Comment.Math.Univ.Carolin. 32,1 (1991)155–159 155

On δ-continuous selections of small multifunctions and covering properties

Alessandro Fedeli, Jan Pelant

Abstract. The spaces for which each δ-continuous function can be extended to a 2δ-small point-open l.s.c. multifunction (resp. point-closed u.s.c. multifunction) are studied. Some sufficient conditions and counterexamples are given.

Keywords: δ-continuous selections, small multifunctions, paracompactness, orthocompactness

Classification: 54C60, 54C65, 54D18

1. Introduction and preliminaries.

E. Michael characterized paracompact spaces by the property that each pointconvex closed l.s.c. multifunction/ from the space to some Banach space has a continuous selection. So here we investigate the situation which is a kind of opposite: for a function we are looking for some nice multivalued extension. We will indicate that properties under investigation have some curious features and some related open problems will be mentioned as well. This note extends results from [6].

Let X, Y be topological spaces. A multifunction/ φ : X → Y is a correspondence such that φ(x) is a non-empty subset of Y for every x ∈ X. A selection of φ is a single-valued map f : X → Y such that f(x) ∈ φ(x) for every x ∈ X.

Now let (Y, d) be a metric space. The multifunction φ : X → (Y, d) is δ-small/ for some δ > 0 if diam (φ(x)) ≤ δ for all x ∈ X [6]; f : X → (Y, d) is δ-continuous/ if for every x ∈ X there exists an open neighborhood U of x such that f(U) ⊂ S_δ(f(x)) = {y ∈ Y | d(y, f(x)) < δ} [4], [5], [7]. We set S_δ(f(x)) = {y ∈ Y | d(y, f(x)) ≤ δ}. Obviously f is continuous iff it is δ-continuous/ for all δ > 0; and φ is single-valued iff it is δ-small/ for every δ > 0. Moreover a multifunction/ φ : X → Y is called usc (upper semi-continuous) if for every open set V ⊂ Y with φ(x) ⊂ V there exists an open neighborhood U of x such that φ(U) ⊂ V . It is called lsc (lower semicontinuous) if for every x ∈ X and for every open set V ⊂ Y with φ(x) ∩ V ≠ ∅ there exists an open neighborhood U of x such that φ(x^′) ∩ V ≠ ∅ for all x^′ ∈ U. A point-closed (point-open) multifunction/ is a multifunction/ φ : X → Y for which φ(x) is closed (open) for each x ∈ X. For undefined notions see [2] or [3].

2. Spaces having the 2δ open lsc extension property.

A space X is said to have the 2δ open lsc extension property if for every δcontinuous/ map f : X → (Y, d) there exists a point-open lsc 2δ-small/ multifunction/ for which f is a selection.

Theorem 1. Every paracompact space has the 2δ open lsc extension property.

Proof: Let X be paracompact and let f : X → (Y, d) be δ-continuous/. For each x_λ ∈ X there exists an open neighborhood U^′_λ of x_λ such that f(U^′_λ) ⊂ S_δ(f(x_λ)). Since X is regular then there exists an open neighborhood U_λ of x_λ such that U_λ ⊂ U_λ ⊂ U^′_λ. The open cover U = {U_λ}_{λ∈Λ} of X has an open locally finite refinement {V_λ}_{λ∈Λ} such that V_λ ⊂ U_λ for each λ ∈ Λ. For every x ∈ X let J(x) be the subset of Λ given by λ ∈ J(x) iff x ∈ V_λ. Since the family {V_λ}_Λ is locally finite then every J(x) is finite. The function f is a selection of the multifunction/ ψ : X → (Y, d) defined by ψ(X) = � [S_δ(f(x_λ)) | λ ∈ J(x)]. For each x ∈ X ψ(X) is open and diam (ψ(x)) ≤ 2δ by construction, hence ψ is point-open and 2δ-small/ by construction. Now let x ∈ X and let V be an open set such that V ∩ ψ(x) ≠ ∅. Since the family {V_λ | λ ∈ Λ − J(x)} is locally finite we have that � {V_λ | λ ∈ Λ − J(x)} is closed, hence there exists an open neighborhood N(x) of x such that N(x) ∩ � V_λ | λ ∈ Λ − J(x) � = ∅. Therefore ψ(x) ⊆ ψ(x^′) for each x^′ ∈ N(x), and hence ψ(x^′) ∩ V ≠ ∅. So ψ is also lsc. □

