2-6]) which does not require sets to be invariant
under our operator and yet maintains the freedom gained by using concave and convex
functionals. The main result changes the roles of the concave and convex functionals
from the techniques of [1] that have been employed in numerous multiple fixed point
theorems ([7—10] to mention a few) which yields an additional technique for researchers
interested in finding multiple fixed point theorems. It is in the sense of this exchange in
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the roles of concave and convex, yet resulting in somewhat analogous fixed point results,
that we think of the main result of this paper as being dual to aforementioned fixed point
results.

We conclude by applying the techniques of Agarwal and O’Regan [11] to generalize
the fixed point theorem to maps which obey an axiomatic index theory, so in particular
the results apply to all multivalued maps in the literature which have a well-defined fixed
point index (see [11-13] and the references therein).

2. Preliminaries

In this section, we will state the definitions that are used in the remainder of the paper.

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P C E is called
a cone if it satisfies the following two conditions:
(i) x € P, A = 0 implies Ax € P;
(ii) x € P, —x € P implies x = 0.
Every cone P C E induces an ordering in E given by

x<y iffty—xeP (2.1)

Definition 2.2. An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Definition 2.3. A map « is said to be a nonnegative continuous concave functional on a
cone P of a real Banach space E if

a:P— [0,0) (2.2)
is continuous and
a(tx+(1—1t)y) = ta(x)+ (1 —t)a(y) (2.3)

for all x,y € P and t € [0,1]. Similarly the map f is a nonnegative continuous convex
functional on a cone P of a real Banach space E if

B:P— [0,00) (2.4)
is continuous and
Bltx+ (1 —1t)y) < tB(x)+(1-1)B(y) (2.5)

forallx,y € Pand t € [0,1].

Let o and v be nonnegative continuous concave functionals on P and let 3 be a non-
negative continuous convex functional on P; then, for positive real numbers 7, 7, and R,
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we define the following sets:

Qla,r) ={x€P:r <alx)},
Q(ap,1,R) = {x € P:r < a(x), f(x) < R}, (2.6)
Qa,y,Bor,7,R) = {x € P:r <alx), T < y(x), B(x) <R}.
Definition 2.4. Let D be a subset of a real Banach space E. If r : E — D is continuous with

r(x) = x for all x € D, then D is a retract of E, and the map r is a retraction. The convex
hull of a subset D of a real Banach space X is given by

conv(D) = {Z/\ix,- €D, LE[01], DAhi=1,ne N}. (2.7)

i=1 i=1
The following theorem is due to Dugundji and a proof can be found in [14, page 44].
THEOREM 2.5. For Banach spaces X and Y, let D C X be closed and let

F:D—Y (2.8)
be continuous. Then F has a continuous extension
F:X—vY (2.9)
such that
F(X) c conv (F(D)). (2.10)

COROLLARY 2.6. Every closed convex set of a Banach space is a retract of the Banach space.

Note that for any positive real number r and nonnegative continuous concave func-
tional &, Q(a, 1) is a retract of E by Corollary 2.6. Note also, if r is a positive number and
ifa: P — [0,00) is a uniformly continuous convex functional with «(0) = 0 and a(x) >0
for x # 0, then [4, Theorem 2.1] guarantees that Q(«,7) is a retract of E.

3. Fixed point index

The following theorem, which establishes the existence and uniqueness of the fixed point
index, is from [15, pages 82—86]; an elementary proof can be found in [14, pages 58—
238]. The proof of our main result in the next section will invoke the properties of the
fixed point index.

