Comment.Math.Univ.Carolin. 56,3 (2015) 331–345 331

Order boundedness and weak compactness of the set of quasi-measure extensions of a quasi-measure

Zbigniew Lipecki

Abstract. Let M and R be algebras of subsets of a set Ω with M ⊂ R, and denote by E(μ) the set of all quasi-measure extensions of a given quasi-measure μ on M to R. We give some criteria for order boundedness of E(μ) in ba(R), in the general case as well as for atomic μ. Order boundedness implies weak compactness of E(μ). We show that the converse implication holds under some assumptions on M, R and μ or μ alone, but not in general.

Keywords: linear lattice; order bounded; additive set function; quasi-measure; atomic; extension; convex set; extreme point; weakly compact

Classification: 06F20, 28A12, 28A33, 46A55, 46B42

1. Introduction

This is a continuation of the author’s many years’ work devoted to the convex set E(μ) of all quasi-measure extensions of a given quasi-measure μ, i.e., a positive additive function on an algebra M of subsets of a set Ω, to a larger algebra R of subsets of Ω. Most of that work is summarized in a recent memoir [16]. Its Section 5 discusses weak compactness of E(μ) as a subset of the Banach lattice ba(R).

This paper is mainly concerned with order boundedness (from above) of E(μ), a property that implies weak compactness in our setting, in view of classical results (see Proposition 2(c) in Section 4 and the comments following it and Theorem 0 therein). The property in question has not been studied so far, with the exception of Theorem 1(a) in [8]. According to that result, E(μ) is order bounded provided R is generated, as an algebra, by M and a finite subfamily of R. See Corollaries 1 and 4 in Section 5 for generalizations.

In Sections 5 and 6, the main body of the paper, we present some criteria for order boundedness of E(μ) for arbitrary μ (Theorem 2) as well as for atomic μ (Theorem 3). They parallel the corresponding results on weak compactness of E(μ). In addition, some formulas for the infimum and supremum of E(μ) in ba(R) are given (Theorems 1–3 and Remark 2). We also deal with the coincidence of order boundedness and weak compactness of E(μ) under some assumptions on M, R and μ or μ alone (Corollary 2 and Proposition 5, respectively). Moreover,

DOI 10.14712/1213-7243.2015.130

we present some new results on weak compactness of E(μ) (Propositions 3 and 4), which are partial answers to a problem posed in [16].

In Section 7 we establish a general criterion for order boundedness in ba(M) (Theorem A1), which is an analogue of the corresponding results on relative weak compactness and norm boundedness from the literature (Theorems A2 and A3). Section 7 can be read independently of the previous sections, with the exception of Section 3.

Sections 2–4 are of introductory character. They explain the terminology and notation used in the paper. In addition, they contain a series of auxiliary results. The terminology and notation are mostly standard and they coincide with those of [16], which is also our main reference for the author’s results. The original source, one of the papers [8]–[11], [13] and [14] is, nevertheless, usually given, too.

2. Remarks on order boundedness in linear lattices

The purpose of this section is to introduce some notation and terminology concerning linear lattices and to establish Proposition 1 below. This simple result shows that some assertions of Theorems 1 and 2 in Section 5 are instances of a more general phenomenon (see Remark 1 therein).

Let X be a real linear lattice (= Riesz space in the terminology of [1]), with the order and lattice operations denoted by � and ∧, ∨, respectively. As usual, X_+ stands for the positive cone of X.

Let V be a subset of X. We say that x ∈ X is a lower [resp. upper] bound of V if x � v [resp. x � v] for each v ∈ V . If V has both lower and upper bounds in X, it is called order bounded.

Lemma 1. For a subset V of X we have

(a) V and conv V have the same lower and upper bounds; (b) if τ is a linear topology on X with X_+ closed, then V and V̄^τ have the same lower and upper bounds.

The proof of Lemma 1 is straightforward.

Proposition 1. Let τ be a locally convex topology on X with X_+ closed and let W be a compact convex subset of X. Then W and extr W have the same lower and upper bounds.

In view of Lemma 1, this is a direct consequence of the Krein–Milman theorem.

3. Preliminaries on supermeasures and submeasures

Throughout the rest of the paper, Ω stands for a nonempty set and M for an algebra of subsets of Ω.

We call α : M → [0, ∞] a supermeasure [resp. submeasure] if the following conditions are satisfied: α(∅) = 0; α(M) � α(N) whenever M, N ∈ M and M ⊂ N; and

α(M_1 ∪ M_2) � α(M_1) + α(M_2) [resp. α(M_1 ∪ M_2) � α(M_1) + α(M_2)] whenever M_1, M_2 ∈ M are disjoint. For submeasures we refer the reader to [6].

