AN ANALYSIS OF THE POLE PLACEMENT PROBLEM II. THE MULTI-INPUT CASE^∗

VOLKER MEHRMANN^† AND HONGGUO XU^‡

Abstract. For the solution of the multi-input pole placement problem we derive explicit formulas for the subspace from which the feedback gain matrix can be chosen and for the feedback gain as well as the eigenvector matrix of the closed-loop system. We discuss which Jordan structures can be assigned and also when diagonalizability can be achieved. Based on these formulas we study the conditioning of the pole-placement problem in terms of perturbations in the data and show how the conditioning depends on the condition number of the closed loop eigenvector matrix, the norm of the feedback matrix and the distance to uncontrollability.

Key words. pole placement, condition number, perturbation theory, Jordan form, explicit formulas, Cauchy matrix, Vandermonde matrix, stabilization, feedback gain, distance to uncontrollability.

AMS subject classi�cations. 65F15, 65F35, 65G05, 93B05, 93B55.

1. Introduction. In this paper we continue the analysis of the conditioning of the pole placement problem in [22] with the multi-input case. We study multi-input time-invariant linear systems

ẋ = dx(t)/dt = Ax(t) + Bu(t), x(0) = x_0,

(1.1)

with A ∈ C^{n×n}, B ∈ C^{n×m}. For such systems we analyse the following problem:

PROBLEM 1. Multi-input pole placement (MIPP): Given a set of n complex numbers P = {λ_1, . . . , λ_n} ⊂ C, �nd a matrix F ∈ C^{m×n}, such that the set of eigenvalues of A − BF is equal to P. (Here we assume in the real case that the set P is closed under complex conjugation.) It is well-known [14, 37] that a feedback gain matrix F that solves this problem for all possible sets P ⊂ C exists if and only if (A, B) is controllable, i.e.,

rank[A − λI_n, B] = n, ∀λ ∈ C

(1.2) or rank[B, AB, . . . , A^{n−1}B] = n.

(1.3)

Due to its wide range of applications there is a vast literature on this problem. Extensions of Ackermann’s explicit formula [1] for the single-input case were given in [33, 32]. Also many numerical algorithms were developed for this problem, see [27, 36, 15, 24, 25] For some of these methods numerical backward stability has been established, see e.g. [15, 25, 24, 5, 6, 3]. Nonetheless it is observed very often that the numerical results (even from numerically stable methods or explicit formulas) are very inaccurate. This observation led to the conjecture in [12] (supported by intensive numerical testing) that the pole placement problem becomes inherently ill-conditioned when the system size is increasing. This conjecture has been heavily debated, since some of the perturbation results derived in recent years do not seem to support this conjecture [2, 17, 29, 18].

∗Received May 29, 1997. Accepted for publication December 5, 1997. Communicated by P. Van Dooren. † Fakultĺat fĺur Mathematik, TU Chemnitz, D-09107 Chemnitz, FR Germany. This work was supported by Deutsche Forschungsgemeinschaft, Research Grant Me 790/7-2.

‡ Fakultĺat fĺur Mathematik, TU Chemnitz, D-09107 Chemnitz, FR Germany. This work was supported by Alexander von Humboldt Foundation, Chinese National Natural Science Foundation and Deutsche Forschungsgemeinschaft, Research Grant Me 790/7-2 . 77

78 An analysis of the pole placement problem II

The reason for the discrepancy in opinions about the conditioning of the pole assigment problem is that one has to distinguish between two aspects of the pole placement problem, the computation of the feedback F and the computation of the closed loop matrix A − BF or its spectrum, respectively. Both can be viewed as result of the pole placement problem but they exhibit different pertubation results. A striking example for the difference is given in [22] for the single-input case, where the exact feedback was used but the poles of the computed closed loop system were nowhere near to the desired poles. In our opinion the most important goal of pole placement is that the poles of the closed loop system obtained with the computed feedback are close to the desired ones. If the desired poles of the exact closed loop system are very sensitive to perturbations then this ultimate goal cannot be guaranteed. And this may happen even if the computation of F is reliable or even exact.

A new analysis that covers all the aspects of the problem is therefore necessary and it was given for the single-input case in [22]. In this paper we will continue this analysis for the multi-input case. We will derive explicit formulas for the feedback matrix F . These formulas are different from the formulas derived in [33, 32] and display all the freedom in the solution, which is clearly for m > 1 not uniquely determined from the data A, B, P. To remove the non-uniqueness several directions can be taken. The most common approach is to try to minimize the norm of the feedback matrix F under all possible feedbacks F that achieve the desired pole assigment, see [24, 27, 36, 25, 16]. Another approach is to optimize the robustness of the closed-loop system [15].

In this paper we study the whole solution set, i.e., the set of feedbacks that place the poles and describe it analytically. We also derive explicit formulas for the closed-loop eigenvector matrix. Based on these formulas we will then give perturbation bounds which are multi-input versions of the bounds for the single-input problem in [22] and display the problems that can arise when choosing one or the other method for making the feedback unique.

Throughout the paper we will assume that (A, B) is controllable and that rank B = m. We will use the superscript H to represent the conjugate transpose. All used norms are spectral norms.

2. The null space of [A − λI, B]. We begin our analysis with a characterization of the nullspace of [A − λI, B] for a given λ ∈ C. Since (A, B) is controllable, from (1.2) we have that rank[A − λI, B] = n, ∀λ ∈ C. So the dimension of the null space is m. Let � U_λ −V_λ � , with U_λ ∈ C^{n×m}, V_λ ∈ C^{m×m}, be such that its columns span the null

space N_λ of [A − λI, B], i.e., � A − λI_n B

� � U_λ −V_λ � = 0,

(2.1) or (A − λI_n)U_λ = BV_λ.

(2.2)

Before we can characterize this nullspace, we have to introduce some notation and recall some well-known facts from linear systems theory.

The basis for most of the results concerning the analysis and also the numerical solution of the control problem under consideration are canonical and condensed forms. The most useful form in the context of numerical methods is the staircase orthogonal form [34, 35].

LEMMA 2.1. [35] Let A ∈ C^{n×n}, B ∈ C^{n×m}, (A, B) controllable and rank(B) = m.

Volker Mehrmann and Hongguo Xu 79

Then there exists a unitary matrix Q ∈ C^{n×n} such that

Q^H AQ =

� � � � � n_1 n_2 . . . . . . n_s n_1 A_{1,1} A_{1,2} . . . . . . A_{1,s} n_2 A_{2,1} A_{2,2} . . . . . . A_{2,s}

n_3 0 A_{3,2} ... . . . A_{3,s} . . ... ... . . n_s A_{s,s−1} A_{s,s}

� � � � � , Q^H B =

� � � � � n_1 = m n_1 B_1 n_2 0 n_3 0 . . . . n_s 0

� � � � � , (2.3)

with B_1, A_{1,1}, . . . , A_{s,s} square, B_1 nonsingular, and the matrices A_{i,i−1} ∈ C^{ni×ni−1} , i = 2, . . . , s, all have full row rank. (n_1 ≥ n_2 ≥ . . . ≥ n_s). The indices n_i play an important role in the following constructions and we will also need the following indices derived from the n_i. Set

d_i := n_i − n_{i+1}, i = 1, . . . , s − 1, d_s := n_s,

(2.4) and π_i := d_1 + . . . + d_i = m − n_{i+1}, i = 1, . . . , s − 1, π_s = m.

(2.5)

An immediate consequence of the staircase form is that the indices n_i, d_i, π_i are invariant under adding multiples of the identity to A, i.e., these indices are the same for the pairs (A, B) and (A − λI, B). This follows, since the subdiagonal blocks in the staircase form, which determine these invariants, are the same if we add a shift to the diagonal.

If we allow nonunitary transformations we can get a more condensed form, similar to the Luenberger canonical form [21], which follows directly from the staircase orthogonal form.