Example 2 (See [2]). Let X = (ω_1 + 1) × (ω + 1) − {(ω_1, ω)}. For α ∈ ω_1 let H_α = {α} × (ω + 1) and for n ∈ ω let V_n = (ω_1 + 1) × {n}. The topology on X is defined as follows: all points in ω_1 × ω are isolated, a neighborhood base of (α, ω) (of (ω_1, n), resp.) is formed by all cofinite subsets of H_α (of V_n, resp.). X is metacompact and subparacompact. X does not have 2δ open lsc extension property. Define f : X → R by:

f(α, ω) = 0 for each α ∈ ω_1

f(α, n) = 1 − 1 n + 1 for each (α, n) ∈ ω_1 × ω

f(ω_1, n) = 2 − 2 n + 1 for each n ∈ ω.

Clearly f is 1-continuous. Suppose that there exists a point-open and lsc multifunction/ F such that f is a selection of it. Then there exist T ∈ [ω]^{<ω}, ε > 0 and M ∈ [ω_1]^{ω1} such that for each α ∈ M : (−ε, 0) ⊂ F ((α, ω)), and for each n ∈ ω − T : F (n, α) ∩ (−ε, −^7_8 ε) ≠ ∅. Now take n ∈ ω − T such that n ≫^8_ε . There is W ∈ [ω_1]^{<ω} such that for each α ∈ ω_1 − W : F (α, n) ∩ (2 −^1_{2n} , ∞) ≠ ∅. Take α_0 ∈ M − W . Then diam F (n, α_0) > 2.

The next example shows however that the 2δ open lsc extension property cannot characterize paracompact spaces.

Example 3. ω_1 has the 2δ open lsc extension property. First we show the following fact: “let f : ω_1 → (Y, d) be δ-continuous/. Then there is α ∈ ω_1 such that for each β ≥ α there exists D, 0 < D < 2δ so that d(f(γ), f(β)) ≤ D for every γ ≥ α ”. Suppose not. Hence

(∗) for each α there exists z_α = f(β_α), β_α > α, and there exists y^α_n = f(γ^α_n ), γ^α_n ≥ α, such that d(z_α, y^α_n ) > 2δ −^1_{2n} .

Put α_0 = 0. Induction: take α_n > sup_α γ^{αn−1} and use (∗) again. Put β = sup α_n. As f is δ-continuous/ there is λ, λ < β such that f((λ, β]) ⊂ S_δ(f(β)). Take α_i ∈ (λ, β]. Then d(f(α_i), f(β)) = η < δ. Put ϱ = δ − η. Take n so large that^1_2n ≪ ϱ. Then d(f(α_i), f(γ^{αi}_n )) ≤ d(f(α_i), f(β)) + d(f(β), f(γ^{αi}_n )) = δ − ϱ + d(f(β), f(γ^{αi}_n )) < 2δ − ϱ < 2δ −^1_{2n} , a contradiction. It proves our claim. Take now some δ-continuous/ f : ω_1 → (Y, d). Find α ∈ ω_1 as in the claim. For each β ≥ α let D from the claim be denoted by D(β). Put r_β =^1_8 (2δ − D(β)) and define Z = � {S_{rβ} (f(β)) : β ∈ (α, ω_1)}. Then diam Z ≤ 2δ. As [0, α] is compact and clopen we can use Theorem 1 on it, for any β > α, we take F (β) = Z.

3. Spaces having the 2δ closed usc extension property.

A space X is said to have the 2δ closed usc extension property if for every δ-continuous/ map f : X → (Y, d) there exists a point-closed usc 2δ-small/ multifunction/ for which f is a selection. A space X is called orthocompact if every open cover U of X has an open refinement V such that � W is open for any W ⊂ V.

Theorem 4. Every orthocompact space has the 2δ closed usc extension property.