THEOREM 3.1. Let X be a retract of a real Banach space E. Then, for every bounded rela-
tively open subset U of X and every completely continuous operator A : U — X which has no
fixed points on QU (relative to X), there exists an integer i(A, U, X) satisfying the following
conditions:
(G1) normality: i(A,U,X) = 1 if Ax = yo € U for any x € U;
(G2) additivity: i(A,U,X) = i(A, U, X) +i(A,U,, X) whenever Uy and U, are disjoint
open subsets of U such that A has no fixed points on U — (U; U U);
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(G3) homotopy invariance: i(H(t,-),U,X) is independent of t € [0,1] whenever H :
[0,1] X U — X is completely continuous and H(t,x) # x for any (t,x) € [0,1] X
oU;

(G4) permanence: i(A,U,X) =i(A,UNY,Y) if Y isa retract of X and A(U) C Y;

(G5) excision: i(A,U,X) = i(A, Uy, X) whenever Uy is an open subset of U such that A
has no fixed points in U — Up;

(G6) solution: if i(A,U,X) # 0, then A has at least one fixed point in U.

Moreover, i(A,U,X) is uniquely defined.

4. Main result

THEOREM 4.1. Suppose that P is a cone in a real Banach space E, o, and y are nonnegative
continuous concave functionals on P, f is a nonnegative continuous convex functional on P,
and there exist nonnegative numbers r, T, and R such that

A:Q(a,B,1,R) — P (4.1)

is a completely continuous operator and Q(e, f3,1,R) is a bounded set. If
(1) {x € Q(a,yw,5,7,7,R) : f(x) < R} # @ and f(Ax) < R for all x € Q(et, y, 3, 7,7, R);
(2) a(Ax) = r for all x € Q(«, 5,7, R);
(3) B(Ax) <R forall x € Q(a, 3, 1,R) with y(Ax) < T,

then A has a fixed point x in Q(«a, 3,7, R).

Proof. Let

U= {x e Q(a,,7,R) : B(x) <R}, (4.2)

then U is the interior of Q(a,3,7,R) in Q(«a,) and we have assumed that U is a bounded
set.

Claim 1. Ax # x for all x € oU.

Suppose the opposite, that is, there is an xy € dU such that Axy = x. Since xy € U, we
have that B(xy) = R. Either y(xo) < 7 or y(xo) = 7. If w(x) < 7, then y(Ax) = y(xp) <
7 which implies by condition (3) that (xy) = f(Axy) < R which is a contradiction. If
v(xo) = 7, then xy € Q(a, v, 3,7, 7,R) and by condition (1) we have that 3(x¢) = f(Axp) <
R which is a contradiction. Therefore, Ax # x for all x € oU.

Let x* € Q(a,y,5,7,7,R) with f(x*) < R (see condition (1)) and let (see condition

(2))

H:[0,1]xU — Q(a,r) (4.3)
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be defined by
H(t,x) = (1 —t)Ax + tx*. (4.4)
Clearly, H is continuous and the image of [0,1] X U is relatively compact.

Claim 2. H(t,x) # x for all (t,x) € [0,1] x oU.

Suppose the opposite, that is, there exists (t;,x;1) € [0,1] X 0U such that H(#;,x1) = x;.
Since x; € oU, we have that S(x;) = R. Either y(Ax;) < 7 or y(Ax;) = 7.

Case 1. w(Ax,) < 1. By condition (3), we have

B(x1) =B((1—t)Axi +tix*) < (1 —1)B(Axy) + 1 f(x*) <R, (4.5)
which is a contradiction.
Case 2. y(Ax;) = 7. We have that x; € Q(«,y,f3,7,7,R) since

v(x) =y ((1-tH)Axi+6x™) = (1 - 1)y (Ax) +hy(x*) > 71, (4.6)
and thus by condition (1), we have

ﬁ(xl) = /3((1 — tl)Axl +t1X*) < (1 — tl)ﬁ(Axl) +t1ﬂ(x*) <R, (4.7)
which is a contradiction.

Therefore, we have shown that H(¢,x) # x for all (¢£,x) € [0,1] X dU and thus by the
homotopy invariance property (G3) of the fixed point index

i(A,U,Q(a,r)) =i(x*,U,Q(a,1)), (4.8)
and by the normality property (G1) of the fixed point index
i(4,U,Qar)) =i(x*,U,Qar)) = 1, (4.9)

therefore by the solution property (G6) of the fixed point index, the operator A has a
fixed point x € U. O

The argument in the proof of Theorem 4.1 immediately guarantees the following gen-
eralization.