LEMMA 2.2. [21] Let A ∈ C^{n×n}, B ∈ C^{n×m}, (A, B) controllable and rank(B) = m. Then there exist nonsingular matrices S ∈ C^{n×n}, T ∈ C^{m×m} such that

Â := S^{−1}AS

=

� � � � � � d_1 n_2 d_2 n_3 . . . d_{s−1} n_s d_s n_1 Â_{1,1} 0 Â_{1,2} 0 . . . Â_{1,s−1} 0 Â_{1,s} n_2 0 I_{n2} Â_{2,2} 0 . . . Â_{2,s−1} 0 Â_{2,s} n_3 0 I_{n3} . . . Â_{3,s−1} 0 Â_{3,s} . . ... . . . . . . n_{s−1} Â_{s−1,s−1} 0 Â_{s−1,s} n_s 0 I_{ns} Â_{s,s}

� � � � � � ,

B̂ := S^{−1}BT = � I_{n1} 0 � , (2.6)

where the indices n_i and d_i are related as in (2.4).

Let us further introduce the Krylov matrices

K_k := [B, AB, . . . , A^{k−1}B], K̂_k := [B̂, ÂB̂, . . . , Â^{k−1}B̂],

(2.7)

and the block matrices

X̂_k := � � � X̂_{1,1} . . . X̂_{1,k}

... . . X̂_{k,k}

� � � ∈ C^{km×πk} ,

(2.8)

80 An analysis of the pole placement problem II

X_k := � � � X_{1,1} . . . X_{1,k} ... . . X_{k,k}

� � � := diag(T, . . . , T )X̂k ∈ C^{km×πk} ,

(2.9)

R̂_k := [Â_{1,1}, Â_{1,2}, . . . , Â_{1,k}], R_k := T R̂_k ∈ C^{m×π}k , (2.10)

where

X̂_{i,i} := � � d_i π_{i−1} 0 d_i I_{di} n_{i+1} 0 � �, i = 1, . . . , k,

X̂_{i,j} :=

� d^j π_i 0 n_{i+1} −Â_{i+1,j} � , i = 1, . . . , k − 1, j = i + 1, . . . , k,

X_{i,j} := T X̂_{i,j}, i = 1, . . . , k, j = i, . . . , k.

Let us also abbreviate X := X_s, R := R_s, K := K_s. Then we can characterize the nullspace of [A, B] as follows.

LEMMA 2.3. Let X_k, X̂_k, R_k, R̂_k, K_k, K̂_k be as introduced in (2.7)Ű(2.10). Then

AK_kX_k = BR_k, ÂK̂_kX̂_k = B̂R̂_k, k = 1, . . . , s

(2.11)

and the columns of � U_0 −V_0 � = � KX −R �

span the nullspace N_0 of [A, B].

Proof. The proof follows directly from the fact that AK_kX_k = S(ÂK̂_kX̂_k), BR_k = S(B̂R̂_k) and the special structure of the block columns in K̂_k, i.e., for 1 ≤ l ≤ s,

Â^{l−1}B̂ =

� � � � � � � d_1 . . . d_{l−2} d_{l−1} n_l n_1 ∗ . . . ∗ Â_{1,l−1} 0 . . . . . . . . . . n_{l−1} ∗ . . . ∗ Â_{l−1,l−1} 0 n_l 0 . . . 0 0 I_{nl} n_{l+1} 0 . . . 0 0 0 . . . . . . . . . . n_s 0 . . . 0 0 0

� � � � � � � , (2.12)

by just multiplying out both sides of the equations in (2.11). Note that it follows directly from the controllability assumption and the staircase form (2.3) that the full nullspace is obtained for k = s, since then the dimension of the space spanned by the columns of � KX −R �

is m = n_1, which, as noted before, is the dimension of the nullspace of [A, B].

Volker Mehrmann and Hongguo Xu 81

We need some further notation. Let

Θ_{i,j} := j� l=i A^{l−i}BX_{l,j} , Θ̂_{i,j} := j� l=i Â^{l−i}B̂X̂_{l,j}, i = 1, . . . , s, j = i, . . . , s, (2.13)

and set

W_i := [Θ_{i,i}, . . . , Θ_{i,s}] ∈ C^{n×ni} , i = 1, . . . , s, W := [W_1, W_2, . . . , W_s] ∈ C^{n×n},

(2.14) Y_i := [X_{i,i}, . . . , X_{i,s}] ∈ C^{m×ni} , i = 1, . . . , s, Y := [Y_1, Y_2, . . . , Y_s] ∈ C^{m×n}.

Furthermore de�ne

I_{i,j} :=

� n^j − n^i n^i n_i 0 I_{ni} � , i ≥ j,

(2.15) and

N :=

� � � � �

0 I_{2,1} 0 0 I_{3,2} ... . . ... 0 0 . . . 0 I_{s,s−1} 0

� � � � � , Ñ =

� � � �

0 I_m ... ... ... I_m 0

� � � � .

LEMMA 2.4. The matrices W, W_1 de^ned in (2.14) have the following properties. i) W_1 = KX, W = KX̃, X̃ = [X, ÑX, . . . , Ñ^{s−1}X].

(2.16) ii) W = AW N + BY.

(2.17)

iii) W is nonsingular. Proof.

i) follows directly from the de�nition of W_1 and W . ii) Using the form of W , N we have

AW N = A[W_1, W_2, . . . , W_s]N = A[0, W_2; . . . ; 0, W_{s−1}; 0] = [0, AΘ_{2,2}, . . . , AΘ_{2,s}; . . . ; 0, AΘ_{s,s}; 0] = [0, Θ_{1,2}, . . . , Θ_{1,s}; . . . ; 0, Θ_{s−1,s}; 0] −B[0, X_{1,2}, . . . , X_{1,s}; . . . ; 0, X_{s−1,s}; 0] = W − BY.

iii) We have

W = S(S^{−1}W )

82 An analysis of the pole placement problem II

= S[Θ̂_{1,1}, . . . , Θ̂_{1,s}; . . . ; Θ̂_{s−1,s−1}, Θ̂_{s−1,s}, Θ̂_{s,s}]

= S

� � � �

I_{n1} ∗ . . . ∗

I_{n2} . . . . . ... ∗ I_{ns}

� � � � P

for an appropriate permutation matrix P , which follows directly from the de�nition of Θ̂_{i,j} in (2.13). Thus, W is nonsingular.

REMARK 1. If m = 1 (the single-input case), then X = [a_1, . . . , a_{n−1}, 1]^T , R = −a_0, and by (1.3) K = [B, . . . , A^{n−1}B] is nonsingular. Since AKX = BR, we �nd that a_0, . . . , a_{n−1} are the coef�cients of the (monic) characteristic polynomial of A, i.e.,

ξ(λ) := λ^n + n−1� k=0 a_kλ^k = det(λI_n − A).

Using adj(λI_n −A) :=

�_{n−1}

k=0 A_kλ^k, where adj(A) represents the adjoint matrix of the square matrix A, it is not dif�cult to verify that W_1 = A_0B and W = [A_0B, . . . A_{n−1}B].

We are now able to give a simple characterization of the nullspace of [A − λI, B] for an arbitrary λ.

THEOREM 2.5. Let E_{λ,k} := (I − λN)^{−1} � I_{πk} 0 � . Then the columns of � U_{λ,k} −V_{λ,k} � := � W E_{λ,k} −(R_k − λY E_{λ,k}) � , k = 1, 2, . . . , s,

(2.18)

span the subspaces N_{λ,k} of dimension π_k of the nullspace of [A − λI, B]. In particular, for k = s we obtain the whole nullspace N_λ spanned by the columns of � U_λ −V_λ � := � W E_{λ,s} −(R − λY E_{λ,s}) � , (2.19)

which has dimension π_s = m. Hence, we have (A − λI)U_λ = BV_λ.

Proof. By (2.17) we have

(A − λI)W = AW − λW = AW − λAW N − λBY = AW (I − λN) − λBY.

Since I − λN is nonsingular, we get

(A − λI)W (I − λN)^{−1} = AW − λBY (I − λN)^{−1}

and then by multiplying with � I_{πk} 0 � from the right we obtain

(A − λI)W E_{λ,k} = AW � I_{πk} 0 � − λBY E_{λ,k}.

By Lemma 2.3 and (2.16) we have that AW � I_{πk} 0 � = BR_k and hence the result follows.

The dimension of N_{λ,k} is directly determined from the fact that

rank U_{λ,k} = rank W E_{λ,k} = rank E_{λ,k} = π_k.