For α : M → [0, ∞] and M ∈ M we define l(α)(M) and u(α)(M) as inf {_n∑ i=1 α(M_i) : M_1, . . . , M_n ∈ M are pairwise disjoint and M = n⋃ i=1 M_i } ,

sup {_n∑ i=1 α(M_i) : M_1, . . . , M_n ∈ M are pairwise disjoint and M = n⋃ i=1 M_i } , respectively.

We begin with a lemma which will be used in establishing the next one as well as Theorems 1 and 2 in Section 5. Its proof is simple and standard, and so left to the reader.

Lemma 2. (a) If α : M → [0, ∞] is a supermeasure, then l(α) is additive and α � l(α). Moreover, for every additive β : M → [0, ∞] with α � β we have l(α) � β.

(b) If α : M → [0, ∞] is a submeasure, then u(α) is additive and α � u(α).

Moreover, for every additive β : M → [0, ∞] with α � β we have u(α) � β.

The following lemma is close to known results (see [2, Lemma 2.2] and [18, Corollary 2]). It will be used in the proofs of Theorem 2 in Section 5 and Theorem A1 in Section 7.

Lemma 3. For a submeasure α : M → [0, ∞) the following two conditions are equivalent: (i) ∑_∞

j=1 α(M_j ) < ∞ for every sequence (M_j ) in M with M_j ∩ M_j′ = ∅ whenever j ≠ j^′;

(ii) u(α)(Ω) < ∞.

Proof: (cf. [12, proof of Theorem 1, (ii) ⇒ (i)]). Clearly, only the implication (i) ⇒ (ii) needs a proof.

We first establish the following claim: given M ∈ M with u(α)(M) = ∞, there exists N ∈ M such that

N ⊂ M, u(α)(N) = ∞ and u(α)(M \ N) > 1.

Indeed, there exist pairwise disjoint N_1, . . . , N_n ∈ M such that M = n⋃ i=1 N_i and n∑ i=1 α(N_i) > α(M) + 1.

Hence ∑ i≠j α(Ni) > 1 for every j = 1, . . . , n. On the other hand, u(α)(Nj0 ) = ∞

for some j_0, by Lemma 2(b). Thus, it is enough to set N = N_{j0} .

Suppose u(α)(Ω) = ∞. Using the claim, we can find pairwise disjoint Ω_1, Ω_2, . . . in M with u(α)(Ω_j ) > 1 for each j. As easily seen, this contradicts (i). □

Recall that a real-valued function α on M is called exhaustive or strongly bounded if α(M_j ) → 0 for every sequence (M_j ) in M with M_j ∩M_j′ = ∅ whenever j ≠ j^′.

The following lemma will be used in the proofs of Propositions 4 and 5 in Section 6.

Lemma 4. Let α : M → [0, ∞) be an exhaustive submeasure with finite range. We then have u(α)(Ω) < ∞.

Proof: Denote by A the quotient of M by the ideal of α-null sets. The assumptions imply that every family of pairwise disjoint elements in the Boolean algebra A is finite, and so A is also finite. It follows that, given pairwise disjoint elements M_1, . . . , M_{n+1} in M, where 2^n is the cardinality of A, we have α(M_i) = 0 for some i. Therefore, u(α)(Ω) � nα(Ω). □

4. More notation and measure-theoretic preliminaries

For a set E we denote by |E| the cardinality of E and by 2^E the family of all subsets of E.

The set of nonzero {0, 1}-valued additive functions on a Boolean algebra A is denoted by ult(A).

Given E ⊂ 2^Ω, we denote by E_b the algebra of subsets of Ω generated by E. We denote by ba(M) the Banach lattice of all real-valued bounded (= exhaustive) additive functions on M (see [3, Section 2.2]). According to [3, Theorem 2.2.1(9)], ba(M) is Dedekind (= boundedly) complete. By definition, ‖φ‖ = |φ|(Ω) for φ ∈ ba(M), where |φ| stands for the modulus of φ. In addition to the strong topology, ba(M) is equipped with its weak and weak^∗ topologies; see [3, Section 4.7] for the canonical Banach-lattice predual of ba(M).

Let μ ∈ ba_+(M). Adapting a general linear-lattice-theoretical terminology (see [1, p. 36]), we say that ν ∈ ba(M) is a component of μ if

ν ∧ (μ − ν) = 0.

Denote by U_μ the set of all components of μ that take at most two values. As easily seen (cf. [3, Proposition 5.2.2]), for different ν_1, ν_2 ∈ U_μ we have ν_1 ∧ν_2 = 0. Therefore, U_μ is countable. We say that μ is (purely) atomic if μ = ∑ ν∈U_μ ν.

As usual, we associate with μ ∈ ba_+(M) the inner and outer quasi-measures μ_∗ and μ^∗ defined, for all E ⊂ Ω, by the formulas:

μ_∗(E) = sup{μ(M) : E ⊃ M ∈ M},

μ^∗(E) = inf{μ(M) : E ⊂ M ∈ M}.

