Comment.Math.Univ.Carolin. 54,2 (2013) 189–196 189

A poset of topologies on the set of real numbers

Vitalij A. Chatyrko, Yasunao Hattori

Dedicated to the 120th birthday anniversary of Eduard Čech.

Abstract. On the set R of real numbers we consider a poset P_τ (R) (by inclusion) of topologies τ (A), where A ⊆ R, such that A_1 ⊇ A_2 iff τ (A_1) ⊆ τ (A_2). The poset has the minimal element τ (R), the Euclidean topology, and the maximal element τ (∅), the Sorgenfrey topology. We are interested when two topologies τ_1 and τ_2 (especially, for τ_2 = τ (∅)) from the poset define homeomorphic spaces (R, τ_1) and (R, τ_2). In particular, we prove that for a closed subset A of R the space (R, τ (A)) is homeomorphic to the Sorgenfrey line (R, τ (∅)) iff A is countable. We study also common properties of the spaces (R, τ (A)), A ⊆ R.

Keywords: Sorgenfrey line, poset of topologies on the set of real numbers

Classification: 54A10

1. Introduction

The Sorgenfrey line S (cf. [E]) is the set R of real numbers with the lower limit topology. The space S is an important example of topological spaces. Thus it would be nice to be able to identify S among topological spaces. For example, it is known (cf. [M]) that any non-empty closed subset of S which is additionally dense in itself is homeomorphic to S, i.e. one gets a topological copy of S by choosing a suitable subspace of S. In this paper we are looking for topological spaces which are homeomorphic to S by making the lower limit topology on R coarser.

Let A ⊆ R. Following [H] define the topology τ(A) on R as follows: (1) for each x ∈ A, {(x − ϵ, x + ϵ) : ϵ > 0} is the neighborhood base at x, (2) for each x ∈ R \ A, {[x, x + ϵ) : ϵ > 0} is the neighborhood base at x. Let τ_E (resp. τ_S ) be Euclidean (resp. the lower limit) topology on R. Note that for any A, B ⊆ R we have A ⊇ B iff τ(A) ⊆ τ(B), in particular τ(R) = τ_E ⊆ τ(A), τ(B) ⊆ τ(∅) = τ_S . Put P_{top}(R) = {τ(A) : A ⊆ R} and define a partial order ≤ on P_{top}(R) by inclusion: τ(A) ≤ τ(B) iff τ(A) ⊆ τ(B).

We continue with the following example.

Example 1.1. Let τ_d be the discrete topology on R. Let also {R_i}^∞_{i=1} be a sequence of disjoint copies of R and τ^i_d (resp. τ^i_E or τ^i_S ) the corresponding topology on the copy R_i, i ≥ 1. Consider the set X = ⊕^∞_{i=1}R_i and the topology τ_1 = τ^1_d ⊕ ⊕^∞_{i=2}τ^i_E (resp. τ_2 = τ^1_d ⊕ τ^2_S ⊕ ⊕^∞_{i=3}τ^i_E or τ_3 = τ^1_d ⊕ τ^2_d ⊕^∞_{i=3} τ^i_E ) on X. Note that τ_1 ⊂ τ_2 ⊂ τ_3 and τ_1 ≠ τ_2, τ_2 ≠ τ_3. Moreover, the spaces (X_1, τ_1) and (X_3, τ_3) are metrizable and homeomorphic to each other but the space (X_2, τ_2), containing a copy of the Sorgenfrey line as a closed subset, is not metrizable and hence it is homeomorphic neither to (X_1, τ_1) nor (X_3, τ_3).

Taking into account the previous observation it is natural to pose the following general question.

Question 1.1 (see also [H, Question 5.2]). For what subsets A, B of R are the spaces (R, τ(A)) and (R, τ(B)) homeomorphic?

In [H] it was observed the following.