In this section we have derived explicit formulas for matrices whose columns span the right nullspace of [A − λI, B]. These formulas will be used in the following section to derive explicit expressions for F and also the closed loop eigenvector matrix.

Volker Mehrmann and Hongguo Xu 83

3. Formulas for F and the closed loop eigenvector matrix . In this section we derive explicit expressions for the feedback matrix F and the closed loop eigenvector matrix. Other explicit formulas for the feedback matrix F are given in [33, 32]. They are different from our formulas in that they do not display the whole solution set and also do not give the closed loop Jordan canonical form. Set U_{λ,k} := range U_{λ,k}, V_{λ,k} := range V_{λ,k}, k = 1, . . . , s,

(3.1)

where U_{λ,k}, V_{λ,k} are de�ned in (2.18). In particular we set U_λ := range U_λ (U_λ = U_{λ,s}), V_λ := range V_λ (V_λ = V_{λ,s}).

Let (λ, g) be an eigenpair of A − BF , i.e.,

(A − BF )g = λg or (A − λI)g = BF g =: Bz.

Using the representation of the nullspace of [A − λI, B] in (2.19) there is a vector ϕ ∈ C^m such that g = U_λϕ, z = V_λϕ. Clearly U_λ is just the space containing all possible eigenvectors of A − BF associated with λ.

Let us �rst consider a single Jordan block J_p = λI + N_p, where

N_p :=

� � � � �

0 1 0 . . . 0 0 ... ... . . .. . .. . 0 0 1 0

� � � � � p×p

.

LEMMA 3.1. Suppose that A − BF has a Jordan block of size p × p associated with λ and the corresponding chain of principle vectors is g_1, . . . , g_p, i.e.,

(A − BF )[g_1, . . . , g_p] = [g_1, . . . , g_p]J_p.

(3.2)

Let G_p := [g_1, . . . , g_p], Z_p =: F G_p =: [z_1, . . . , z_p]. Then there exist matrices Φ_p = [ϕ_1, . . . , ϕ_p]∈ C^{m×p} and Γ_p ∈ C^{n×p} such that

G_p = W Γ_p, Z_p = RΦ_p − Y Γ_pJ_p,

(3.3)

where

Γ_p = � � � � Φ_p I_{2,1}Φ_pJ_p . . I_{s,1}Φ_sJ^{s−1}_p

� � � � (3.4)

satis^es rank Γ_p = p. (Here the matrices I_{i,1} are as de^ned in (2.15).)

Proof. By adding −λW N on both sides of (2.17) we obtain

W (I − λN) = (A − λI)W N + BY.

Hence we have that

W = (A − λI)W N(I − λN)^{−1} + BY (I − λN)^{−1}.

(3.5)

84 An analysis of the pole placement problem II

Let E = � I_{n1} 0 � then via induction we prove that there exist vectors ϕ_j ∈ C^m such that the following expressions hold for g_k, z_k.

g_k = W k� j=1 N^{j−1}(I − λN)^{−j} Eϕ_{k+1−j} ,

(3.6)

z_k = V_λϕ_k − Y k� j=2 N^{j−2}(I − λN)^{−j} Eϕ_{k+1−j} ,

(3.7)

for k = 1, 2, . . . , p.

For k = 1 we have from (3.2) that g_1 is an eigenvector of A − BF . So there exists a ϕ_1 ∈ C^m such that

g_1 = W E_{λ,s}ϕ_1 = W (I − λN)^{−1}Eϕ_1, z_1 = V_λϕ_1.

(3.8)

Suppose now that (3.6) and (3.7) hold for k, we will show that they also hold for k + 1. By (3.2), (A − λI)g_{k+1} = Bz_{k+1} + g_k. By (3.6), (3.5) it follows that

g_k = (A − λI)W k� j=1 N^j(I − λN)^{−(j+1)}Eϕ_{k+1−j}

+ BY k� j=1 N^{j−1}(I − λN)^{−(j+1)}Eϕ_{k+1−j} .

Then there exists ϕ_{k+1} ∈ C^m, (note that N^k = 0 for k ≥ s,) such that

g_{k+1} = W {(I − λN)^{−1}Eϕ_{k+1} + k� j=1 N^j (I − λN)^{−(j+1)}Eϕ_{k+1−j} }

= W k+1� j=1 N^{j−1}(I − λN)^{−j} Eϕ_{k+2−j}

and z_{k+1} = V_λϕ_{k+1} − Y k� j=1 N^{j−1}(I − λN)^{−(j+1)}Eϕ_{k+1−j}

= V_λϕ_{k+1} − Y k+1� j=2 N^{j−2}(I − λN)^{−j} Eϕ_{k+2−j} .

Now with (3.6) and (3.7) we obtain

G_p = W p� j=1 N^{j−1}(I − λN)^{−j} EΦ_pN^{j−1}_p =: W Γ_p,

Z_p = V_λΦ_p − Y p� j=2 N^{j−2}(I − λN)^{−j} EΦ_pN^{j−1}_p .

Volker Mehrmann and Hongguo Xu 85

Using the formula

N^{j−1}(I − λN)^{−j} = s� k=j � k − 1 j − 1 � λ^{k−j} N^{k−1},

we obtain

Γ_p = s� j=1 ( s� k=j � k − 1 j − 1 � λ^{k−j} N^{k−1})EΦ_pN^{j−1}_p

= s� j=1 ( s� k=j � k − 1 j − 1 � λ^{k−j} � � 0 I_{k,1}Φ_p 0 � �)N^{j−1}_p

= s� k=1

� � 0 I_{k,1}Φ_p 0 � � ( k� j=1 � k − 1 j − 1 � λ^{k−j} N^{j−1}_p )

= s� k=1 � � 0 I_{k,1}Φ_p(λI_p + N_p)^{k−1} 0 � � = � � � � Φ_p I_{2,1}Φ_pJ_p . . I_{s,1}Φ_pJ^{s−1}_p

� � � � .

Since p� j=2 N^{j−2}(I − λN)^{−j} EΦ_pN^{j−1}_p = (I − λN)^{−1}Γ_pN_p,

we get Z_p = V_λΦ_p − Y (I − λN)^{−1}Γ_pN_p, and then with V_λ = R − λY (I − λN)^{−1}E we obtain

Z_p = RΦ_p − Y (I − λN)^{−1} � � � � Φ_pJ_p I_{2,1}Φ_pJ_pN_p . . I_{s,1}Φ_pJ^{s−1}_p N_p

� � � � .

It is then easy to check that Z_p = RΦ_p − Y Γ_pJ_p by using the explicit formula for the inverse of (I − λN)^{−1} and by calculating the blocks from top to bottom. Then rank Γ_p = p follows from rank W = n and rank G_p = p.

After having obtained the formula for each different Jordan block, we have the following theorem for a general Jordan matrix.

THEOREM 3.2. Let

J = diag(J_{1,1}, . . . , J_{1,r1} , . . . , J_{q,1}, . . . , J_{q,rq} ),

(3.9)

where J_{ij} = λ_iI_{pij} + N_{pij} . There exists an F so that J is the Jordan canonical form of A − BF if and only if there exists a matrix Φ ∈ C^{m×n} so that

Γ := � � � � Φ I_{2,1}ΦJ . . I_{s,1}ΦJ^{s−1}

� � � � (3.10)

86 An analysis of the pole placement problem II

is nonsingular. If such a nonsingular Γ exists, then with G := W Γ and Z := RΦ − Y ΓJ, we have that F = ZG^{−1} is a feedback gain that assigns the desired eigenstructure and moreover A − BF = GJG^{−1}.

Proof. The necessity follows directly from Lemma 3.1. For suf�ciency, using (2.16), (2.11) and (2.17), we have

AW Γ = AW_1Φ + A[W_2, . . . , W_s] � � � I_{2,1}ΦJ . . I_{s,1}ΦJ^{s−1}

� � � = AW_1Φ + A[0, W_2; . . . ; 0, W_s; 0]ΓJ = BRΦ + AW NΓJ = BRΦ + W ΓJ − BY ΓJ = BZ + W ΓJ.

Since Γ and W are nonsingular, we get

A − BZ(W Γ)^{−1} = W ΓJ(W Γ)^{−1}

and thus F = Z(W Γ)^{−1} is a feedback matrix which completes the task.