It is well known that μ_∗ is a supermeasure and μ^∗ is a submeasure on 2^Ω, in our terminology.

The following lemma will be used in establishing Corollary 1 in Section 5.

Lemma 5. Let μ ∈ ba_+(M) and let N be an algebra of subsets of Ω. We then have

u(μ^∗|(M ∪ N)_b)(Ω) = u(μ^∗|N)(Ω).

Proof: Let {R_1, . . . , R_s} be an (M ∪ N)_b-partition of Ω. Then there are an M-partition {M_1, . . . , M_k} of Ω and an N-partition {N_1, . . . , N_l} of Ω with the following property:

{R_1, . . . , R_s} ⊂ {M_i ∩ N_j : i = 1, . . . , k; j = 1, . . . , l}_b.

It follows that s∑ r=1 μ^∗(R_r) � l∑ j=1 k∑ i=1 μ^∗(M_i ∩ N_j ) = l∑ j=1 μ^∗(N_j ) � u(μ^∗|N)(Ω).

This yields the nontrivial inequality of the asserted equality. □

Throughout the rest of the paper, R stands for an algebra of subsets of Ω with M ⊂ R. Given μ ∈ ba_+(M), we set

E(μ) = {ϱ ∈ ba_+(R) : ϱ|M = μ}.

It is a classical result that E(μ) is always nonempty (see [3, Chapter 3]). Moreover, it is, clearly, convex.

One of the reasons of the author’s interest in order boundedness of the set E(μ) is part (c) of the following proposition.

Proposition 2. Let μ ∈ ba_+(M). Then

(a) E(μ) is weak^∗ compact; (b) E(μ) is weakly closed;

(c) E(μ) is weakly compact if it is order bounded.

Part (a) was first observed by D. Plachky (see [16, Proposition 4.4(a)] or [8, Proposition 1(a)]). Plainly, part (b) follows from (a), but it is, in fact, established in the course of the proof of (a). In view of (b), part (c) is a consequence of a classical theorem (see [1, Theorem 12.9] or [20, Theorem 1.12]), since the norm of the Banach lattice ba(R) is order continuous. In place of that theorem, one could make use of another standard result, Theorem A2 in Section 7. Theorem A2 is also one of the main ingredients of the proof of the following Theorem 0 (= [16, Theorem 5.1]), which will be frequently applied below.

Theorem 0. For μ ∈ ba_+(M) the following three conditions are equivalent:

(i) E(μ) is weakly compact;

(ii) extr E(μ) is relatively weakly compact; (iii) μ^∗|R is exhaustive.

Example 1 in Section 5 shows that part (c) of Proposition 2 cannot be reversed, even if μ is atomic and R is generated, as an algebra, by M and a countable partition of Ω. Nevertheless, we reveal below two situations where order boundedness and weak compactness of E(μ) coincide (see Corollary 2 in Section 5 and Proposition 5 in Section 6).

The following results, which hold for arbitrary μ ∈ ba_+(M), will be used, in particular, in the proofs of Theorems 1 and 2, respectively.

(C)_∗ min_{ϱ∈E(μ)} ϱ(R) = min_{π∈extr E(μ)} π(R) = μ_∗(R) for R ∈ R;

(C)^∗ max_{ϱ∈E(μ)} ϱ(R) = max_{π∈extr E(μ)} π(R) = μ^∗(R) for R ∈ R.

Their proofs are sketched in [16, p. 19]. We note that, in view of Proposition 2(a), the first equalities of (C)_∗ and (C)^∗ are also a consequence of [4, Chapter II, § 7, Proposition 1] applied to the affine mapping

E(μ) ∋ ϱ −→ ϱ(R) ∈ R, where R ∈ R,

which is weak^∗ continuous.

Given μ ∈ ba_+(M), we denote by μ^m the maximal ν ∈ ba_+(M) such that ν � μ and E(ν) is a singleton, and set μ^a = μ − μ^m. (The details are explained in [16, p. 22]; see also [9, Lemma 1].) We call μ antimonogenic if μ = μ^a. The use of μ^m and μ^a below is limited to the formulations of Theorem 1 and Corollary 3 in Section 5, respectively.

The next result will be used in the proof of Lemma 6 below. (D)^′ For μ ∈ ult(M) we have extr E(μ) = E(μ) ∩ ult(R).

See [16, p. 19] or [9, p. 396].

We continue with two lemmas which will be used in the proof of Theorem 3 in Section 6.

Lemma 6. For μ ∈ ult(M) the following two conditions are equivalent:

(i) E(μ) is order bounded; (ii) extr E(μ) is finite.