(a) If F ⊂ R is finite, then the space (R, τ(R \ F )) is homeomorphic to the topological sum of |F |-many copies of the half-open interval [0, 1) and one copy of the open interval (0, 1). Hence, the spaces (R, τ(R \ F_1)) and (R, τ(R \ F_2)), where F_1, F_2 are finite subsets of R, are homeomorphic iff |F_1| = |F_2|.

(b) If A is a discrete closed subspace of (R, τ_E ) then (R, τ(A)) is homeomorphic to (R, τ_S ) but if a subset A of R has a non-empty interior in (R, τ_E ) then (R, τ(A)) is not homeomorphic to (R, τ_S ).

In this paper we continue to answer Question 1.1. In particular (see Theorem 2.1), we show that for a set A ⊆ R which is closed in (R, τ_E ) the space (R, τ(A)) is homeomorphic to (R, τ_S ) iff |A| ≤ ℵ_0. Then we observe (see Proposition 2.3) that for B ⊆ R the space (R, τ(B)) has a countable base iff |R \ B| ≤ ℵ_0. Moreover, if R \ B is countable and dense in the space (R, τ_E ) then the space (R, τ(B)) is additionally zero-dimensional and nowhere locally compact. We study also common properties of the spaces (R, τ), τ ∈ P_{top}(R).

For notions and notations we refer to [E].

2. Answers to Question 1.1

Lemma 2.1. Let A ⊆ R and B ⊆ A and C ⊆ R \ A. Then

(1) τ(A)|_B = τ_E |_B , and (2) τ(A)|_C = τ_S |_C .

Proof: (1). Note that for any x ∈ A (resp. x ∈ R \ A) and any ϵ > 0 we have (x − ϵ, x + ϵ) ∩ B ∈ τ_E |_B (resp. [x, x + ϵ) ∩ B = (x, x + ϵ) ∩ B ∈ τ_E |_B ). Hence, τ(A)|_B ⊂ τ_E |_B . Since τ(A) ⊇ τ_E , the opposite inclusion is evident.

(2). Note that τ(A)|_C ⊆ τ_S |_C . Consider x < y. If x ∈ R \ A then [x, y) ∈ τ(A) and hence [x, y) ∩ C ∈ τ(A)|_C . If x ∈ A then (x, y) ∈ τ(A) and [x, y) ∩ C = (x, y) ∩ C ∈ τ(A)|_C . Hence, τ(A)|_C ⊇ τ_S |_C . □

Proposition 2.1. Let A ⊆ R and A contain an uncountable subset B which is compact in (R, τ_E ). Then B is compact in (R, τ(A)) and hence the space (R, τ(A)) is not homeomorphic to (R, τ_S ).

Proof: By Lemma 2.1 we have τ(A)|_B = τ_E |_B . Hence the space (B, τ(A)|_B ) is compact by the assumption. Recall ([E-J]) that each compact subspace of the Sorgenfrey line (R, τ_S ) is countable. This implies the statement. □

Let P be the set of irrational numbers. Recall (cf. [vM]) that a set A ⊆ R is analytic if the space (A, τ_E |_A) is a continuous image of (P, τ_E |_P). In particular, the set P is analytic as well as any set which is G_δ (for example, closed) in (R, τ_E ).

The following statement answers in negative [H, Question 5.5].

Corollary 2.1. Let A be analytic and uncountable. Then (R, τ(A)) is not homeomorphic to (R, τ_S ).

Proof: Let us only remind (cf. [vM]) that A contains an uncountable set which is compact in (R, τ_E ). □ Let X be a space and X^d be the derived set of X. Recall that for an ordinal number α the Cantor-Bendixson derivative X^{(α)} is defined as follows:

X^{(α)} =

X, if α = 0, (X^{(α−1)})^d, if α is nonlimit, ⋂ β<α X^{(β)}, if α is limit and ≥ ω_0.

