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One of our main results is the following convergence theorem for one-parameter nonex-
pansive semigroups: let C be a bounded closed convex subset of a Hilbert space E, and
let {T(t):t e Ry} be a strongly continuous semigroup of nonexpansive mappings on
C. Fix u € C and f1,t; € Ry with #; < t,. Define a sequence {x,} in C by x,, = (1 — «,)/
(t, —t1) fff T(s)xnds + ayu for n € N, where {a,} is a sequence in (0,1) converging to 0.
Then {x,} converges strongly to a common fixed point of {T'(¢) : t € R, }.

Copyright © 2006 Tomonari Suzuki. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let C be a closed convex subset of a Banach space E, and let T be a nonexpansive mapping
on C, thatis, || Tx — Ty|l < llx — yl for all x, y € C. We know that T has a fixed point in
the case that E is uniformly convex and C is bounded; see Browder [4], G6hde [10], and
Kirk [15]. We denote by F(T') the set of fixed points of T.
Let {T(t): t € Ry} be a strongly continuous semigroup of nonexpansive mappings (non-
expansive semigroup, in short) on a closed convex subset C of a Banach space E, that is,
(i) for each t € Ry, T(t) is a nonexpansive mapping on C;

(i) T(s+t)=T(s) o T(t) forall s,t € Ry;

(iii) for each x € C, the mapping t — T'(t)x from R, into C is strongly continuous.
We also know that {T(t) : t € R;} has a common fixed point in the case that E is uni-
formly convex and C is bounded; see Browder [4]. Bruck [7] prove the following theo-
rem.

TaEOREM 1.1 (Bruck [7]). Suppose a closed convex subset C of a Banach space has the fixed
point property for nonexpansive mappings, and C is either weakly compact, or bounded and
separable. Then for any commuting family S of nonexpansive mappings on C, the set of
common fixed points of S is a nonempty nonexpansive retract of C.
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2 Nonexpansive semigroup in SC

This theorem yields that {T'(¢) : t € R;} has a common fixed point in the case that C
has the fixed point property, and that C is weakly compact, or bounded and separable.

Several authors have studied about convergence theorems for nonexpansive semi-
groups; see [1, 2, 13, 16, 19, 21, 22] and others. For example, the following theorem is
a corollary of Theorem 8 in [19].

TaEOREM 1.2 (Shioji and Takahashi [19]). Let C be a bounded closed convex subset of a
Hilbert space E. Let {T(t):t € R.} be a strongly continuous semigroup of nonexpansive
mappings on C. Let {a,} and {t,} be sequences of real numbers satisfying 0 < a,, < 1, lim,, at,,
=0, t, >0 andlim,t, = co. Fix u € C and define a sequence {x,} in C by

1—«a4

tn
T(s)x, ds+ a,u (1.1)

Xn =
ty 0

for n € N. Then {x,} converges strongly to a common fixed point of {T(t) :t € R}.
Also, Suzuki[21] proved the following theorem.

THEOREM 1.3 (Suzuki [21]). LetE, C, {T(t):t € R.} be as in Theorem 1.2. Let {«,} and
{t,} be sequences of real numbers satisfying 0 < a, < 1, t, >0 and lim, t,, = lim, a,/t, = 0.
Fix u € C and define a sequence {x,} in C by

Xn = (1—0a,) T (t,) %0+ apu (1.2)

forn € N. Then {x,} converges strongly to a common fixed point of {T(t) :t € R}.

We note that in these theorems, real sequences {t,} converge to 0 and . So, it is natu-
ral to study convergence theorems under the assumption that {t,} is a constant sequence.
In this paper, motivated by Theorems 1.2 and 1.3, we consider such type of convergence
theorems to a common fixed point of {T'(¢): t € Ry }.

2. Preliminaries

Throughout this paper we denote by R the set of real numbers, by R the set of nonneg-
ative real numbers, and by N the set of positive integers. For a Banach space E, we also
denote by E* the dual space of E.

We recall that a Banach space E is called strictly convex if [lx+ yll/2 < 1 forall x,y € E
with [|x]| = [yl = 1 and x # y. We know the following lemma.

LemMa 2.1. Let E be a Banach space. Then the following are equivalent:
(1) E is strictly convex;
(ii) [Ax+ (1 =Myl <1 forallA € (0,1) and x, y € E with ||x|| = ||yl = 1 and x # y;
(i) if lIxll = Iyl = IAx+ (1 = A) y |l for some A € (0,1), then x = y.