Under these conditions, we have

sup E(μ) = ∑ π∈extr E(μ) π. Proof: In view of (D)^′, π_1 ∧ π_2 = 0 whenever π_1, π_2 ∈ extr E(μ) and π_1 ≠ π_2. Therefore, (i) implies (ii) and the inequality “�” of the asserted formula. The converse implication and inequality follow from (C)^∗. □

Lemma 7. Let μ, μ_j ∈ ba_+(M) be such that

∑_∞ j=1 μ_j = μ and μ_j ∧ μ_j′ = 0 whenever j ≠ j^′. Then the following two conditions are equivalent:

(i) E(μ) is order bounded;

(ii) E(μ_j ) is order bounded for each j and {sup E(μ_j ) : j = 1, 2, . . . } is order bounded.

Under these conditions, we have

sup E(μ) = ∞∑ j=1 sup E(μ_j ).

Proof: We first note that if ϱ_j ∈ E(μ_j ) and ϱ_j′ ∈ E(μ_j′ ), then ϱ_j ∧ ϱ_j′ = 0 whenever j ≠ j^′. Indeed, we have μ_j ∧μ_j′ = 0, by assumption, and so it is enough to apply [3, Theorem 2.2.1(b)]. It follows that

(sup E(μ_j )) ∧ (sup E(μ_j′ )) = 0 whenever j ≠ j^′

provided E(μ_j ) and E(μ_j′ ) are order bounded.

Suppose (i) holds. Then sup E(μ) exists and is an upper bound of E(μ_j ) for each j, by [16, Theorem 6.1(a)] or [8, Lemma 2(a)]. Thus, (ii) and the inequality “�” of the asserted formula hold.

Suppose (ii) holds, and let ϱ ∈ E(μ). In view of [16, Theorem 6.1(a)] or [8, Lemma 2(a)], there exist ϱ_j ∈ E(μ_j ) with

∑_∞

j=1 ϱ_j = ϱ. Consequently, ϱ � ∞∑ j=1 sup E(μ_j ).

This yields (i) and the inequality “�” of the asserted formula. □

5. E(μ) for arbitrary μ

We start by establishing some formulas for the common infimum of the sets E(μ) and extr E(μ), in the general case. A formula for the common supremum of those sets is contained in the next theorem.

Theorem 1. Let μ ∈ ba_+(M). Then

(a) inf E(μ) = inf extr E(μ) = l(μ∗|R);

(b) (inf E(μ))|M = μ^m, whence inf E(μ) = 0 if and only if μ is antimonogenic.

Proof: Part (a) follows from (C)_∗ and Lemma 2(a). Part (b) is a consequence of (a) and [19, Remark 2 on Theorem 2]. □

Conditions (i)–(iii) of the next theorem are analogous to the corresponding conditions of Theorem 0. The equivalence of (i) and (iii) is closely related to Theorem A1 in Section 7.

Theorem 2. For μ ∈ ba_+(M) the following four conditions are equivalent:

(i) E(μ) is order bounded; (ii) extr E(μ) is order bounded; (iii)

∑_∞

j=1 μ∗(R_j ) < ∞ for every sequence (R_j ) in R with R_j ∩ R_j′ = ∅ whenever j ≠ j^′;

(iv) u(μ∗|R)(Ω) < ∞.

Under these conditions, we have

sup E(μ) = sup extr E(μ) = u(μ∗|R).

Proof: The equivalence of (i), (ii) and (iv) as well as the final formula follow from (C)^∗ and Lemma 2(b). Clearly, (iv) implies (iii). The converse implication is, in view of Lemma 2(b), a consequence of Lemma 3. □

Remark 1. The equivalence of conditions (i) and (ii) of Theorem 2 as well as the first equalities in Theorems 1(a) and 2 also follow from Propositions 1 and 2(a).

The setting of our next three results, Corollaries 1–3, and that of Proposition 4 in Section 6 has been suggested by the theory of products of measurable spaces and measure spaces.

Corollary 1. Let N be an algebra of subsets of Ω with R = (M ∪ N)_b and let μ ∈ ba_+(M). Then the following three conditions are equivalent:

(i) E(μ) is order bounded; (ii)

∑_∞

j=1 μ∗(N_j ) < ∞ for every sequence (N_j ) in N with N_j ∩ N_j′ = ∅ whenever j ≠ j^′;

(iii) u(μ∗|N)(Ω) < ∞.

Proof: In view of Lemma 5, the equivalence of (i) and (iii) is a consequence of the corresponding equivalence of Theorem 2. The equivalence of (ii) and (iii) holds by Lemmas 2(b) and 3. □

Clearly, condition (iii) of Corollary 1 holds if N is finite, and so E(μ) is then order bounded. This special case is essentially [8, Theorem 1(a)]. See also Corollary 4 in this section for a generalization.

It is an open problem whether a counterpart of Corollary 1, (i) ⇔ (ii), for weak compactness is true (see [16, Problem 13.4]). For partial answers to this problem see Proposition 3 and Remark 3 in this section as well as Proposition 4 in the next section.