REMARK 2.

Note that Z := [R, −Y ] � Φ ΓJ � =: [R, −Y ]Ψ, and one can easily verify that ΨΓ^{−1} has a condensed form as the Luenberger like form (2.6). This fact indicates the relationship of the formula (3.10) to the formulas used in the well known assignment methods via canonical forms [37]. The following results follow from the special structure of Γ.

COROLLARY 3.3. Consider the pole placement problem of Theorem 3.2, with J given as in (3.9). A necessary condition for the existence of F with J as the Jordan canonical form of A − BF is that Φ is chosen so that (J^H , Φ^H ) is controllable. A suf^cient condition is that there exists Ψ ∈ C^{m×n} so that (J^H , Ψ^H ) is controllable and has the same indices n_k as (A, B).

Proof. The necessary condition is obvious. For the suf�cient condition observe that we can write B̃ = BT with T as in (2.6). Then W = W̃ H, where

W̃ = [B̃, AB̃I^H_{2,1}, . . . , A^{s−1}B̃I^H_{s,1}],

H = diag(I_{2,1}, . . . , I_{s,1})[X̂, ÑX̂, . . . , Ñ^{s−1}X̂].

Thus W̃ has a dual structure to Γ. Therefore Φ = ΨT̃ can be used to determine a feedback gain F , where T̃ ∈ C^{m×m} is nonsingular and is determined by computing the condensed from (2.6) for (J^H , Ψ^H ).

Theorem 3.2 also leads to a characterization of the set of feedbacks that assign a desired Jordan structure.

COROLLARY 3.4. The set of all feedbacks F that assign the Jordan structure in (3.9) is given by

{F = ZG^{−1} = (RΦ − Y ΓJ)(W Γ)^{−1}| det Γ ≠ 0, Γ as in (3.10)}.

(3.11)

REMARK 3. Note that we do not have to choose a matrix J in Jordan form in Theo-

Volker Mehrmann and Hongguo Xu 87

rem 3.2. In fact J can be chosen arbitrarily, since for an arbitrary nonsingular Q,

ΓQ = � � � � ΦQ I_{2,1}ΦQ(Q^{−1}JQ) . . I_{s,1}ΦQ(Q^{−1}JQ)^{s−1}

� � � � = � � � � Φ̂ I_{2,1}Φ̂Ĵ . . I_{s,1}Φ̂Ĵ^{s−1}

� � � � ,

where Φ̂ = ΦQ, Ĵ = Q^{−1}JQ. In particular for a real problem we can choose J in real canonical form and also choose a real Φ.

REMARK 4. In the single-input case, i.e., m = 1, the Jordan form must be nondegenerate, see [22]. Hence for J in (3.9), we need r_1 = . . . = r_q = 1. Let Φ = [ϕ_1, . . . , ϕ_q] and ϕ_k = [ϕ_{k,1}, . . . , ϕ_{k,pk} ] ∈ C^{1×pk} , let ξ(λ) = det(λI_n − A), Ξ(λ) = adj(λI_n − A), as in Remark 1. Then we can easily verify that

G = W Γ = [G_1, . . . , G_q] diag(Φ̂_1, . . . , Φ̂_q),

Z = −[Z_1, . . . , Z_q] diag(Φ̂_1, . . . , Φ̂_q),

where

G_k = [Ξ(λ_k)B, Ξ^{(1)}(λ_k)B, . . . , Ξ^{(pk −1)}(λ_k)B],

(3.12) Z_k = [ξ(λ_k), ξ^{(1)}(λ_k), . . . , ξ^{(pk −1)}(λ_k)],

(3.13)

Φ̂_k =

p_k−1�

j=0 ϕ_{k,j+1}N^j_{pk} .

Here ξ^{(k)} and Ξ^{(k)} represent the k-th derivatives with respect to λ. Obviously we need Φ̂_k nonsingular for 1 ≤ k ≤ q, so in this case the formulas reduce to

G := [G_1, . . . , G_q], , F = −[Z_1, . . . , Z_q]G^{−1},

with G_k, Z_k de�ned in (3.12) and (3.13).

Note that this is another variation of the formulas for the single-input case, see [22]. By using the properties of ξ(λ) and Ξ(λ), it is easy to rederive the formulas in [22] when λ(A) ∩ P = ∅.

Though it is well known that for an arbitrary pole set P, if (A, B) is controllable then there always exists an F that assigns the elements of P as eigenvalues, it is not true that we can assign an arbitrary Jordan structure in A−BF when there are multiple poles. This already follows from the single-input case. See also [22, 7, 30, 31, 4, 9]. We see from Theorem 3.2 that in order to have a desired Jordan structure, the existence of a nonsingular matrix Γ as in (3.10) is needed.

We will now discuss when we can obtain a diagonalizable A − BF . Note that in order to have a robust closed loop system, it is absolutely essential that the closed loop system is diagonalizable and has no multiple eigenvalues, since it is well known from the perturbation theory for eigenvalues [11, 28] that otherwise small perturbations may lead to large perturbations in the closed loop eigenvalues.

In the following we study necessary and suf�cient conditions for the existence of a feedback that assigns for a given controllable matrix pair (A, B) and poles λ_1, . . . , λ_q with multiplicities r_1, . . . , r_q and a diagonal Jordan canonical form of the closed loop system

A − BF = G diag(λ_1I_{r1} , . . . , λ_qI_{rq} )G^{−1} =: GΛG^{−1}.

(3.14)

88 An analysis of the pole placement problem II

This problem has already been solved in [26, 19] using the theory of invariant polynomials. It is also discussed in [15], where necessary conditions are given even if (A, B) is uncontrollable.

Here we will give a different characterization in terms of the results of Theorem 3.2 and the multiplicites r_1, . . . , r_q. In the proof we will also show a way to explicitely construct the eigenvector matrix G and the feedback gain F , provided they exist.

Notice that multiplication with E_{λ,s} de�ned in Theorem 2.5 sets up a one to one mapping between C^m and the eigenspace of A − BF associated with a pole λ. By (2.18) a vector

ϕ := �^ ϕ 0 � ∈ C^m, ϕ̂ ∈ C^{πk}

uniquely determines an eigenvector as g = W (I − λN)^{−1}Eϕ ∈ U_{λ,k}.

LEMMA 3.5. Let (A, B) be controllable. Given arbitrary poles λ_1, . . . , λ_k, and an integer l with 1 ≤ l ≤ s. For each pole λ_i choose an arbitrary vector g_i ∈ U_{λi,l}, where U_{λi,l} de^ned in (3.1) is the subspace of the nullspace of [A − λ_iI, B]. If k >

�_l

i=1 d_ii, then the vectors g_1, . . . , g_k must be linear dependent.

Proof. Since g_i ∈ U_{λi,l}, there exists a corresponding ϕ_i = �^ ϕ_i 0 � , with ϕ̂_i ∈ C^{πl}

such that g_i = U_{λi,s}ϕ_i. Let Φ_k := [ϕ_1, . . . , ϕ_k], Λ_k := diag(λ_1, . . . , λ_k) and Γ_k = � � � � Φ_k I_{2,1}Φ_kΛ_k . . I_{s,1}Φ_kΛ^{s−1}_k

� � � � . By Lemma 3.1, G_k = [g_1, . . . , g_k] = W Γ_k and, since W is invert-

ible, rank G_k = rank Γ_k. Applying an appropriate row permutation, Γ_k can be trans-

formed to �^ Γ_k 0 � , with Γ̂_k = � � � � Φ̂_{k,1} Φ̂_{k,2}Λ_k . . Φ̂_{k,l}Λ^{l−1}_k

� � � � and where Φ̂_{k,1} = [ϕ̂_1, . . . , ϕ̂_k], Φ̂_{k,i} is

the bottom (π_l − π_{i−1}) × k submatrix of Φ̂_{k,1}. Because the number of rows of Γ̂_k is �_l

i=1(π_l − π_{i−1}) =

�_l i=1 d_ii,

rank G_k = rank Γ_k = rank Γ̂_k ≤ l� i=1 d_ii.

So k >

�_l i=1 d_ii implies that g_1, . . . , g_k are linear dependent.