THEOREM 4.2. Suppose that P is a cone in a real Banach space E, « is a nonnegative con-
tinuous functional on P, y is a nonnegative continuous concave functionals on P, 5 is a
nonnegative continuous convex functional on P, and there exist nonnegative numbers r, T,
and R such that

A:Q(a,pB,r,R) — P (4.10)

is a completely continuous operator and Q(«, 3,7, R) is a bounded set. Also assume Q(a,1)
is a retract of E and suppose (1), (2), and (3) in Theorem 4.1 hold. In addition, assume the
following is satisfied:
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(4) there exists x* € Q(a,v,p,r,7,R) with f(x*) < R such that the map H given by
H(t,x) = (1 — t)Ax +tx* maps [0,1] X {x € Q(a,3,7,R) : (x) < R} into Q(a,r).
Then A has a fixed point x in Q(a, 3,7, R).

5. Multivalued generalization

In this section, we provide some background material from fixed point theory related to
multivalued maps.

Let X be a closed, convex subset of some Banach space E = (E, || - ||). Suppose for every
open subset U of X and every upper semicontinuous map A : UX — 2% (here 2X denotes
the family of nonempty subsets of X) which satisfies property (B) (to be specified later)
with x & Ax for x € dx U (here UX and dx U denote the closure and boundary of U in X,
resp.), there exists an integer, denoted by ix (A, U), satisfying the following properties.

(P1) If x¢ € U, then ix(x,U) = 1 (here X, denotes the map whose constant value is

.X()).
(P2) For every pair of disjoint open subsets U;, U, of U such that A has no fixed points
on UX\ (U, U W),

ix(A,U)=ix(A,U1)+ix(A,U2). (5.1)

(P3) For every upper semicontinuous map H : [0,1] x UX — 2X which satisfies prop-
erty (B) and x & H(t,x) for (t,x) € [0,1] X ox U,

ix(H(1,-),U) = ix (H(0,-),U). (5.2)
(P4) If Y is a closed convex subset of X and A(UX) < Y, then
ix(A,U) =iy(A,UNY). (5.3)
Also assume the family

ix(A,U) :X aclosed, convex subset of a Banach space E, U open in X,

and A : UX — 2% is an upper semicontinuous map (5.4)
that satisfies property (B) with x € Ax on dxU

is uniquely determined by the properties (P1)—(P4).

We note that property (B) is any property on the map so that the fixed point index
is well defined. Usually in application property, (B) will mean that the map is compact
with convex compact values. Other examples of maps with a well-defined fixed point
index (e.g., property (B) could mean that the map is countably condensing with convex
compact values) can be found in the literature.

If the above holds, notice also that

(P5) for every open subset V of U such that A has no fixed points on UX\V,

ix(A,U) =ix(A,V); (5.5)

(P6) if ix(A,U) # 0, then A has at least one fixed point in U.
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The proof of the following generalization of Theorem 4.1 to multivalued maps is es-
sentially the same as the proof of Theorem 4.1 following the techniques applied in [7]
and is therefore omitted.

TaeoreM 5.1. Let E = (E, || - ||) be a Banach space and X a closed, convex subset of E. Sup-
pose for every open subset U of X and every upper semicontinuous map A : UX — 2X which
satisfies property (B) with x & Ax for x € dx U, there exists an integer ix (A, U) satisfying
(P1)—(P4). In addition, assume the family

ix(A,U) :X a closed, convex subset of a Banach space E, U open in X,

and A : UX — 2% is an upper semicontinuous map (5.6)

that satisfies property (B) with x & Ax on dxU

is uniquely determined by the properties (P1)—(P4). Let P C E be a cone in E and suppose
there exist nonnegative, continuous, concave functionals o and v on P, and a nonnegative,
continuous, convex functional 3 on P and there exist nonnegative numbers r, T, and R such
that Q(e, 3,1,R) is a bounded set. Furthermore, suppose