Condition (∗) assumed in Corollaries 2 and 3 below has already been used by the author in [16, Proposition 12.4], which coincides with [11, Proposition 2], and [15, Theorem 7]. It is intermediate between the condition of independence and that of almost independence of algebras of sets considered by E. Marczewski (see [17, p. 220] for definitions).

Corollary 2. Let N be an algebra of subsets of Ω with R = (M ∪ N)_b and let μ ∈ ba_+(M). Suppose

(∗) M ∩ N ≠ ∅ for all M ∈ M with μ(M) > 0 and nonempty N ∈ N.

Then the following three conditions are equivalent:

(i) E(μ) is order bounded; (ii) E(μ) is weakly compact; (iii) N is finite or μ = 0.

Proof: By Proposition 2(c), (i) implies (ii). That (iii) implies (i) is clear from Corollary 1. (Thus, neither of these implications requires condition (∗).)

Suppose (ii) holds and μ ≠ 0. By (∗), we have μ∗(N) = μ(Ω) whenever N ∈ N is nonempty. Since μ∗|N is exhaustive, by Theorem 0, it follows that every family of pairwise disjoint sets in N is finite. Therefore, N is itself finite, and so (iii) holds. □

Clearly, condition (∗) is essential for the validity of the implication (i) ⇒ (iii) of Corollary 2. In fact, even if E(μ) is a singleton, (iii) need not be satisfied. (This comment also applies to the implication (i) ⇒ (ii) of the next corollary.) Similarly, (ii) does not imply (i), in general, as already noted in the discussion following the formulation of Theorem 0.

Corollary 3. In the setting of Corollary 2 the following two conditions are equivalent:

(i) E(μ) is strongly compact;

(ii) N is finite and μ^a is atomic or μ = 0.

Proof: That (i) implies (ii) is a consequence of Corollary 2, (ii) ⇒ (iii), and [16, Theorem 10.2, (i) ⇒ (ii)] or [13, Theorem 2, (i) ⇒ (ii)].

It follows from (ii) that E(μ^a) is strongly compact (see [8, Theorem 2(b)]). Consequently, (i) holds, by [16, Corollary 6.2] or [10, p. 471, (T)]. (Thus, (∗) is not needed for the validity of the implication (ii) ⇒ (i).) □

Corollary 4. Let E be a family of pairwise disjoint subsets of Ω with R = (M ∪ E)_b and let μ ∈ ba_+(M). Then the following two conditions are equivalent:

(i) E(μ) is order bounded; (ii) ∑ E∈E μ∗(E) < ∞.

Proof: Let F be a finite subfamily of E. We have ∑ E∈F μ∗(E) + μ∗(Ω \ ⋃ E∈F E) � ∑ E∈E μ∗(E) + μ(Ω).

Set N = E_b. It follows that ∑ E∈E μ∗(E) � u(μ∗|N)(Ω) � ∑ E∈E μ∗(E) + μ(Ω).

Therefore, condition (ii) is equivalent to u(μ∗|N)(Ω) < ∞. An application of Corollary 1, (i) ⇔ (iii), completes the proof. □

Remark 2. We shall give a formula for sup E(μ), provided it exists, in the setting of Corollary 4. In the case where E is a finite partition of Ω, this formula is implicit in the proof of [8, Theorem 1(a)]. (We leave it to the reader to establish an analogous formula for inf E(μ) in the setting of Corollary 4.) Set

σ_E (R) = μ∗(R ∩ E) for all R ∈ R and E ∈ E.

Moreover, set

σ_∞(R) = inf{μ∗(R ∩ (Ω \ ⋃ E∈F E)) : F ⊂ E and F is finite} for all R ∈ R.

As easily seen, σ_E , σ_∞ are in ba_+(R). Moreover, we have σ_E ∧ σ_F = 0 whenever E, F ∈ E and E ≠ F . Also, σ_E ∧ σ_∞ = 0 whenever E ∈ E. Set σ = ∑ E∈E σ_E + σ_∞.

In view of condition (ii) of Corollary 4, it follows that σ ∈ ba_+(R). We claim that σ = sup E(μ). Indeed, given ϱ ∈ E(μ) and R ∈ R, for every finite F ⊂ E we have

ϱ(R) � ∑ E∈F μ∗(R ∩ E) + μ∗(R ∩ (Ω \ ⋃ E∈F E)).

Hence ϱ(R) � σ(R). This yields the inequality “�” of the claim. To establish the converse inequality, consider τ ∈ ba_+(R) with τ � ϱ for all ϱ ∈ E(μ). Then τ � μ∗|R, by (C)^∗. It follows that τ � σ_E for all E ∈ E and τ � σ_∞. Hence τ � σ, and we are done.