THEOREM 3.6. Let (A, B) be controllable. Given poles λ_1, . . . , λ_q with multiplicities r_1, . . . , r_q satisfying r_1 ≥ r_2 ≥ · · · ≥ r_q. Then there exists a feedback matrix F so that Λ(A − BF ) = {λ_1, . . . , λ_q} and A − BF is diagonalizable if and only if k� i=1 r_i ≤ k� i=1 n_i, k = 1, . . . , q.

(3.15)

Proof. To prove the necessity, suppose that a feedback matrix F and a nonsingular G exist, such that (3.14) holds. Partition G := [G_1, . . . , G_q], where G_i ∈ C^{n×ri} with range G_i ⊆ U_{λi} . We will prove (3.15) by induction.

Volker Mehrmann and Hongguo Xu 89

If k = 1, then from Theorem 2.5 we have that dim U_{λ1} = m = n_1. Since range G_1 ⊆ U_{λ1} , rank G_1 ≤ n_1. On the other hand, G nonsingular implies that rank G_1 = r_1 and therefore r_1 ≤ n_1.

Now suppose that (3.15) holds for k. If (3.15) would not hold for k + 1 then by applying the induction hypothesis, we obtain r_1 ≥ . . . ≥ r_{k+1} > n_{k+1}. Since G_i is of full column rank and by Theorem 2.5, n_{k+1} = m − π_k = dim U_{λi} − dim U_{λi,k}, it follows that l_i := dim(range G_i ∩ U_{λi,k}) ≥ r_i − n_{k+1}, i = 1, . . . , k + 1. Let g_{i,1}, . . . , g_{i,li} be a basis of range G_i ∩ U_{λi,k}. As

k+1� i=1 l_i ≥ k+1� i=1 (r_i − n_{k+1}) > k� i=1 (n_i − n_{k+1}) = k� i=1 d_ii,

by Lemma 3.5, g_{1,1}, . . . , g_{1,l1} , . . . , g_{k+1,1}, . . . , g_{k+1,lk+1} are linear dependent. In other words, there exists a nonzero vector ν such that [G_1, . . . , G_{k+1}]ν = 0. Hence G is singular, which is a contradiction.

To prove suf�ciency, using Theorem 3.2, we construct a matrix Φ ∈ C^{m×n} so that

Γ = � � � � Φ I_{2,1}ΦΨ . . I_{s,1}ΦΨ^{s−1}

� � � �

is nonsingular, where Ψ is diagonal and has the form P ΛP^T with Λ is as in (3.14) and P a permutation matrix. Let

Φ := � � � � d_1 2d_2 . . . sd_s d_1 Φ_{1,1} Φ_{1,2} . . . Φ_{1,s} d_2 Φ_{2,2} . . . Φ_{2,s} . . ... . . d_s Φ_{s,s}

� � � � , with Φ_{i,i} = � � � ϕ^{(i)}_{1,1} . . . ϕ^{(i)}_{1,di} ... . . ϕ^{(i)}_{di,di}

� � �

and ϕ^{(i)}_{j,j} = � ω^{(i,j)}_1 , . . . , ω^{(i,j)}_i � ∈ C^{1×i} with ω^{(i,j)}_l ≠ 0 for all i = 1, . . . , s, j = 1, . . . , d_i, l = 1, . . . , i. Partition Ψ accordingly as

� � � � d_1 2d_2 . . . sd_s d_1 Ψ_1 2d_2 Ψ_2 . . ... sd_s Ψ_s

� � � � , with Ψ_i = � � � ψ_{i,1} ... ψ_{i,di}

� � �

and ψ_{i,j} = diag(ν^{(i,j)}_1 , . . . , ν^{(i,j)}_i ).

90 An analysis of the pole placement problem II

Then we obtain

Γ =

� � � � � � � � � � � �

Φ_{1,1} Φ_{1,2} . . . . . . Φ_{1,s} Φ_{2,2} Φ_{2,s} ... . . ... Φ_{s,s} Φ_{2,2}Ψ_2 . . . . . . Φ_{2,s}Ψ_s ... . . Φ_{s,s}Ψ_s . . Φ_{s−1,s−1}Ψ^{s−2}_{s−1} Φ_{s−1,s}Ψ^{s−2}_s 0 Φ_{s,s}Ψ^{s−2}_s Φ_{s,s}Ψ^{s−1}_s

� � � � � � � � � � � �

.

It follows from the form of Φ_{i,i} that, by applying a row permutation, Γ can be transformed to the form

Γ̂ = � � � �

Γ̂_1 ∗ . . . ∗

Γ̂_2 .

... . . Γ̂_s

� � � � , with Γ̂_i =

� � � � �

Γ̂^{(i)}_{1,1} ∗ . . . ∗

Γ̂^{(i)}_{2,2} .

... . . Γ̂^{(i)}_{di,di}

� � � � � and

Γ̂^{(i)}_{j,j} = � � � � 1 . . . 1 ν^{(i,j)}_1 . . . ν^{(i,j)}_i . . . . (ν^{(i,j)}_1 )^{i−1} . . . (ν^{(i,j)}_i )^{i−1}

� � � � diag(ω^{(i,j)}_1 , . . . , ω^{(i,j)}_i ).

Since Γ̂ is block upper triangular and since each Γ̂^{(i)}_{j,j} is a product of a nonsingular diagonal matrix and a Vandermonde matrix, which is nonsingular if ν^{(i,j)}_1 , . . . , ν^{(i,j)}_i are distinct, it follows that the matrix Γ̂, or equivalently Γ, is nonsingular. So it remains to show that the ν^{(i,j)}_j can be chosen from the eigenvalues so that all the occuring Vandermonde matrices are nonsingular. It is easy to see that condition (3.15) guarantees this choice.

4. Perturbation Theory. In this section we consider how the feedback gain and the actual poles of the closed loop system change under small perturbations to the system matrices and the given poles. It is clear from the perturbation theory for the eigenvalue problem [28] that we need a diagonalizable closed loop system with distinct poles if we want that the closed loop system is insensitive to perturbations. The following result, which is a generalization of the perturbation result of Sun [29], also holds in the case of multiple poles if diagonalizable closed loop systems exist for some choice of feedback.

THEOREM 4.1. Given a controllable matrix pair (A, B), and a set of poles P = {λ_1, . . . , λ_n}. Consider a perturbed system (Â, B̂) which is also controllable and a perturbed set of poles P̂ = {λ̂_1, . . . , λ̂_n}. Set Â − A =: δA, B̂ − B =: δB and λ̂_k − λ_k =: δλ_k, k = 1, . . . , n. Suppose that both the pole placement problems with A, B, P and Â, B̂, P̂ have solutions with a diagonalizable closed loop matrix. Set

ϵ := ||[δA, δB]||.

(4.1)

Volker Mehrmann and Hongguo Xu 91

and suppose that

max_i ϵ + |δλ_i| σ_n([A − λ_iI, B]) < 3 4 , (4.2)

Then there exists a feedback gain F̂ := F + δF of (Â, B̂) such that

||δF || < 5 √ n 4 κ � 1 + ||F̂ ||^2 max_i { � 1 + (||B^†(A − λ_iI)||)^2 (ϵ + |δλ_i|)

σ_n([A − λ_iI, B]) }, (4.3)

λ(Â − B̂F̂ ) = P̂ and Â − B̂F̂ is diagonalizable.

Moreover, for each eigenvalue μ_i of the closed loop matrix A − BF̂ , (i.e., the perturbed feedback is used for the unperturbed system), there is a corresponding λ_i ∈ P such that

|μ_i − λ_i| < |δλ_i| + ϵκ̂ � 1 + ||F̂ ||^2.

(4.4)

Here κ, κ̂ are the scaled spectral condition numbers of A−BF and Â−B̂F̂ , respectively (cf. [8]), σ_n(A) is the smallest singular value of A, and B^† is the Moore-Penrose pseudoinverse of B.

Proof. Suppose that A − BF = G diag(λ_1, . . . , λ_n)G^{−1}. Let G := [g_1, . . . , g_n], ||g_i|| = 1,

i = 1, . . . , n. Let Z = F G := [z_1, . . . , z_n] and w_i = � g_i −z_i � , then

[A − λ_iI, B]w_i = 0.