A Banach space E is called uniformly convex if for each € > 0, there exists § > 0 such
that |lx+ yll/2< 1 -4 forall x,y € Ewith [|x|| = [|yll = l and ||x — y|| = €. It is clear that
a uniformly convex Banach space is strictly convex. The norm of E is called Fréchet dif-
ferentiable if for each x € E with [|x]| = 1, lims_o(llx + tyll — llx||)/¢ exists and is attained
uniformly in y € Ewith || y|| = 1. A Banach space E is said to have the Opial property [17]
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if for each weakly convergent sequence {x,} in E with weak limit z, liminf, ||x, — z|| <
liminf, llx, — yll for all y € E with y # z. All Hilbert spaces, all finite dimensional Ba-
nach spaces and €7 (1 < p < o0) have the Opial property. Gossez and Lami Dozo[11] prove
that every weakly compact convex subset of a Banach space with the Opial property has
normal structure. We also know that every separable Banach space can be equivalently
renormed so that it has the Opial property; see [23].

3. Common fixed points

In this section, we give our main results. The following proposition plays an important
role in this paper.

ProrosiTioN 3.1. Let C be a closed convex subset of a strictly convex Banach space E. Let
Too >0 andlet {T(t) : t € [0,7)} be a family of mappings on C satisfying the following:
(i) for each t € [0,7), T(t) is nonexpansive;
(ii) there exists a strictly increasing sequence {T,} in [0,7) such that 7, = 0, {1,} con-
verges 10 To, and mappings t — T(t)x are weakly continuous on [1,,Tps1) for all
x€CandneN,

Suppose that
(| F(T(t) + 2. (3.1)
tel0,ra)
Then
, [O )F(T(t)) = F(S), (32)

where § is a nonexpansive mapping on C defined by

sx= [ T(o)x ds (3.3)
To JO

forall x € C.
Remark 3.2. We do not assume {T'(-)} is a nonexpansive semigroup.

Proof. Fix f € E*. Then the functions t — f (T(t)x) from [1,,7,+1) into R are continuous
on [T, Tys1) for x € C and n € N. So, the functions ¢ — f(T(¢)x) from [0,7) into R are
measurable for x € C. We also have {T(t)x:t € [0,7)} is separable for each x € C. Fix
w € Nieforn) F(T(2)). Since

| T()x|| = [|T()x|| = ||T@Ow||+ Iwll < | T(t)x— T()w| + lIwll

(3.4)
< llx=wl +Illwll,

forx € Candt € [0,7 ), we have that the mappings t — T'(t)x are Bochner integrable for
all x € C and hence S is well-defined. Using the separation theorem, we can easily prove
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that S is a mapping on C. Since

15x — Syll = |Ti JOM (T(s)x — T(s)y)ds
< [T - T)ylds (3.5)
o JO

1 Too
s——j|u—ﬂMw4u—ﬂ
Too JO

for x,y € C, S is nonexpansive. Therefore S is a nonexpansive mapping on C. It is obvi-
ous that N;e(o,..) F(T(¢)) C F(S). We assume that z € F(S) \ Nie[o,...) F(T(¢)). Then there
exists t; € [0,7) such that T(t)z # z. Fix g € E* with

gl =1,  g(T(h)z—2) = ||T(t)z 2. (3.6)

For some m € N, t; belongs to [Ty, Ts+1). From the assumption (ii), there exists t, €
(t1,Tm+1) such that

§(T(0z-2) > 3| T(n)z | (37)

for all t € [#),1,). Define nonexpansive mappings S; and S, on C by

t
Six = T(s)xds,
h—t Jy
) | . (3.8)
Sox = m( . T(s)x ds+ i} T(s)x ds)
for all x € C. We note that
Sx = tz‘[;tlslx+ Tm_—wszx (3.9
for all x € C. We have
t
g(S1z2—8z) =g( T(s)zds—z)
h—t Jy
1 2
= g( J (T(s)z—z) ds)
bh—t Jy
1 f
= J g(T(s)z—z)ds (3.10)
bh—t Jgy
1 8|
e —, Ll §||T(t1)z—z||ds
1
= E||T(t1)z—z|| > 0.
Hence
g(82—-8z2) = 2 g(Sz—81z) <0. (3.11)

T — b+ 11
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Therefore S,z # S:z. Fix w € (ie(o,r.) F(T(t)). Then we note that S;w = S;w = w. We
have

lz=wl = lISz—wl =||2="s,z+ M&Z—WH
tHh—t Too — b+t
S%IISlz—WIH#IISzZ—WII
t —mt T — b+t (3.12)
=g”SlZ—SlWH‘Fw721||522—52W||
Too T
tHh—t Teo — b+t
<2 z-wl+=lz-wl=llz—wl
and hence
1Sz = wll = [|S1z2 — w|| = ||S2z — w||. (3.13)

This contradicts the strict convexity of E. Therefore, F(S) C (;e[o,r..) F(T(t)). This com-
pletes the proof. O

As a direct consequence of Proposition 3.1, we can prove the following, which was
proved by Bruck [6]; see also [20].