Since X^{(α)} ⊇ X^{(β)} for α < β we have a minimal ordinal α such that X^{(α)} = X^{(α+1)}. This ordinal α denoted by ht(X), is called the Cantor-Bendixson rank, or the scattered height of X.

The following statement essentially generalizes the first part of the point (b) from the Introduction.

Proposition 2.2. Let A be countable and closed in (R, τ_E ). Then (R, τ(A)) is homeomorphic to (R, τ_S ).

Proof: Let us consider a sequence {a_i}^∞_{i=−∞} of real numbers such that (a) a_i < a_{i+1}, (b) lim_{i→∞} a_i = ∞ and lim_{i→−∞} a_i = −∞, (c) a_i /∈ A for each i.

Note that for each i the set A_i = [a_i, a_{i+1}]∩A = [a_i, a_{i+1})∩A is compact in the space (R, τ_E ) and the set [a_i, a_{i+1}) is clopen in the space (R, τ(A)). It is enough to show that for each i the space ([a_i, a_{i+1}), τ(A)|_{[ai ,ai+1)})= ([a_i, a_{i+1}), τ(A_i)|_{[ai,ai+1)}) is homeomorphic to (R, τ_S ). For that we will prove the following statement.

Claim 2.1. Let [a, b) be a half-open non-empty bounded interval of R and B a countable subset of [a, b) such that a /∈ B and B is compact in (R, τ_E ). Then the space ([a, b), τ(B)|_{[a,b)}) is homeomorphic to (R, τ_S ).

Proof: Let us notice that for each compact countable subspace B of (R, τ_E ) the Cantor-Bendixson rank ht(B) is an isolated countable ordinal ≥ 1 and X^(ht^{(B))} = ∅. Apply induction on ht(B) ≥ 1. If ht(B) = 1 then B is finite. One can easily show that ([a, b), τ(B)|_{[a,b)}) is homeomorphic to (R, τ_S ). But for readers convenience let us suggest a proof by an argument similar to [H, Proposition 4.12 (2)]. At first, we assume that B is a singleton. Let B = {c}. Put a_1 = a, b_1 = b and let {a_1, a_2, . . . } be a strictly increasing sequence in (a, c) converging to c, and {b_1, b_2, . . . } be a strictly decreasing sequence in (c, b) converging to c. For each n ≥ 1 we put A_n = [a_n, a_{n+1}) and B_n = [b_{n+1}, b_n). Then for each n let f_n : A_n → ([^1_{2n} ,^1_{2n−1} ), τ_S |_[ 1_{2n ,} 1_{2n−1 )}) and g_n : B_n → ([^1_{2n+1} ,^1_{2n} ), τ_S |_[ 1_{2n+1 ,} 1_{2n )}) are homeomorphisms. Now, we can define a mapping h : ([a, b), τ(B)|_{[a,b)}) → ([0, 1), τ_S |_{[0,1)}) such as

(i) h|_{An} = f_n for each n = 1, 2, . . . , (ii) h|_{Bn} = g_n for each n = 1, 2, . . . and, (iii) h(c) = 0.

It is easy to show that h is a homeomorphism, and ([0, 1), τ_S |_{[0,1)}) is homeomorphic to (R, τ_S ). Hence, ([a, b), τ(B)|_{[a,b)}) is homeomorphic to (R, τ_S ) in this case. Now, we suppose that B = {c_1, . . . , c_k} and k > 1. We take points d_1, . . . , d_k, d_{k+1} ∈ (a, b) such that a = d_1 < c_1 < d_2 < c_2 < · · · < d_k < c_k < d_{k+1} = b. Note that ([a, b), τ(B)|_{[a,b)}) is the topological sum ⊕^k_{i=1}([d_i, d_{i+1}), τ({c_i})|_{[di,di+1)}). By the argument above, all spaces of the sum are homeomorphic to (R, τ_S ). Thus, ([a, b), τ(B)|_{[a,b)}) is also homeomorphic to (R, τ_S ).