The next result is a version of Corollary 4 for weak compactness. Proposition 3. Let E be a family of pairwise disjoint subsets of Ω with R = (M ∪ E)_b and let μ ∈ ba_+(M). Then the following two conditions are equivalent:

(i) E(μ) is weakly compact;

(ii) for every ε > 0 there exists a finite E_0 ⊂ E such that μ∗( ⋃ E∈F E) < ε whenever F ⊂ E \ E_0 is finite.

Proof: According to Theorem 0, condition (i) is equivalent to the following one: μ∗|R is exhaustive. It is plain that the latter condition implies (ii). We shall establish the converse implication. To this end, fix ε > 0 and pairwise disjoint R_k ∈ R, k = 1, 2, . . . . Choose E_1, E_2, . . . in E ∪ {∅} so that

R_k ∈ (M ∪ {E_1, E_2, . . . })_b, k = 1, 2, . . . ; E_i ≠ ∅ implies E_i ≠ E_i′ whenever i ≠ i^′.

By (ii), there exists n_0 such that μ∗( m⋃ i=n_0 +1

E_i) < ε/3 whenever m � n_0 + 1.

Moreover, there exists k_1 such that

μ∗(R_k ∩

n_0⋃

i=1 E_i) < ε/3 whenever k � k_1

(see the proof of [16, Corollary 5.4]). Choose n_0 < m_1 < m_2 < . . . with

R_k ∈ (M ∪ {E_1, . . . , E_{mk} })_b, k = 1, 2, . . . ,

and set F_k = Ω\

⋃_{mk}

i=1 E_i. Then R_k ∩F_k = M_k ∩F_k for some M_k ∈ M, k = 1, 2, . . . . Define

M̃_1 = M_1 and M̃_{k+1} = M_{k+1} \^k ⋃ i=1 M_i, k = 1, 2, . . . .

As easily seen, we then have R_k ∩ F_k = M̃_k ∩ F_k, k = 1, 2, . . . . Choose k_2 with μ(M̃_k) < ε/3 whenever k � k_2. Since

R_k = (R_k ∩

n_0⋃

i=1 E_i) ∪ (R_k ∩

m_k⋃

i=n_0 +1

E_k ) ∪ (R_k ∩ F_k),

it follows that μ∗(R_k ) < ε for k � k_1, k_2. Thus, μ∗|R is exhaustive. □

Remark 3. Clearly, condition (ii) of Proposition 3 can be reformulated as follows: μ∗|E_b is exhaustive. Therefore, Proposition 3 gives a partial positive answer to [16, Problem 13.4]. For another partial answer to that problem see Proposition 4 in the next section.

The following example is already mentioned in the discussion after the formulation of Theorem 0.

Example 1. Set Ω = N, and let {M_1, M_2, . . . } be a partition of Ω with |M_i| = 2^i for each i. Define

M = {M_1, M_2, . . . }_b, E = {{n} : n ∈ Ω}, R = E_b.

Let μ ∈ ba_+(M) satisfy μ(M_i) = 2^{−i} for each i and μ(Ω) = 1. For R ⊂ Ω with R ∩

⋃_k

i=1 M_i = ∅ we then have μ∗(R) � 1 −

∑_k i=1 2^{−i}. Therefore, μ∗ is exhaustive. Theorem 0, (iii) ⇒ (i), now shows that E(μ) is weakly compact. However, E(μ) is not order bounded, in view of Corollary 4 (cf. also Theorem 3 in the next section). Indeed, we have ∑ n∈M_i μ

∗({n}) = 1 for each i, and so ∑ n∈Ω μ∗({n}) = ∞.

6. E(μ) for atomic μ

In accordance with Remark 3, we now present another partial positive answer to [16, Problem 13.4].

Proposition 4. Let N be an algebra of subsets of Ω with R = (M ∪ N)_b and let μ ∈ ba_+(M) be atomic. If μ∗|N is exhaustive, then E(μ) is weakly compact.

Proof: Let ν ∈ U_μ. By assumption, ν∗|N is exhaustive, and so ν∗|R is exhaustive, as follows from Lemmas 4 and 5. Since μ∗ = ∑ ν∈U_μ ν

∗, it follows that μ∗|R is also exhaustive. Therefore, E(μ) is weakly compact, according to Theorem 0, (iii) ⇒ (i). □

We now present another situation where order boundedness and weak compactness of E(μ) are equivalent properties (cf. Corollary 2).

Proposition 5. Let μ ∈ ba_+(M) have finite range. Then the following three conditions are equivalent:

(i) E(μ) is order bounded; (ii) E(μ) is weakly compact; (iii) extr E(μ) is finite.

Proof: The implications (i) ⇒ (ii) and (iii) ⇒ (i) hold for arbitrary μ ∈ ba_+(M), by Proposition 2(c) and Theorem 2, (ii) ⇒ (i), respectively. Moreover, according to [9, Theorem 3(b), (ii) ⇔ (iii)], conditions (ii) and (iii) are equivalent for μ ∈ ba_+(M) with finite range.