(4.5)

Consider a singular value decomposition

[A − λ_iI, B] = U � Σ 0 � V^H , with Σ = diag(σ_1, . . . , σ_n), σ_1 ≥ . . . ≥ σ_n.

(4.6)

The controllability of (A, B) implies that σ_n ≠ 0. Set V = [V_1, V_2] with V_2 ∈ C^{n×m}, then range V_2 = kernel[A − λ_iI, B]. So there exists a nonzero α ∈ C^m such that w_i = V_2α. Since we require ||g_i|| = 1, from (4.5) it follows that ||z_i|| ≤ ||B^†(A − λ_iI)|| and thus

||α|| = � ||g_i||^2 + ||z_i||^2 ≤ � 1 + ||B^†(A − λ_iI)||^2.

(4.7)

Similarly for the perturbed problem there exists a matrix V̂_2 ∈ C^{n×m} with V̂^H_2 V̂_2 = I_m, such that [Â − λ̂_iI, B̂]V̂_2 = 0, or [A − λ_iI, B]V̂_2 = −[δA − δλ_iI, δB]V̂_2. Using (4.6) we have that V^H_1 V̂_2 = −Σ^{−1}U^H [δA − δλ_iI, δB]V̂_2. Hence

||V^H_1 V̂_2|| ≤ (ϵ + |δλ_i|)/σ_n =: τ < 3 4 . Performing a singular value decomposition V^H_2 V̂_2 = Y_1Σ_2Y^H_2 , we obtain from I_m = V̂ H_2 V̂_2 = (V H_1 V̂_2)H (V H_1 V̂_2) + (V H_2 V̂_2)H (V H_2 V̂_2), that ||I_m − Σ2|| = ||V H_1 V̂_2||2 ≤ τ 2. Hence ||I_m − Σ_2|| ≤ τ^2.

Let ŵ_i be chosen analogous to w_i but for the perturbed problem and assume that ŵ_i = V̂_2α̂, with α̂ = Y_2Y^H_1 α. Note that it may happen that for this choice of α̂ the related Ĝ is singular. We can overcome this dif�culty as follows. By our hypothesis, a nonsingular G̃ always exists for the perturbed problem. Consider the matrix Ĝ(t) = Ĝ + tG̃. Since det Ĝ(t) ≠ 0 for suf�ciently large t and det Ĝ(t) is a polynomial in t, it has at most n roots. So we can choose a nonsingular Ĝ(t) with |t| > 0 arbitrary small. This is equivalent to chosing a w̃_i for each i,

92 An analysis of the pole placement problem II

which tends to ŵ_i. Moreover, in this sense, the determined F̂ makes Â − B̂F̂ diagonalizable. By (4.2), (4.7) we obtain

||w_i − ŵ_i|| = ||(V_2Y_1 − V̂_2Y_2)Y^H_1 α|| = ||V^H (V_2Y_1 − V̂_2Y_2)Y^H_1 α|| = � ||V^H_1 V̂_2Y_2Y^H_1 α||^2 + ||(I_m − Y^H_1 V^H_2 V̂_2Y_2)Y^H_1 α||^2

≤ ||α|| � ||V^H_1 V̂_2||^2 + ||I_m − Σ_2||^2 ≤ ||α|| � τ^2 + τ^4 ≤ 5 4 τ||α||.

Let Ĝ, Ẑ be constructed analogous to G, Z, then F = ZG^{−1}, F̂ = F + δF = ẐĜ^{−1}. Therefore

δF = ẐĜ^{−1} − ZG^{−1} = (Ẑ − Z)G^{−1} + Ẑ(Ĝ^{−1} − G^{−1})

= −[F̂ , I] �^ G − G −(Ẑ − Z) � G^{−1}

= −[F̂ , I] � ŵ_1 − w_1 . . . ŵ_n − w_n � G^{−1}.

By (4.7) and κ := ||G^{−1}||||G|| ≥ ||G^{−1}||, we have

||δF || ≤ √ nκ � 1 + ||F̂ ||^2 max_i ||w_i − ŵ_i|| ≤ 5 √ n 4 κ � 1 + ||F̂ ||^2 max_i { � 1 + ||B^†(A − λ_iI)||^2(ϵ + |δλ_i|) σ_n([A − λ_iI, B]) }, which implies (4.3).

For (4.4), rewrite A−BF̂ as Â−B̂F̂ −(δA−δBF̂ ). Since λ(Â−B̂F̂ ) = P̂, by applying the Bauer-Fike Theorem, e.g. [11, pp. 342], for each eigenvalue μ_i of A − BF̂ there exists a

corresponding λ̂_i, so that |μ_i − λ̂_i| ≤ κ̂||δA − δBF̂ || ≤ ϵκ̂ � 1 + ||F̂ ||^2. Using λ̂_i = λ_i + δλ_i, we obtain (4.4).

Note that under additional mild restrictions on the perturbed matrices and poles we obtain a similar upper bound for ||δF || with ||F̂ || replaced by ||F ||. Such a bound for the single-input case was given in [22]. We prefer the given bound from the computational point of view, since F̂ is the quantity that is computed.

In the given upper bounds the norm of F and the spectral condition number κ are related. COROLLARY 4.2. Under the hypotheses of Thereom 4.1 we have

||F || ≤ √ nκ max_i ||B^†(A − λ_iI)||.

(4.8)

Proof. Using (4.5) we obtain that z_i = B^†(A − λ_iI)g_i. Since ||g_i|| = 1, ||Z|| ≤ √ n max_i ||B^†(A − λ_iI)|| and then F = ZG^{−1} yields (4.8).

Theorem 4.1 only gives upper bounds for the perturbations. This is the usual situation in most perturbation results. To complete the perturbation theory it would be nice to show that these bounds are tight and actually close to the exact perturbations. We will demonstrate the tightness of the bounds via a numerical example below. The main factor that contributes to the sensitivity of the feedback gain F and the poles of the the closed-loop system A − BF̂ obtained with the perturbed feedback F̂ , is S := κ � 1 + ||F ||^2. In the bound for F there is an additional factor d := 1/ min_i σ_n[A − λ_iI, B]. This latter factor is closely related to the distance to uncontrollability

d_u(A, B) = min_{λ∈C} σ_n[A − λI, B],

(4.9)

Volker Mehrmann and Hongguo Xu 93

[10]. It is obvious if d_u(A, B) is small then d can be very large and the problem to compute F is likely to be ill-conditioned. If d_u(A, B) is large, then clearly d is small and then this factor plays a minor role in the perturbation bounds. The other dominating factor S is more dif�cult to analyze. In the single-input case it was discussed in [22, 23] how this factor is in�uenced by the choice of poles. It was observed that S is essentially given by the condition number of the Cauchy matrix C = [^1_{νi−λj} ], where the ν_i are the eigenvalues of A and the λ_i are the desired poles. Unfortunately this condition number is usually very large, in particular if the system dimension n is large. In [23] it was also discussed how the poles λ_j can be chosen to minimize S. The situation in the multi-input case is much more complicated. Notice that (4.8) implies that S essentially behaves like κ^2. Furthermore we see from (2.16) and Theorem 3.2, with a diagonal matrix J, that

G = KX̃Γ

= [B, AB, . . . , A^{s−1}B]X̃ diag(I, I_{2,1}, . . . I_{s,1}) � � � � Φ ΦJ . . ΦJ^{s−1}

� � � � ,

where K, X̃ are as in (2.16). If as a special case

A = diag(ν_1, . . . , ν_n), J = diag(λ_1, . . . , λ_n),

then there exists a permutation matrix P such that

[B, AB, . . . , A^{s−1}B]P = [diag(b_{11}, . . . , b_{n1})V_A, . . . , diag(b_{1m}, . . . , b_{nm})V_A],

with the Vandermonde-like matrix

V_A = � � � 1 ν_1 . . . ν^{s−1}_1 . . . . . . 1 ν_n . . . ν^{s−1}_n

� � � .

We also obtain analogously that there exists a premutation matrix P̃ , such that

P^T � � � � Φ ΦJ . . ΦJ^{s−1}

� � � � = [diag(ϕ_{11}, . . . , ϕ_{1n})V_J , . . . , diag(ϕ_{m1}, . . . , ϕ_{mn})V_J ]^T

with a Vandermonde-like matrix V_J formed from the λ_j . It is well known that such Vandermonde matrices are usually very ill-conditioned (see [13, Chapter 21] and the references therein), in particular if s is large.