Assume now that the statement is valid for all countable ordinals ≤ α. Let ht(B) = α + 1. Hence B^{(α)} is finite. As we showed above, it is enough to check the case |B^{(α)}| = 1. Let B^{(α)} = {c}. Then we consider a strictly increasing sequence {l_i}^∞_{i=1} and a strictly decreasing sequence {r_i}^∞_{i=1} in [a, b) such that l_1 = a, r_1 = b, {l_i}^∞_{i=1} and {r_i}^∞_{i=1} converge to c w.r.t. τ_E , and {l_i}^∞_{i=1} ∩B = {r_i}^∞_{i=1} ∩B = ∅. Note that for each interval [l_i, l_{i+1}) (resp. [r_{i+1}, r_i)) the set B_{l,i} = B ∩ [l_i, l_{i+1}) (resp. B_{r,i} = B ∩ [r_{i+1}, r_i)) is compact in (R, τ_E ) and ht(B_{l,i}) ≤ α (resp. ht(B_{r,i}) ≤ α). By the inductive assumption the space ([l_i, l_{i+1}), τ(B)|_{[li ,li+1)}) = ([l_i, l_{i+1}), τ(B_{l,i})|_{[li ,li+1)}) (resp. ([r_{i+1}, r_i), τ(B)|_{[ri+1 ,ri)} = ([r_{i+1}, r_i), τ(B_{r,i})|_{[ri+1,ri)})) is homeomorphic to the space ([l_i, l_{i+1}), τ_S |_{[li,li+1)}) (resp. ([r_{i+1}, r_i), τ_S |_{[ri+1,ri)})) for each i. Then, by a similar argument as above, for the case |B| = 1, the space ([a, b), τ(B)|_{[a,b)}) is also homeomorphic to (R, τ_S ). □

Summarizing Corollary 2.1 and Proposition 2.2, we get

Theorem 2.1. Let A be a closed set in (R, τ_E ). Then the space (R, τ(A)) is homeomorphic to (R, τ_S ) iff |A| ≤ ℵ_0.

Question 2.1. Let A be a countable non-closed set in (R, τ_E ). Is (R, τ(A)) homeomorphic to (R, τ_S )?

(Especially, we are interested in the cases when A is dense in the space (R, τ_E ) and when A has a countable closure in the space (R, τ_E ).)

Proposition 2.3. Let A ⊆ R. Then the space (R, τ(A)) has a countable base iff |R \ A| ≤ ℵ_0. Moreover, if R \ A is countable and dense in the space (R, τ_E ) then the space (R, τ(A)) (in particular, the space (R, τ(P))) is additionally zerodimensional and nowhere locally compact, i.e. no open non-empty subset of (R, τ(A)) has a compact closure.

Proof: Sufficiency. Let |R \ A| ≤ ℵ_0. Consider a countable set B ⊂ A which is dense in the space (R, τ_E ). Note that the family B = {[x, x +^1_n , ) : x ∈ R \ A, n =

1, 2, . . . } ∪ {(x −^1_n , x +^1_n ) : x ∈ B, n = 1, 2, . . . } is a countable base for the topology τ(A). Necessity. Let |R \ A| > ℵ_0. Note that each uncountable subspace of (R, τ_S ) has weight > ℵ_0. Apply now Lemma 2.1.

Assume now that R \ A is countable and dense in the space (R, τ_E ). Note that the family B = {[a, b) : a < b; a, b ∈ R \ A} is a base for the space (R, τ(A)) consisting of clopen sets. So ind (R, τ(A)) = 0. Observe also that for any a, b ∈ R\A, such that a < b, the clopen set [a, b) of the space (R, τ(A)) can be written as the disjoint union ⊕^∞_{i=1}[a_i, a_{i+1}) of clopen sets there, where a_1 = a < a_2 < · · · < b, lim_{i→∞} a_i = b and a_i ∈ R \ A. This implies that no open non-empty subset of (R, τ(A)) has a compact closure. □

The next statement is evident.