CoRrOLLARY 3.3 (Bruck [6]). Let C be a closed convex subset of a strictly convex Banach
space E. Let {T,, : n € N} be a sequence of nonexpansive mappings on C. Suppose (-, F(Ty)
is nonempty. Let {a,} be a sequence of positive numbers with >.." | a, = 1. Define a nonex-
pansive mapping S on C by

Sx=> a,Tpx (3.14)

n=1

for x € C. Then F(S) = (,_, F(T,) holds.

Proof. Define a strictly increasing sequence {,,} in [0,1) by 7; = 0 and

n—1
Ty = Z(xk (3.15)
k=1

for n € N with n > 2. We note that lim, 7, = 1. Define a family {T(¢) : t € [0,1)} of non-
expansive mappings as follows: If 7, < t < 7,41, then

T(t)x = Tyx (3.16)

for all x € C. Then we note that

*© ©  Tatl 1 1
Sx = Z anThx = Z T(s)xds= J T(s)xds= % J T(s)xds (3.17)
n=1 n=1""n 0 0
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for x € C and
(E(T.) = () E(T(@®)). (3.18)
n=1 te[0,1)

So, by Proposition 3.1, we obtain the desired result. O

As another direct consequence of Proposition 3.1, we obtain the following propo-
sition.

ProrosiTioN 3.4. Let C be a closed convex subset of a strictly convex Banach space E. Let
T>0andlet {T(t):t € [0,7)} be a family of mappings on C satisfying the following:

(i) for each t € [0,7), T(t) is nonexpansive;

(ii) mappings t — T (t)x are weakly continuous on [0,7) for all x € C.

Suppose that
() F(T(t) + 2. (3.19)
te[0,7)
Then
() F(T(1) = F(S), (3.20)
te[0,7)

where § is a nonexpansive mapping on C defined by
Sx = 1 J T(s)x ds (3.21)
TJo
forallx € C.

Now, we prove one of our main results.

THEOREM 3.5. Let C be a closed convex subset of a strictly convex Banach space E and let
{T(t) : t € Ry} beastrongly continuous semigroup of nonexpansive mappings on C. Suppose
that

() F(T(1)) + @. (3.22)

teRy

Fix t1,, € Ry with #; < t,, and define a nonexpansive mapping S on C by

t
sx=— [ T(o)xds (3.23)
bh—t Jy
for all x € C. Then
() F(T(t)) = F(S) (3.24)
teR;

holds.
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Proof. Ttis clear that (,cr, F(T(¢)) C F(S). Fix w € F(S). By Proposition 3.4, we have

(| E(T(t) =F(S). (3.25)

te(ti,ty)
So, T(t)w = w for t € [t1,1,). Hence, for every t € [0, (t, — t;)/2], we have
Ttw=T{) o T(ty)w=T(t+t;)w=w. (3.26)

Let t € R, be fixed. Then there exist m € NuU {0} and u € [0, (¢, — t;)/2) such that ¢ =
u+m(t, — t1)/2. We have

T(t)w = T<u+m%)w ~ T(w)o T(%)mw — T(ww = w, (3.27)

where T((t; — )/2)0 is the identity mapping on C. Therefore w is a common fixed point
of {T(t):t € Ry}. This completes the proof. O

Similarly we can prove the following theorem.

THEOREM 3.6. Let C be a closed convex subset of a strictly convex Banach space E and let
H{Tu(t) : t € Ry} :m € N} be a sequence of strongly continuous semigroups of nonexpansive
mappings on C. Let {U, : n € N} be a sequence of nonexpansive mappings on C. Suppose
that

o0

ﬁ () F(T.(t)) n (F(U,) # 2. (3.28)

n=1teRy n=1

Let {t,}, {un}, {an} and {B,} be real sequences such that 0 < t, < u,, a, >0 and 3, >0 for
alln €N, and 3 ay+ >, fn = 1. Define a nonexpansive mapping S on C by

Se= Y J Tu(s)xds+ S puUnx (3.29)
n=1 Uy — trl ty =1
forallx € C. Then
() () F(Ta(1) 0 () E(Us) = E(S). (3.30)
n=1teRy n=1

holds.