F:Q(a,pB,r,R) — 2F (5.7)

is an upper semicontinuous map which satisfies property (B) such that the following proper-
ties are satisfied:
(H1) {x € Q(a, v, 5,7,7,R) : f(x) <R} # & and if x € Q(a, ¥, B,7,7,R), then B(y) <R
forall y € Fx;
(H2) ifx € Q(a, B, 1,R) with y(y) < T for some y € Fx, then (y) <R;
(H3) if x € Q(a, 5,7, R), then a(y) = r for all y € Fx;
(H4) there exists x* € {x € Q(a,v,3,7,7,R) : B(x) < R} such that the mapping H : [0,1]
x {x € Q(a,B,7,R) : B(x) < R} — 29@1) given by H(t,x) = (1 — t)Fx + tx*, satis-
fies property (B).
Then F has at least one fixed point x in Q(a, 3,7, R).

6. Application

The use of functionals provides researchers flexibility when establishing the existence of
solutions to boundary value problems. A standard technique is to assume the nonlinear-
ity is bounded by a constant (or some appropriate function) on intervals in order to verify
certain inequalities, in which case, choosing the minimum of a function over an interval
(concave functional) and the maximum of a function over an interval (convex functional)
often simplify the arguments. An alternative inversion technique can be employed to sim-
plify such arguments which benefits from the choice of alternative functionals.
Consider the second-order nonlinear focal boundary-value problem

y'(t)+ f(y) =0, te(0,1),

y(0) =0=y'(1), (6.1
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where f: R — [0,00) is continuous, increasing, and concave. If x is a fixed point of the
operator A defined by

1
Aﬂﬁ::f(L(ﬂagmng, 6.2)
where
G(t,s) = {Z Z i i (6.3)

is the Green’s function for the operator L defined by
Lx(t) := —x"', (6.4)
with right-focal boundary conditions
x(0) =0 =x'(1), (6.5)

then

1
y(t) = L Gt,)x(s)ds 6.6)

is a solution of (6.1). See [16] for a thorough treatment of this alternative inversion tech-
nique. Throughout this section of the paper, we will use the facts that G(¢,s) is nonnega-
tive, and for each fixed s € [0,1], the Green’s function is nondecreasing in f.

Define the cone P C E = C[0,1] by

P:= {x € E: x is concave, nonnegative, and nondecreasing}; (6.7)

then clearly A : P — P by the properties of Green’s function and the properties of f. Define
the functionals « and f3 by

a(x) :
) te[1/4,1]

min !01 G(t,5)x(s)ds = J?l G(i’s) X, (6.8)

B(x): = max G(t,s)x(s)ds = G(1,5)x(s)ds.
te[0,1] J1/4 1/4

In the following theorem, using the standard technique of bounding the nonlinearity by
constants, we show how to employ the alternative inversion technique.

THEOREM 6.1. Suppose there exist positive real numbers r and R, with 0 < 103r/25 < R, and
a continuous, increasing, concave function f : [r,4R/3] — [0, ), such that

32R

% < flx)< T forx e [r,%]. (6.9)
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Then, the operator A has at least one positive solution x™* such that
r<a(x*), B(x*) <R (6.10)

Moreover, this implies that the boundary value problem (6.1) has at least one positive solu-
tion y* such that

Y1) = Jol G(t,)x* (s)ds (6.11)
with
. Sy*(i), Y1) < %. (6.12)

Proof. Let y = a and 7 = r. Thus condition (3) of Theorem 4.1 will be satisfied once we
have verified condition (2) of Theorem 4.1. The set Q(a,3,7,R) is bounded. To see this,
let x € Q(a, 3,7, R). Then

B = [ GL9x(s)ds > (i)f x(s)ds, (6.13)
1

1/4 /4

and by the concavity of x with a standard calculus area argument, we have

1
J (s)ds = 3(x(1) +x(1/4)) . 3x(1)’ (6.14)
1/4 8 8
and hence
32/’;(’“) > x(1), (6.15)
or
ol < 2, (6.16)

Also, it can easily be shown that ¥+ R € {x € Q(a,v,f,7,7,R) : f(x) < R}, since we have
0 < 103r/25 < R, and hence the set is nonempty.