Proof: Let X be orthocompact and let f : X → (Y, d) be δ-continuous/. For each x_λ ∈ X let U_λ be an open neighborhood of x_λ such that f(U_λ) ⊂ S_δ(f(x_λ)). U = {U_λ}_{λ∈Λ} is an open cover of X. By hypothesis, there is an open refinement V{V_λ}_{λ∈Λ} of U such that V_λ ⊂ U_λ for each λ ∈ Λ and � W is open for any W ⊂ V. For each x ∈ X let J(x) be the subset of Λ given by λ ∈ J(x) iff x ∈ V_λ. Define a multifunction/ φ : X → (Y, d) by φ(x) = � S_δ(f(x_λ)) | λ ∈ J(x) � . For each x ∈ X we have x ∈ � V_λ | λ ∈ J(X) � then f(x) ∈ f � V_λ | λ ∈ J(x) � ⊂ � f(V_λ) | λ ∈ J(x) � ⊂ � S_δ(f(x_λ)) | λ ∈ J(x) � = φ(x), hence f is a selection of the multifunction/. Given x ∈ X let V be an open set in Y such that φ(x) ⊂ V . For each x^′ ∈ N(x) = � V_λ | λ ∈ J(x) � , we have J(x) ⊆ J(x^′).

Then φ(x^′) = � S_δ(f(x_λ)) | λ ∈ J(x^′) � ⊆ � S_δ(f(x_λ)) | λ ∈ J(x) � = φ(x), i.e.

φ(x^′) ⊆ φ(x) for each x^′ ∈ N(x), therefore N(x) is an open neighborhood of x such that φ(N(x)) ⊆ φ(x) ⊂ V , hence φ is usc. Moreover for each x ∈ X φ(x) is closed and diam (φ(x)) ≤ 2δ by construction, hence φ is point-closed and 2δ-small/. □

Example 5. Let X = ω_1 × (+1). This space is not orthocompact (see e.g. [1]) and does not have 2δ closed usc extension property. For

α ∈ (ω_1 + 1), define � I(α) = {α} if α is isolated, I(α) = [0, α] if α is limit.

For z ∈ X, z = (α, β) define V_z : V_z = � (β, α] × I(α) � × I(β) if α > β, V_z = I(α) × I(β) if α = β, V_z = I(α) × � (α, β] ∩ I(β) � if α < β. {V_z : z ∈ X} is an open cover of X. We define a metric d on X. Take m > 0. For z ∈ X and x ∈ V_z, put d(z, x) = m. For other couples, we define the distance using a standard technique of chains, i.e.:

d(z, x) = inf{Σ{d(a^c_i , a^c_{i+1}) : i ∈ I_c} : a^c_0 = z, a^c_{rend xIc} = x, d(a^c_i , a^c_{i+1}) = m}.

If there is no such a chain, we put d(z, x) = 10m. (So we can associate in the above manner a metric d(P, φ, m) on X to any open cover P of X, any map φ : X → P such that x ∈ φ(x) and any real number m > 0.) If we take α isolated, a < α then d((α, ω_1), (a, α)) = 3m (∗). Define f : X → (X, d) by f(x) = x. Clearly, for any ε > 0, f is m(1 + ε)-continuous. Take some very small ε (e.g. ε <^1_4 ). Assume there is a multifunction/ F : X → (X, d) point-closed, 2m(1 + ε)-small and usc such that f is a selection of it. As the topology of (X, d) is discrete, B_z = {x ∈ X : F (x) ⊆ F (z)} is open in X for each z ∈ X. For each z ∈ X, choose a basic open set W_z ⊆ B_z ∩ V_z. Notice that W_z ⊂ F (z) as f ⊆ F . Take α ∈ ω_1 limit. Then W_{(α,ω1)} = (s(α), α] × (t(α), ω_1]. There is a stationary set M ⊂ ω_1 such that s(α) = s for each α ∈ M. Put p = s + 1. Then F (p, ω_1) ⊂ F (α, ω_1) for each α ∈ M. We know that W_{(p,ω1)} = {p} × (γ, ω_1]. When we take α ∈ M such that α > γ then diam F (α, ω_1) ≥ 3m by (∗) (take an isolated β, β ∈ (γ, α) then (β, ω_1) ∈ F (α, ω_1), (γ, β) ∈ F (α, ω_1)), a contradiction.