Observe that the implication (ii) ⇒ (i) also follows by a joint application of Theorem 0, (i) ⇒ (iii), Lemma 4 and Theorem 2, (iv) ⇒ (i). □

In connection with the assumption of Proposition 5, we note that condition (iii) thereof implies that μ^a has finite range (see [16, Theorem 11.6] or [10, Theorem 5, (i) ⇒ (ii)]).

We shall need the following notation (see [16, p. 18]). Given μ ∈ ba_+(M), we set J_μ = {R ∈ R : there exists M ∈ M with R ⊂ M and μ(M) = 0}.

Clearly, J_μ is an ideal in R.

We proceed with a characterization of those atomic quasi-measures μ on M for which E(μ) is order bounded.

Theorem 3. Let μ ∈ ba_+(M) be atomic. Then the following two conditions are equivalent:

(i) E(μ) is order bounded;

(ii) R/J_ν is finite for each ν ∈ U_μ and ∑ ν∈U_μ

ν(Ω)|ult(R/J_ν )| < ∞.

Under these conditions, we have

sup E(μ) = ∑ ν∈U_μ ∑ π∈extr E(ν) π.

Proof: According to [16, Proposition 7.1, 4^0] or [11, Proposition 1], we have

| extr E(ν)| = |ult(R/J_ν )| for each ν ∈ U_μ.

Moreover, as is well known, a Boolean algebra A is finite if and only if ult(A) is finite. In view of these assertions, Lemmas 6 and 7 yield the equivalence of (i) and (ii) along with the accompanying formula. □

For atomic μ ∈ ba_+(M) the first part of condition (ii) of Theorem 3 is equivalent to each of the following ones:

(ii)^′ E(μ) is weakly compact; (ii)^{′′} E(μ) is strongly compact.

(See [16, Theorem 7.7] or [13, Lemma 1]). Thus, it is easy to construct examples of sets E(μ) which are weakly compact, but not order bounded (see Example 1). On the other hand, for every (atomic) μ ∈ ba_+(M) satisfying (ii)^′ and (ii)^{′′}, we can find a set Ω^′, two algebras M^′ and R^′ of subsets of Ω^′ with M^′ ⊂ R^′, and an atomic μ^′ ∈ ba_+(M^′) such that E(μ^′) is order bounded and E(μ^′) and E(μ) are affinely homeomorphic when equipped with their strong topologies. This is seen from the following example and [16, Theorem 7.7] or [13, Theorem 2, (i) ⇔ (iv)].

Example 2. Let S_1, S_2, . . . be finite-dimensional simplices, and choose pairwise disjoint sets Ω_1, Ω_2, . . . with |Ω_j | = | extr S_j | for each j. Define Ω = ∞⋃ j=1 Ω_j , M = {Ω_1, Ω_2, . . . }_b, R = {{ω} : ω ∈ Ω}_b.

Moreover, set

ν_j (M) = 2^{−j}

|M ∩ Ω_j | |Ω_j |^2 for M ∈ M, j = 1, 2, . . . .

We then have ν_j ∈ ba_+(M) and E(ν_j ) is affinely isomorphic to S_j for each j. Finally, set μ =

∑_∞ j=1 ν_j . Clearly, μ ∈ ba_+(M), and E(μ) is order bounded, by Theorem 3. Moreover, E(μ) equipped with its strong topology is affinely homeomorphic to S_1 × S_2 × . . . , by [16, Theorem 6.1(b)] or [9, Theorem 1(b)].

Problem. Let E(μ), where μ ∈ ba_+(M), be weakly compact. Can we find a set Ω^′, two algebras M^′ and R^′ of subsets of Ω^′ with M^′ ⊂ R^′, and μ^′ ∈ ba_+(M^′) such that E(μ^′) is order bounded and E(μ^′) and E(μ) are affinely homeomorphic when equipped with their weak topologies?

As follows from the discussion introducing Example 2, the answer is affirmative provided μ is atomic.

7. Appendix. Order boundedness, relative weak compactness and norm boundedness in ba(M)

Throughout this section, we continue to denote by M an algebra of subsets of a set Ω.

We shall present a criterion for order boundedness in ba(M), which is closely related to Theorem 2, (i) ⇔ (iii). For comparison we shall then formulate some analogous criteria for relative weak compactness and norm boundedness in ba(M) from the literature.

Theorem A1. For K ⊂ ba(M) the following two conditions are equivalent:

(i) K is order bounded; (ii)

∑_∞

j=1 sup_{φ∈K} |φ(M_j )| < ∞ for every sequence (M_j ) in M with M_j ∩M_j′ = ∅ whenever j ≠ j^′.