There may be some fortunate circumstances by which the ill conditioning of the Vandermonde factors is cancelled out by the middle term or when forming the product, but in general this cannot be expected.

From the relationship^n_m ≤ s ≤ n − m + 1, which follows from the staircase from, we see that for large n in order to have a small s and thus a reasonable conditioning of the Vandermonde matrices, we need that also m is large.

We see from this rough analysis that S depends critically on the choice of poles and we can expect that S is large if s is large. Thus, we can conclude that if s is large then the pole

94 An analysis of the pole placement problem II

assignment problem will in general be ill-conditioned. It is not dif�cult, however, to contrive examples with good conditioning, by taking Ã with well-conditioned eigenvector matrix (say a normal matrix) and then, choosing B and F of small norm, forming A = Ã + BF , see [2, 3]. But in general we can expect neither ||F || nor S to be small.

Another way to analyze the conditioning of G is obtained from

AG − BZ = GJ, Z = F G.

If again A and J are diagonal, and if ν_i ≠ λ_j , i, j = 1, . . . , n and G = [g_{ij} ]_{n×n}, then g_{ij} = e^H_i BZe_j /(ν_i − λ_j ), where e_i is the ith column of I_m. So G is a generalized Cauchy matrix which usually has a large condition number.

Let us demonstrate the above analysis via an example.

EXAMPLE 1. Let A = diag(1, . . . , 20), P = {−1, . . . , −20} let B be formed from the �rst m columns of a random 20 × 20 orthogonal matrix.

The following results were obtained on a pentium-s PC with machine precision eps = 2.22 × 10^{−16}, under Matlab Version 4.2. The MATLAB pole placement code of Miminis and Paige [24] was used to compute the feedback gain. We ran m from 1 to 20 and in each case we computed 20 times with 20 random updated matrices B. In Table 1 we list the geometric

means (over the 20 experiments) of κ̂, F̂ , bound, err, where bound=eps||[A, B]||κ̂ � 1 + ||F̂ ||^2, and err=max_{1≤i≤20} |μ_i − λ_i|, with λ_i and the real parts of μ_i arranged in increased order. In the second column we list the average value for s taken over the 20 random tests for each m. (This value of s is actually the least possible value or generic value.) Note that for all 400 tests the values of min_i σ_n([A − λ_iI, B]) varied from 2.0 to 2.24.

m s κ̂ F̂ Bound Err 1 20 3.5 × 10^9 1.1 × 10^{14} 1.7 × 10^9 7.3 × 10^4 2 10 1.8 × 10^{11} 5.0 × 10^9 3.9 × 10^6 2.7 × 10^2 3 7 2.1 × 10^{10} 2.4 × 10^{10} 2.2 × 10^6 1.4 × 10^2 4 5 7.4 × 10^{11} 5.8 × 10^7 1.9 × 10^5 2.4 × 10^1 5 4 1.2 × 10^{14} 1.3 × 10^5 7.3 × 10^4 1.0 × 10^1 6 4 2.1 × 10^{14} 2.6 × 10^4 2.5 × 10^4 5.8 7 3 1.7 × 10^{14} 4.2 × 10^4 3.1 × 10^4 2.0 8 3 1.7 × 10^{14} 1.1 × 10^4 8.6 × 10^3 7.8 × 10^{−1} 9 3 2.4 × 10^{14} 9.0 × 10^3 9.8 × 10^3 6.6 × 10^{−1} 10 2 2.1 × 10^{14} 2.6 × 10^3 2.9 × 10^3 3.8 × 10^{−1} 11 2 1.8 × 10^{13} 7.9 × 10^2 6.5 × 10^1 1.0 × 10^{−4} 12 2 9.2 × 10^{12} 5.0 × 10^2 2.0 × 10^1 3.6 × 10^{−3} 13 2 5.7 × 10^{11} 4.5 × 10^2 1.1 1.5 × 10^{−4} 14 2 2.1 × 10^{11} 3.2 × 10^2 3.0 × 10^{−1} 6.7 × 10^{−5} 15 2 3.4 × 10^{10} 2.8 × 10^2 4.2 × 10^{−2} 1.3 × 10^{−5} 16 2 5.9 × 10^8 2.6 × 10^2 6.7 × 10^{−4} 3.0 × 10^{−7} 17 2 3.1 × 10^7 2.2 × 10^2 3.0 × 10^{−5} 1.6 × 10^{−8} 18 2 1.6 × 10^5 2.0 × 10^2 1.4 × 10^{−7} 1.0 × 10^{−10} 19 2 7.0 × 10^2 1.9 × 10^2 5.9 × 10^{−10} 9.9 × 10^{−13} 20 1 1.0 3.5 × 10^1 1.5 × 10^{−13} 2.6 × 10^{−14}

Table 1 In this example, if we consider the poles of the closed loop matrices, it makes sense to interpret the results of the numerical method only for m ≥ 8, since only then the error is less

Volker Mehrmann and Hongguo Xu 95

than 1 . When m becomes larger, then the computed poles become more accurate and the bounds become tighter. Usually the bounds tend to overestimate the error by 1 − 4 orders of magnitude, but they really reveal the relation of the conditioning of the closed loop matrices and the scale of the input. Notice that the bounds are valid regardless of the methods that is used. For each numerical method it may use some micro structures of the matrices. So the accuray of the computed results (feedback matrices or the poles of the closed loop matrices) may be improved.

5. Analysis of pole placement strategies. We see from the perturbation analysis that serious numerical dif�culties may arise in the pole assignment problem. First of all, if s is large, then we can expect that the problem is ill-conditioned, regardless which strategy is used to resolve the freedom in F . But even if s is small, then not every strategy to �x the freedom in F will lead to a robust closed loop system. Clearly a minimization of ||F || as approached in [4, 16] or a local minimization as done in [36] will improve the upper bound in (4.3). Corollary 4.2, however, indicates that the minimization of κ as described in [15] may be a better choice, since it automatically also minimizes an upper bound for ||F ||. Note, however, that the computational cost is an order of magnitude larger, than in the methods that minimize ||F ||.

Certainly an optimization of S := κ � 1 + ||F ||^2 would be even more promising, since then a smaller upper bound is optimized. Using the explicit characterization of F , it is actually possible to write down an explicit optimization problem for S in the form

min_Φ S = min_Φ {||W Γ(Φ)||||Γ(Φ)^{−1}W^{−1}|| � 1 + ||Z(Φ)Γ(Φ)^{−1}W^{−1}||},

(5.1)

where Z(Φ), Γ(Φ) are as in Theorem 3.2. For mn not too large, we can approach this minimization problem with standard optimization software and actually in practice one probably usually does not need the global minimum, but just one, where S is small enough to guarantee a small bound (4.3), which then can be actually computed and used as condition estimator.

6. Future research. Pole placement is often used as a substitute problem for the solution of another problem, like stabilization or damped stabilization, see, e.g., [12]. If this is the case, then also the poles {λ_1, . . . , λ_n} are free to vary in a given set Ω ⊂ C. For the single-input case, where we have no freedom in F , this problem was discussed in [23].

But for the substitute problem, S might not be the right measure to optimize, since one usually also wants that the poles are robustly bounded away from the boundary of Ω, e.g., are robustly stable. Then also the distance to the complement of Ω should be included in the measure. This topic is currently under investigation.

The analysis that we have given can also be used to study pole assignment via output feedback, i.e., the problem of determining a feedback F ∈ C^{m×p}, such that A − BF C has a desired set of poles, where C ∈ C^{p×n} describes an output equation of the form

y = Cx.

(6.1)

It is evident from Theorem 3.2 that a solution to the output feedback problem exists if and only if there exists a matrix Φ ∈ C^{m×n} so that Γ as in (3.10) is nonsingular and

F C = ZG^{−1}

(6.2)

with Z, G as in Theorem 3.2. This condition is equivalent to

range(ZΓ^{−1})^H ⊆ range(CW )^H .