Example 6. Let X = (ω_1 + 1) × ω_1. The topology on X is defined as follows: all points of ω_1 × ω_1 are isolated. A basic neighborhood U(β, F ) of (ω_1, α) is given by U(β, F ) = {ω_1} × (β, α] � {{γ} × (β, α] : γ ∈ ω_1 − F }, where β < α and F ∈ [ω_1]^{<ω}. It is shown in [3] that X is not orthocompact though it is a continuous closed image of an orthocompact space (as shown in [1], even a perfect image of an orthocompact space). However X has the 2δ closed usc extension property. In fact let f : X → (Y, d) be δ-continuous/. Then there is Z ∈ [ω_1]^{<ω} and α < ω_1 such that diam � f(ω_1 + 1 − Z) × (α, ω_1) � ≤ 2δ (if not, then we find a_n, b_n ∈ ω_1 such that d(f(a_n), f(b_n)) > 2δ and {(a_n, b_n) : n ∈ ω} converges to some (ω_1, γ) ∈ X, a contradiction). Put M = (ω_1 + 1 − Z) × (α, ω_1). Notice that M is a clopen subset of X. For x ∈ M define F (x) = cl_d f(M) for X −M we can use the fact that X −M is even paracompact.

Remark 7. If the space X has the 2δ closed usc extension property then let us take any open cover P of X. Pick up some φ : X → P with x ∈ φ(x). Let us consider d(φ, 1, P). Then for any ε > 0, id : X → (X, d) is (1 + ε)-continuous. So there is a point-closed usc (2 + 2ε)-small multifunction/ F : X → (X, d) such that f is a selection of it. Using again that (X, d) is discrete, we obtain for each x ∈ X, W_x = {z ∈ X : F (z) ⊆ F (x)} is open. Put W = {W_x : x ∈ X}. Clearly if x ∈ � {W_z : z ∈ M} for some M ⊂ X then W_x ⊆ W_z for each z ∈ M, hence any subfamily of W has an open intersection. We can use the fact that diam F (x) ≤ 2 for each x ∈ X to obtain properties weaker than orthocompactness, e.g. (1) for every open cover P of X there exists an open cover W of X such that W ≺ {st^2(xP) : x ∈ X} and it is closed under all intersections (of course, this property is quite far from orthocompactness, all countably compact spaces possess it);

(2) for every open cover P of X there exists an open cover W of X such that: W is closed under all intersections and W ≺ Z where Z = {Z ⊂ X : Z ⊂ st^2(z, P) for each z ∈ Z}.

(3) the literal translation of our construction: for every open cover P of X and φ : X → P such that x ∈ φ(x) there exists an open cover W of X such that W is closed under all intersections and W ≺ T where T = {T_x : x ∈ X} and T_x has the following property: ~T_x = � {φ(z) : z ∈ X and x ∈ φ(z)} ∪ � {φ(u) : u ∈ X and there is z ∈ φ(u) such that x ∈ φ(z)} then T_x ⊂ � { ~T_z : z ∈ T_x}. We see that it leads to some kind of starwise version of orthocompactness. Nevertheless, we are not able to show that pointwise star-orthocompact spaces (see [3]) have the 2δ closed usc extension property (clearly by [1, Theorem 3] and Theorem 4 it is the case if subparacompactness is assumed).

Open problems.

1. Does the 2δ open lsc extension property imply collectionwise normality or normality?

2. Is the 2δ closed usc extension property preserved by continuous closed or perfect maps?

References

[1] Burke D.K., Orthocompactness and perfect mappings, Proc. Amer. Math. Soc. 79 (1980), 484–486.

[2] Burke D.K., Covering properties, Chapter 9 of Handbook of set-theoretic topology, edited by K. Kunen and J.E. Vaughan, Elsevier Science Publishers, B.V., North Holland, 1984, 347–422.

[3] Gruenhage G., On closed images of orthocompact spaces, Proc. Amer. Math. Soc. 77 (1979), 389–394.

[4] Klee V., Stability of the fixed point theory, Colloq. Math. 8 (1961), 43–46. [5] Muenzenberger T.B., On the proximate fixed point property for multifunctions, Colloq. Math.

19 (1968), 245–250.

[6] Schirmer H., δ-continuous selections of small multifunctions, Can. J. Math. XXIV, (4) (1972), 631–635.

[7] Smithson R.E., A note on δ-continuity and proximate fixed points for multi-valued functions, Proc Amer. Math. Soc. 23 (1969), 256–260.

Dipartimento di Matematica Pura ed Applicata, Università, 67100 L’Aquila, Italy

Mathematical Institute of ČSAV, Žitná 25, 115 64 Praha 1, Czechoslovakia

(Received November 20, 1990)