Proof: The implication (i) ⇒ (ii) is straightforward. Suppose (ii) holds. Set, for φ ∈ K and M ∈ M,

φ̄(M) = sup{|φ(N)| : N ∈ M and N ⊂ M}.

It follows from (ii) that, for every sequence (M_j ) in M with M_j ∩ M_j′ = ∅ whenever j ≠ j^′, we have ∞∑ j=1 sup_{φ∈K} φ̄(M_j ) < ∞.

Set α(M) = sup_{φ∈K} φ̄(M) for M ∈ M. Then α is a finite submeasure on M, and so (i) is a consequence of Lemmas 3 and 2(b). □

For the following criterion see [5, Theorem] or [7, Theorem 2]. It is one of the main ingredients of the proof of Theorem 0.

Theorem A2. For K ⊂ ba(M) the following two conditions are equivalent:

(i) K is relatively weakly compact;

(ii) K is norm bounded and uniformly exhaustive, i.e., sup_{φ∈K} |φ(M_j )| → 0 for every sequence (M_j ) in M with M_j ∩ M_j′ = ∅ whenever j ≠ j^′.

We close with the following specialization of [18, Theorem 1].

Theorem A3. For K ⊂ ba(M) the following two conditions are equivalent:

(i) K is norm bounded; (ii) sup_{φ∈K}

∑_∞ j=1 |φ(M_j )| < ∞ for every sequence (M_j ) in M with M_j ∩M_j′ = ∅ whenever j ≠ j^′.

Postscript. More results on order-theoretic properties of the sets E(μ) and extr E(μ) will be presented in another paper by the author (in preparation).

References

[1] Aliprantis C.D., Burkinshaw O., Positive Operators, Academic Press, Orlando, 1985. [2] Alvarez de Araya J., A Radon–Nikodym theorem for vector and operator valued measures, Pacific J. Math. 29 (1969), 1–10.

[3] Bhaskara Rao K. P. S., Bhaskara Rao M., Theory of Charges. A Study of Finitely Additive Measures, Academic Press, London, 1983.

[4] Bourbaki N., Espaces vectoriels topologiques, Chapitres 1 à 5, Springer, Berlin, 2007. [5] Brooks J. K., Weak compactness in the space of vector measures, Bull. Amer. Math. Soc.

78 (1972), 284–287.

[6] Drewnowski L., Topological rings of sets, continuous set functions, integration. I , Bull.

Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 20 (1972), 269–276. [7] Hoffmann-Jørgensen J., Vector measures, Math. Scand. 28 (1971), 5–32. [8] Lipecki Z., On compactness and extreme points of some sets of quasi-measures and measures, Manuscripta Math. 86 (1995), 349–365.

[9] Lipecki Z., On compactness and extreme points of some sets of quasi-measures and measures. II , Manuscripta Math. 89 (1996), 395–406.

[10] Lipecki Z., Quasi-measures with finitely or countably many extreme extensions, Manuscripta Math. 97 (1998), 469–481.

[11] Lipecki Z., Cardinality of the set of extreme extensions of a quasi-measure, Manuscripta Math. 104 (2001), 333–341.

[12] Lipecki Z., The variation of an additive function on a Boolean algebra, Publ. Math. Debrecen 63 (2003), 445–459.

[13] Lipecki Z., On compactness and extreme points of some sets of quasi-measures and measures. III , Manuscripta Math. 117 (2005), 463–473.

[14] Lipecki Z., On compactness and extreme points of some sets of quasi-measures and measures. IV , Manuscripta Math. 123 (2007), 133–146.

[15] Lipecki Z., Cardinality of some convex sets and of their sets of extreme points, Colloq.

Math. 123 (2011), 133–147.

[16] Lipecki Z., Compactness and extreme points of the set of quasi-measure extensions of a quasi-measure, Dissertationes Math. (Rozprawy Mat.) 493 (2013), 59 pp.

[17] Marczewski E., Measures in almost independent fields, Fund. Math. 38 (1951), 217–229;

reprinted in: Marczewski E., Collected Mathematical Papers, Institute of Mathematics, Polish Academy of Sciences, Warszawa, 1996, pp. 413–425.

[18] Nygaard O., Põldvere M., Families of vector measures of uniformly bounded variation, Arch. Math. (Basel) 88 (2007), 57–61.

[19] Plachky D., Extremal and monogenic additive set functions, Proc. Amer. Math. Soc. 54 (1976), 193–196.

[20] Wnuk W., Banach Lattices with Order Continuous Norms, PWN—Polish Sci. Publ., Warszawa, 1999.

Institute of Mathematics, Polish Academy of Sciences, Wrocław Branch, Kopernika 18, 51-617 Wrocław, Poland E-mail: lipecki@impan.pan.wroc.pl

(Received November 7, 2014, revised March 12, 2015)