Corollary 2.2. Let A, B ⊆ R such that |R \ A| > ℵ_0 and |R \ B| ≤ ℵ_0. Then the space (R, τ(A)) cannot be embedded into the space (R, τ(B)) (in particular, the space (R, τ(A)) is not homeomorphic to the space (R, τ(B))).

Remark 2.1. We have the following complement to the previous discussion. Recall (cf. [M]) that a subset of the Sorgenfrey line which is closed and dense in itself (in particular, the Cantor set with the Sorgenfrey topology after the isolated points have been removed) is homeomorphic to the Sorgenfrey line. So if R \ A is analytic and uncountable then the space (R, τ(A)) (in particular, the space (R, τ(Q)), where Q is the set of rational numbers) contains a copy of the Sorgenfrey line.

Taking into account the point (a) from the Introduction we may ask the following question.

Question 2.2. Let A ⊂ R such that |R \ A| = ℵ_0. What is the space (R, τ(A))?

(Especially, we are interested in the cases when the set R \ A is dense in the space (R, τ_E ) and when R \ A is closed in the space (R, τ_E )).

3. Common properties of (R, τ(A)), A ⊆ R

Let τ_1, τ_2 be topologies on a set X. Following [ChN] we say that the topology τ_2 on X is an admissible extension of τ_1 if

(i) τ_1 ⊆ τ_2; and (ii) τ_1 is a π-base for τ_2, i.e. for each non-empty element O of τ_2 there is a non-empty element V of τ_1 which is a subset of O.

Let us denote the closure (resp. the interior) of a subset A of the set X in the space (X, τ_i) by Cl_{τi} A (resp. Int_{τi} A), where i = 1, 2.

Lemma 3.1. Let X be a set and τ_1, τ_2 topologies on X such that τ_2 is an admissible extension of τ_1.

(a) If O is a non-empty element of τ_2 then O is a semi-open set of (X, τ_1), i.e. there is an element V of τ_1 such that V ⊆ O ⊆ Cl_{τ1} V ([L]).

(b) If Y ⊆ X then Int_{τ1} Cl_{τ1} Y = ∅ iff Int_{τ2} Cl_{τ2} Y = ∅.

(c) If (X, τ_1) is a Baire space then the space (X, τ_2) is also Baire.

(Moreover, if the Tychonoff product ∏ γ∈Γ(X_γ , τ^1_γ ) of spaces (X_γ , τ^1_γ ), γ ∈ Γ, is a Baire space and for each γ ∈ Γ the topology τ^2_γ is an admissible extension of the topology τ^1_γ then the Tychonoff product ∏ α∈A(X_γ , τ^2_γ ) of spaces (X_γ , τ^2_γ ), γ ∈ Γ, is also a Baire space.)

Proof: (a) Put V = Int_{τ1} O and note that V ≠ ∅. We will show that Cl_{τ1} V ⊇ O. In fact, assume that W = O \ Cl_{τ1} V ≠ ∅. Since τ_2 is an admissible extension of τ_1 then W ∈ τ_2 and there is ∅ ≠ U ∈ τ_1 such that U ⊆ W ⊆ O. It is easy to see that U must be a subset of V . We have a contradiction which proves the statement.

(b) Put O_1 = Int_{τ1} Cl_{τ1} Y and O_2 = O_1 \ Cl_{τ2} Y . Assume that O_2 ≠ ∅ and note that O_2 ∈ τ_2. Then there is ∅ ≠ O_3 ∈ τ_1 such that O_3 ⊆ O_2. Since O_3 ⊆ Cl_{τ1} Y we have O_3 ∩ Y ≠ ∅. This is a contradiction. So O_1 ⊆ Cl_{τ2} Y . This implies that O_1 ⊆ Int_{τ1} Cl_{τ2} Y ⊆ Int_{τ2} Cl_{τ2} Y . Hence if Int_{τ1} Cl_{τ1} Y ≠ ∅ then Int_{τ2} Cl_{τ2} Y ≠ ∅.