Claim 3. B(Ax) < Rforallx € Q(a, v, 3,7, 7,R).
Fors e [1/4,1] and x € Q(«,v,f,7,7,R), we have

r<ax)= Ll G(i,w)x(w)dw < Ll G(s,w)x(w)dw,

. | ! w617
JO Gls, w)x(w)dw < L G(1L,w)x(w)dw < (5) | GLwx(wndw = 2,
thus if x € Q(&, v, 3,7, 7,R), then
! 32R
B(Ax) = 1/4G (Ls)f (J G(s,w)x(w )dw)ds < J G(1, s)( ) s=R. (6.18)
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Claim 4. a(Ax) = r for all x € Q(«,B,7,R).
If x € Q(a, 3,7, R), then

a(Ax) = Jl G i,S)f(JOI G(s,w)x(w)dw) ds
7( ], Gt mxtonaw)as (6.19)

167
M gs =
( 3 ) T
for the same reasons in Claim 3.
Therefore, the hypotheses of Theorem 4.1 have been satisfied; thus the operator A has
at least one positive solution x* such that

r<a(x*), B(x*) <R (6.20)
(I

References

[1] R. W. Leggett and L. R. Williams, “Multiple positive fixed points of nonlinear operators on or-
dered Banach spaces,” Indiana University Mathematics Journal, vol. 28, no. 4, pp. 673—688, 1979.

[2] D.]J. Guo, “A new fixed-point theorem,” Acta Mathematica Sinica, vol. 24, no. 3, pp. 444-450,
1981.

[3] D. R. Anderson and R. I. Avery, “Fixed point theorem of cone expansion and compression of
functional type,” Journal of Difference Equations and Applications, vol. 8, no. 11, pp. 1073-1083,
2002.

[4] G.Zhangand J. Sun, “A generalization of the cone expansion and compression fixed point the-
orem and applications,” Nonlinear Analysis: Theory, Methods ¢ Applications, vol. 67, no. 2, pp.
579-586, 2007.

[5] D.]J. Guo, “Some fixed point theorems on cone maps,” Kexue Tongbao, vol. 29, no. 5, pp. 575—
578, 1984.

[6] M. A. Krasnosel’skii, Positive Solutions of Operator Equations, P. Noordhoff, Groningen, The
Netherlands, 1964.

[7] R.P. Agarwal, R. I. Avery, J. Henderson, and D. O’Regan, “The five functionals fixed point the-
orem generalized to multivalued maps,” Journal of Nonlinear and Convex Analysis, vol. 4, no. 3,
pp. 455-462, 2003.

[8] R. L Avery, “A generalization of the Leggett-Williams fixed point theorem,” Mathematical Sci-
ences Research Hot-Line, vol. 3, no. 7, pp. 9—14, 1999.

[9] R. L Avery and J. Henderson, “An extension of the five functionals fixed point theorem,” Inter-
national Journal of Differential Equations and Applications, vol. 1, no. 3, pp. 275-290, 2000.

[10] R. I. Avery and J. Henderson, “Two positive fixed points of nonlinear operators on ordered
Banach spaces,” Communications on Applied Nonlinear Analysis, vol. 8, no. 1, pp. 27-36, 2001.

[11] R. P. Agarwal and D. O’Regan, “A generalization of the Petryshyn-Leggett-Williams fixed
point theorem with applications to integral inclusions,” Applied Mathematics and Computation,
vol. 123, no. 2, pp. 263-274, 2001.