We recall that a closed convex subset C of a Banach space E is said to have the fixed
point property for nonexpansive mappings (FPP, in short) if for every bounded closed
convex subset D of C, every nonexpansive mapping on D has a fixed point. So, by the
results of Browder [4] and Gohde [10], every uniformly convex Banach space has FPP.
Also, by Kirk’s fixed point theorem [15], every weakly compact convex subset with normal
structure has FPP.

As a direct consequence of Theorem 3.6, we obtain the following corollary.
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COROLLARY 3.7. LetE, C, {{T,(t):t€ R} :n €N}, {U,:n € N}, {t,}, {u,}, {an}, and
{Bu} be as in Theorem 3.6. Assume that C is weakly compact and has FPP, and

Tm(s) ° Tn(t) = Tn(t) ° Tm(s)a UnoUy=U,oUp, Upo Tn(t) = Tn(t) oUp
(3.31)

for all s,t € Ry and m,n € N. Define a nonexpansive mapping S on C as in Theorem 3.6.
Then

() () E(T.(0) n [ E(Us) =E(S) + 2. (3.32)

n=1teRy n=1

holds.

4. Convergence theorems

Using Theorem 3.5, we can prove many convergence theorems to a common fixed point
of nonexpansive semigroups. In this section, we state some of them.

From the result of Ishikawa [14], we obtain the following theorem see also Edelstein
(8].

THEOREM 4.1. Let C be a compact convex subset of a strictly convex Banach space E. Let
{T(t):t € Ry} be a strongly continuous semigroup of nonexpansive mappings on C. Fix
t1,t, € Ry with t) < t,. Define a sequence {x,} in C by x, € C and

)

%n T(s)x, ds+ (1 — &) xp (4.1)

-t Jy

Xn+l =

for n € N, where {a,} is a sequence in [0,1] satisfying >, a, = o and limsup, a, < 1.
Then {x,} converges strongly to a common fixed point of {T(t):t € R }.

From the results of Edelstein and O’Brien [9], and Reich [18], we obtain the following
theorem.

THEOREM 4.2. Let E be a Banach space. Suppose either of the following holds:
(1) E is strictly convex and has the Opial property; or
(ii) E is uniformly convex and its norm is Fréchet differentiable.
Let C be a weakly compact convex subset of E, and let {T(t) :t € Ry} be a strongly con-
tinuous semigroup of nonexpansive mappings on C. Fix t,t, € Ry with t; < t,. Define a
sequence {x,} in C by x; € C and
a (P
Xpp1=—— | T($)x,ds+(1—a)x, (4.2)
=t Jy
for n € N, where « is a constant number in (0,1). Then {x,} converges weakly to a common
fixed point of {T(t):t € R.}.

We note that

— (1—a)Tx+au (4.3)
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is a contractive mapping if T is a nonexpansive mapping and « € (0,1). By the Banach
contraction principle [3], such mappings have a unique fixed point. From the results of
Browder [5], and Wittmann [24], we obtain the following theorem; see also [12]. Com-
pare Theorem 4.3 with Theorems 1.2 and 1.3.

THEOREM 4.3. Let C be a bounded closed convex subset of a Hilbert space E, and let {T(t) :
t € Ry} be a strongly continuous semigroup of nonexpansive mappings on C. Fix u € C and
t1,t, € Ry with t) < t,. Define a sequence {x,} in C by

1—a,

t
T(s)x, ds+ a,u (4.4)

Xy =
bhh—t Jy

for n € N, where {a,} is a sequence in (0,1) converging to 0. Then {x,} converges strongly
to a common fixed point of {T(t):t € R.}.

THEOREM 4.4. LetE, C, {T(t) : t € Ry}, u, t and t, be as in Theorem 4.3. Define a sequence
{x,} in Cbyx, € Cand

1—a, (2

Xpil = T(s)x, ds+a,u (4.5)

=1t Jy

for n € N, where {a,} is a sequence in [0, 1] satisfying the following:

lima, =05 Dan=c05 > [ann—an| <oo. (4.6)
n=1

n=1

Then {x,} converges strongly to a common fixed point of {T(t):t € Ry}.
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