Assume now that O_2 = Int_{τ2} Cl_{τ2} Y ≠ ∅. Note that there is ∅ ≠ O_1 ∈ τ_1 such that O_1 ⊆ O_2. Since O_2 ⊆ Cl_{τ2} Y ⊆ Cl_{τ1} Y we have that O_1 ⊆ Int_{τ1} Cl_{τ1} Y ≠ ∅. The equivalence is proved.

(c) Let Y =

⋃_∞ i=1 Y_i, each Y_i be closed in the space (X, τ_2) and Int_{τ2} Y_i = ∅.

By (b) we have that Int_{τ1} Cl_{τ1} Y_i = ∅ for each i. Since the space (X, τ_1) is Baire, we have Int_{τ1} (

⋃_∞ i=1 Cl_{τ1} Y_i) = ∅. Assume that O_2 = Int_{τ2} (

⋃_∞ i=1 Y_i) ≠ ∅. Note that there is ∅ ≠ O_1 ∈ τ_1 such that O_1 ⊆ O_2. Hence, O_1 ⊆ Int_{τ1} (

⋃_∞

i=1 Y_i) ≠ ∅.

Since ∅ ≠ Int_{τ1} (

⋃_∞ i=1 Y_i) ⊆ Int_{τ1} (

⋃_∞

i=1 Cl_{τ1} Y_i) = ∅, we have a contradiction which proves (c). □

Proposition 3.1. Let A ⊆ R. Then

(a) τ(A) is an admissible extension of τ_E , (b) each element of τ(A) is a semi-open set of (R, τ_E ), (c) the space (R, τ(A)) is regular, hereditarily Lindelöf (hence, it is hereditarily paracompact) and hereditarily separable, (d) the space (R, τ(A)) is Baire

(moreover, any Tychonoff product ∏ γ∈Γ(R, τ(A_γ )) of spaces (R, τ(A_γ )), where A_γ ⊆ R and γ ∈ Γ, is a Baire space).

Proof: (a) is evident. (b) follows from (a) and Lemma 3.1(a). (c) Note that (R, τ(A)) is evidently regular. Since R = A ∪ (R \ A) and τ(A)|_A = τ_E |_A, τ(A)|_{R\A} = τ_S |_{R\A}, we have that the space (R, τ(A)) is hereditarily Lindelöf and hereditarily separable. (d) Since the space (R, τ_E ) is Baire and the topology τ(A) is an admissible extension of τ_R, it follows from Lemma 3.1(c) that the space (R, τ(A)) is also Baire. □

Corollary 3.1. Let A ⊆ R be such that R \ A is countable and dense in the space (R, τ_E ). Then the space (R, τ(A)) is nowhere locally σ-compact (i.e. no non-empty open set is σ-compact).

Proof: Assume that there is an open non-empty subset O of (R, τ(A)) which is σ-compact, i.e. O =

⋃_∞ i=1 K_i, where every K_i is compact in (R, τ(A)). Since the subspace O of the space (R, τ(A)) is Baire, the interior V of some K_i in the space (R, τ(A)) is non-empty. Recall that V contains the set [a, b) for some points a, b from R \ A which is clopen and noncompact in the space (R, τ(A)) (see the proof of Proposition 2.3). Since the set [a, b) is closed in the compactum K_i, we have a contradiction. □

It is well known that the real line (in our notations the space (R, τ(R))) is topologically complete but the Sorgenfrey line (in our notations the space (R, τ(∅))) is not topologically complete (cf. [T]).

Question 3.1. For what A ⊆ R is the space (R, τ(A)) topologically complete?