[12] D. O’Regan, “Integral inclusions of upper semi-continuous or lower semi-continuous type,’
Proceedings of the American Mathematical Society, vol. 124, no. 8, pp. 2391-2399, 1996.

[13] G. V. Smirnov, Introduction to the Theory of Differential Inclusions, vol. 41 of Graduate Studies in
Mathematics, American Mathematical Society, Providence, RI, USA, 2002.



Richard Avery etal. 11

[14] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Germany, 1985.

[15] D.J. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, vol. 5 of Notes and
Reports in Mathematics in Science and Engineering, Academic Press, Boston, Mass, USA, 1988.

[16] R.I. Avery and A. C. Peterson, “Multiple positive solutions of a discrete second order conjugate
problem,” PanAmerican Mathematical Journal, vol. 8, no. 3, pp. 1-12, 1998.

Richard Avery: College of Arts and Sciences, Dakota State University, Madison, SD 57042, USA
Email address: rich.avery@dsu.edu

Johnny Henderson: Department of Mathematics, Baylor University, Waco, TX 76798, USA
Email address: johnny_henderson@baylor.edu

Donal O’Regan: Department of Mathematics, National University of Ireland, Galway, Ireland
Email address: donal.oregan@nuigalway.ie


mailto:rich.avery@dsu.edu
mailto:johnny_henderson@baylor.edu
mailto:donal.oregan@nuigalway.ie

Journal of Applied Mathematics and Decision Sciences

Special Issue on

Decision Support for Intermodal Transport

Call for Papers

Intermodal transport refers to the movement of goods in
a single loading unit which uses successive various modes
of transport (road, rail, water) without handling the goods
during mode transfers. Intermodal transport has become
an important policy issue, mainly because it is considered
to be one of the means to lower the congestion caused by
single-mode road transport and to be more environmentally
friendly than the single-mode road transport. Both consider-
ations have been followed by an increase in attention toward
intermodal freight transportation research.

Various intermodal freight transport decision problems
are in demand of mathematical models of supporting them.
As the intermodal transport system is more complex than a
single-mode system, this fact offers interesting and challeng-
ing opportunities to modelers in applied mathematics. This
special issue aims to fill in some gaps in the research agenda
of decision-making in intermodal transport.

The mathematical models may be of the optimization type
or of the evaluation type to gain an insight in intermodal
operations. The mathematical models aim to support deci-
sions on the strategic, tactical, and operational levels. The
decision-makers belong to the various players in the inter-
modal transport world, namely, drayage operators, terminal
operators, network operators, or intermodal operators.

Topics of relevance to this type of decision-making both in
time horizon as in terms of operators are:

e Intermodal terminal design

e Infrastructure network configuration

e Location of terminals

e Cooperation between drayage companies

o Allocation of shippers/receivers to a terminal

e Pricing strategies

e Capacity levels of equipment and labour

e Operational routines and lay-out structure

e Redistribution of load units, railcars, barges, and so
forth

e Scheduling of trips or jobs

e Allocation of capacity to jobs

e Loading orders

e Selection of routing and service

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/jamds/guidelines.html. Prospective
authors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
tem at http://mts.hindawi.com/, according to the following
timetable:

Manuscript Due June 1, 2009

First Round of Reviews | September 1, 2009

Publication Date December 1, 2009

Lead Guest Editor

Gerrit K. Janssens, Transportation Research Institute
(IMOB), Hasselt University, Agoralaan, Building D, 3590
Diepenbeek (Hasselt), Belgium; Gerrit.Janssens@uhasselt.be

Guest Editor

Cathy Macharis, Department of Mathematics, Operational
Research, Statistics and Information for Systems (MOSI),
Transport and Logistics Research Group, Management
School, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussel,
Belgium; Cathy.Macharis@vub.ac.be

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/jamds/guidelines.html
http://www.hindawi.com/journals/jamds/guidelines.html
http://mts.hindawi.com/
mailto:Gerrit.Janssens@uhasselt.be
mailto:Cathy.Macharis@vub.ac.be

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editor