(6.3)

96 An analysis of the pole placement problem II

If (A^H , C^H ) is also controllable, anagalous to Theorem 3.2, by considering the problem A^H − C^H (BF )^H = G^{−H} Γ^H G^H , there are Z_c := R_cΨ − Y_cΓ_c and G^{−H} = W_cΓ_c, so that

BF = (Z_cG^H )^H = W^{−H}_c Γ^{−H}_c Z^H_c .

(6.4)

Here W_c, R_c, Y_c and Γ_c are similar as in the state feedback case, but for (A^H , C^H ), Ψ ∈ C^{p×n} still has to be chosen. In this case the output feedback problem is solvable if and only if there exist Φ and Ψ so that

W Γ = W^{−H}_c Γ^{−H}_c , or ΓΓ^H_c = (W^H_c W )^{−1}.

(6.5)

Note that in this case (6.2) and (6.4) are automatically satis�ed from the structures of W and W_c. It is currently under investigation to obtain more explicit formulas for this problem.

Another important variant of the pole assignment problem is when not only poles but also some eigenvectors of the closed loop system are given, see [20].

7. Conclusion. We have continued the analysis of the pole placement problem in [22] for the multi-input case and we have derived explicit formulas for the feedback matrix and the closed loop eigenvector matrix as well as new perturbation results.

We observe a similar behaviour as in the single-input case, and we come to a similar conclusion, that we can expect the pole placement problem to be ill-conditioned if s the number of blocks in the staircase form of the matrix is large. This is de�nitely the case when n is large and m is small.

REFERENCES

[1] J. ACKERMANN, Der entwurf linearer regelungssysteme im zustandsraum, Regelungstechnik und Prozessdatenverarbeitung, 7 (1992), pp. 297Ű300.

[2] M. ARNOLD, Algorithms and conditioning for eigenvalue assignment. PhD thesis, Northern Illinois University, De Kalb, Illinois, USA, 1993.

[3] M. ARNOLD AND B.N. DATTA, Single-input eigenvalue assignment algorithms. A close-look, Report, Northern Illinois University, Department of Mathematical Sciences, De Kalb, Il. 60115, 1997.

[4] S.P. BHATTACHARYYA AND E. DE SOUZA, Pole assignment via Sylvester’s equations. Systems Control Lett., 1 (1982), pp. 261Ű263.

[5] C.L. COX AND W.F. MOSS, Backward error anlysis for a pole assignment algorithm, SIAM J. Matrix Anal.

Appl., 10 (1989), pp. 446Ű456.

[6] C.L. COX AND W.F. MOSS, Backward error anlysis for a pole assignment algorithm ii: The complex case, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 1159Ű1171.

[7] B.N. DATTA AND K. DATTA, On eigenvalue and canonical form assignments, Linear Algebra Appl., 131 (1990), pp. 161Ű182.

[8] J.W. DEMMEL, The condition number of equivalence transformations that block diagonalize matrix pencils, in Matrix Pencils, B. Kagstrĺom and A. Ruhe, eds., Springer Verlag, Berlin, 1982, pp. 2Ű16.

[9] G. DUAN, Solutions of the equation AV + BW = V F and their application to eigenstructure assignment in linear systems, IEEE Trans. Automat. Control, AC-38 (1993), pp. 276Ű280.

[10] R. EISING, Between controllable and uncontrollable, Systems and Control Lett.s, 4 (1984), pp. 263Ű264. [11] G.H. GOLUB AND C.F. VAN LOAN, Matrix Computations. Johns Hopkins University Press, Baltimore, second edm, 1989.

[12] C. HE, A. J. LAUB, AND V. MEHRMANN, Placing plenty of poles is pretty preposterous, DFG- Forschergruppe Scienti^c Parallel Computing. Preprint 95-17, Fak. f. Mathematik, TU Chemnitz- Zwickau, D-09107, Chemnitz, FRG, 1995.

[13] N.J. HIGHAM, Accuracy and Stability of Numerical Algorithms. SIAM Philadelphia, 1996. [14] T. KAILATH, Systems Theory. Prentice-Hall, Englewood Cliffs, NJ, 1980.

[15] J. KAUTSKY, N. K. NICHOLS, AND P. VAN DOOREN, Robust pole assignment in linear state feedback, Internat. J. Control, 41 (1985), pp. 1129Ű1155.

[16] L.H. KEEL, J.A. FLEMING, AND S.P. BHATTACHARYA, Minimum norm pole assignment via Sylvester’s equation, Contemp. Math., 47 (1985), pp. 265Ű272.

[17] M.M. KONSTANTINOV AND P.HR. PETKOV, Conditioning of linear state feedback, Technical Report: 93-61, Dept. of Engineering, Leicester University, 1993.

Volker Mehrmann and Hongguo Xu 97

[18] M.M. KONSTANTINOV, P.HR. PETKOV, AND N.D. CHRISTOV, Conditioning of the output pole assignment, In Proc. 3rd European Control Conference, Vol. 3, pages 2072Ű2077, Rome, 1995.

[19] V. KUCERA AND D. ZAGALAK, Fundamental theorem of state feedback for singular systems, Automatica, 24 (1988), pp. 653Ű658.

[20] LITTLEBOY AND N. K. NICHOLS, Modal coupling in linear control systems using robust eigenstructure assignment, Linear Algebra Appl., to appear, 1996.

[21] D. G. LUENBERGER, Canonical forms for linear multivariable systems, IEEE Trans. Automat. Control, AC-12 (1967), pp. 290Ű293.

[22] V. MEHRMANN AND H. XU, An analysis of the pole placement problem. I. The single-input case., Electron.

Trans. Numer. Anal., 4 (1996), pp. 89Ű105.

[23] V. MEHRMANN AND H. XU, Choosing the poles so that the single-input pole placement problem is wellconditioned, SIAM J. Matrix Anal. Appl., to appear, 1998.

[24] G.S. MIMINIS AND C.C. PAIGE, A direct algorithm for pole assignment of linear time-invariant multi-input linear systems using state feedback, Automatica, 24 (1988), pp. 343Ű356.

[25] P.HR. PETKOV, N.D. CHRISTOV, AND M.M. KONSTANTINOV, Reliability of the algorithms and software for synthesis of linear optimal systems, Technical report, Dept. of Automatics, Higher Institute of Mechanical and Electrical Engineering, B1.2; 1156 So^a, Bulgaria, 1986.

[26] H.H. ROSENBROCK, State Space and Multivariable Theory. Wiley, New York, 1970. [27] V. SIMA, An ef�cient Schur method to solve the stabilization problem IEEE Trans. Automat. Control, AC-26 (1981), pp. 724Ű725.

[28] G. W. STEWART AND J.-G. SUN, Matrix Perturbation Theory. Academic Press, London, 1990. [29] J. G. SUN, Perturbation analysis of the pole assignment problem, SIAM J. Matrix Anal. Appl., 17 (1996), pp. 313Ű331.

[30] C.-C. TSUI, A complete analytical solution to the equation T A − F T = LC and its applications, IEEE Trans. Automat. Control, AC-32 (1987), pp. 742Ű744.

[31] C.-C. TSUI, An algorithm for computing state feedback in multi input linear systems, SIAM J. Matrix Anal.

Appl., 14 (1993), pp. 33Ű44.

[32] M. VALASEK AND N. OLGAC, Ef^cient eigenvalue assignments for general linear MIMO systems. Automatica, 31 (1995), pp. 1605Ű1617,.

[33] M. VALASEK AND N. OLGAC, Ef�cient pole placement technique for linear time-variant SISO systems, IEE Proc. Control Theory Appl., 142 (1995), pp. 451Ű458.

[34] P. VAN DOOREN, The computation of Kronecker’s canonical form of a singular pencil, Linear Algebra Appl., 27 (1979), pp. 103Ű121.

[35] P. VAN DOOREN, The generalized eigenstructure problem in linear system theory, IEEE Trans. Automat.

Control, AC-26 (1981) pp. 111Ű129.

[36] A. VARGA, A Schur method for pole assignment IEEE Trans. Automat. Control, AC-26 (1981) pp. 517Ű519. [37] W.M. WONHAM, On pole assignment in multi input controllable linear systems, IEEE Trans. Automat.

Control, AC-12 (1967), pp.660Ű665.