(Since the space of irrational numbers in the realm of separable metrizable spaces is the topologically unique non-empty, topologically complete, nowhere locally compact and zero-dimensional space (cf. [vM]), we are especially interested in the case when the set R \ A is dense in the space (R, τ_E ) and countable.)

Recall ([AL]) that a space is almost complete if it contains a dense topologically complete subspace. Note that if the set R\A is dense in the real line and countable then the set R \ A (resp. A) with the Sorgenfrey (resp. the real line) topology is homeomorphic to the space of rational (resp. irrational) numbers. Hence the space (R, τ(A)) contains a dense subset which is homeomorphic to the space of irrational (resp. rational) numbers and so it is almost complete.

We continue with the following examples.

Example 3.1. Let J be an interval on the real line R. Denote by P (J) the set of irrational numbers of J and by P^Q(J) any countable dense subset of P (J). Note that the space P (J) and its subspace P (J)\P^Q(J) are homeomorphic to the space of irrational numbers of the real line, and the space P^Q(J) is homeomorphic to the space of rational numbers of the real line. Moreover, the set P (J) \ P^Q(J) is dense in the space P (J).

Let us consider the following subspaces in the real plane R^2

X = (P^Q([0, 1]) × {0}) ∪ ∞⋃ i=0 ( ⋃ {{ j 2^i

} × P ([0, 1 2^i

]) : j is odd and 0 < j < 2^i}),

Y = (P^Q([0, 1]) × {0}) ∪ ∞⋃ i=0 ( ⋃ {{ j 2^i

} × P^Q([0, 1 2^i

]) : j is odd and 0 < j < 2^i})

and Z = X \ Y .

Note that the sets Y, Z are dense in X, the space Z (resp. Y ) is homeomorphic to the space of irrational (resp. rational) numbers of the real line, and the space X is almost complete, non topologically complete, zero-dimensional and nowhere locally σ-compact.

It is interesting to know what conditions on an almost complete separable metrizable space imply the topological completeness. Let us remind (cf. [CP])

196 V.A. Chatyrko, Y. Hattori

that the Sorgenfrey line is not even almost complete. So one can also ask for what A ⊆ R the space (R, τ(A)) is almost complete.

References

[AL] Aarts J.M., Lutzer D.J., Completeness properties designed for recognizing Baire spaces, Dissertationes Math. 116 (1974), 48pp.

[CP] Chaber J., Pol R., Completeness, in Encyclopedia of General Topology, Elsevier, 2004, pp. 251–254.

[ChN] Chatyrko V.A., Nyagaharwa V., On the families of sets without the Baire property generated by Vitali sets, P-Adic Numbers Ultrametric Anal. Appl. 3 (2011), no. 2, 100– 107.

[E] Engelking R., General Topology, Heldermann Verlag, Berlin, 1989. [E-J] Espelie M.S., Joseph J.E., Compact subspaces of the Sorgenfrey line, Math. Magazine 49 (1976), 250–251.

[H] Hattori Y., Order and topological structures of posets of the formal balls on metric spaces, Mem. Fac. Sci. Eng. Shimane Univ. Ser. B Math. Sci. 43 (2010), 13–26.

[vM] van Mill J., The Infinite-Dimensional Topology of Function Spaces, Elsevier, Amsterdam, 2001.

[M] Moore J.T., Tasting the curious behavior of the Sorgenfrey line, Master of Arts Thesis, Miami University, Oxford, OH, 1996.

[L] Levine N., Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–41.

[T] Tkachuk V.V., A C_p Theory Problem Book. Topological and Function Spaces, Springer, New York, Dordrecht, Heidelberg, London, 2011.

Department of Mathematics, Linkoping University, 581 83 Linkoping, Sweden E-mail: vitja@mai.liu.se

Department of Mathematics, Shimane University, Matsue, Shimane, 690-8504 Japan E-mail: hattori@riko.shimane-u.ac.jp

(Received January 28, 2013)