Comment.Math.Univ.Carolin. 52,1 (2011) 127–137 127

Berezin-Weyl quantization for Cartan motion groups

Benjamin Cahen

Abstract. We construct adapted Weyl correspondences for the unitary irreducible representations of the Cartan motion group of a noncompact semisimple Lie group by using the method introduced in [B. Cahen, Weyl quantization for semidirect products, Differential Geom. Appl. 25 (2007), 177–190].

Keywords: semidirect product, Cartan motion group, unitary representation, semisimple Lie group, symplectomorphism, coadjoint orbit, Weyl quantization, Berezin quantization

Classification: 22E45, 22E46, 22E70, 22E15, 81S10, 81R05

1. Introduction

In [3] and [4], we introduced the notion of adapted Weyl correspondence as a generalization of the usual quantization rules [1], [15]. The present paper is part of a larger program to study adapted Weyl correspondences for semisimple Lie groups and for semidirect products.

Let G be a connected Lie group, g the Lie algebra of G and g^∗ the dual space of g. Let π be a unitary irreducible representation of G on a Hilbert space H. Suppose that π is associated with an orbit O for the coadjoint action of G on g^∗ by the Kostant-Kirillov method of orbits [18], [20]. In [6], we gave the following definition for the notion of adapted Weyl correspondence.

Definition 1.1. An adapted Weyl correspondence is an isomorphism W from a vector space A of complex-valued smooth functions on the orbit O (called symbols) onto a vector space B of (not necessarily bounded) linear operators on H satisfying the following properties:

(1) the elements of B preserve a fixed dense domain D of H; (2) the constant function 1 belongs to A, the identity operator I belongs to B and W (1) = I;

(3) A ∈ B and B ∈ B implies AB ∈ B;

(4) for each f in A the complex conjugate f̄ of f belongs to A and the adjoint of W (f) is an extension of W (f̄);

(5) the elements of D are C^∞-vectors for the representation π, the functions X̃ (X ∈ g) defined on O by X̃(ξ) = ⟨ξ, X⟩ are in A and W (iX̃) v = dπ(X)v for each X ∈ g and each v ∈ D.

Adapted Weyl correspondences were obtained in various situations, see the introduction of [6]. In particular, we constructed adapted Weyl correspondences for the principal series representations of a noncompact semisimple Lie group in [3] and [7]. We also obtained adapted Weyl correspondences for the unitary irreducible representations of the semidirect product V ⋊ K of the real vector space V by a Lie group K acting linearly on V in the following situations:

(1) K is a connected noncompact semisimple Lie group and the little group associated with the representation of V × K is a maximal compact subgroup of K [6];

(2) K is a connected compact semisimple Lie group and the little group is the centralizer of a torus of K [10].

Let us mention that adapted Weyl correspondences have various applications in Harmonic Analysis and Deformation Theory as the construction of covariant star-products on coadjoint orbits [3] and the study of contractions of Lie group unitary representations [13], [5], [8], [9]. Recently, in [11], we have studied a contraction of the principal series of a semisimple Lie group to the unitary irreducible representations of its Cartan motion group by using the deformed Weyl calculus introduced in [3].

The present paper can be considered as a sequel of [6] and [10]. Let G_0 be a connected noncompact semisimple Lie group with Lie algebra g_0 and let K be a maximal compact subgroup of G_0. Then we have the Cartan decomposition g_0 = k ⊕ V where k is the Lie algebra of K and V is an Ad(K)-invariant subspace of g_0. The Cartan motion group associated with the pair (G_0, K) is the semidirect product V ⋊ K formed with respect to the adjoint action of K on V .

It is known for a long time that the unitary irreducible representations of V ⋊ K are similar to the principal series representations of G_0 [21]. This has been illustrated by means of contractions of representations in [14] (see also [11]). Here, we exploit this similarity to construct adapted Weyl correspondences for unitary irreducible representations of V ⋊ K as it was done for principal series representations of G_0 in [7]. The method is essentially the same as in [6] and the explicit computations are partially based on those of [7].

More precisely, let O be a coadjoint orbit of V ⋊ K which is associated with a generic unitary irreducible representation π of V ⋊ K. We realize π on a Hilbert space of functions on R^n where n = (1/2) dim O and we compute the corresponding derived representation dπ (Section 3). We dequantize dπ by using a combination of the usual Weyl calculus on R^{2n} and of the Berezin calculus on the little group orbit O^′ (Section 4). Then we obtain an explicit symplectomorphism from R^{2n} ×O^′ onto a dense open subset of O and an adapted Weyl correspondence on O (Section 5). In the case when G_0 is a complex Lie group, we verify that the adapted Weyl correspondence coincide with that of [10].

2. Preliminaries

In this section, we introduce some general facts on noncompact semisimple Lie groups and Cartan motion groups. Our main references are [16, Chapter VI], [19, Chapter V] and [22].

Let G_0 be a connected noncompact semisimple real Lie group with finite center. Let g_0 be the Lie algebra of G_0. We denote by β the Killing form of g_0 defined by β(X, Y ) = Tr(ad X ad Y ) for X and Y in g_0. Let θ be a Cartan involution of g_0 and let g_0 = k ⊕ V be the corresponding Cartan decomposition of g_0. Let K be the connected compact (maximal) subgroup of G_0 with Lie algebra k. Let a be a maximal abelian subalgebra of V and let M be the centralizer of a in K. Let m denote the Lie algebra of M. Let Δ := Δ(a, g_0) be the set of restricted roots and let g_0 = a ⊕ m ⊕ ∑ λ∈Δ g_λ

be the root space decomposition of g_0. We fix a Weyl chamber in a and we denote by Δ^+ the corresponding set of positive roots. We set n = ∑ λ∈Δ^+ gλ and

n̄ = ∑ λ∈Δ^+ g−λ. Then n̄ = θ(n). Let A, N and N̄ denote the analytic subgroups

of G with algebras a, n and n̄, respectively.

Recall that N̄MAN is a open dense subset of G. We denote by g = n̄(g)m(g)a(g)n(g) the decomposition of g ∈ N̄MAN. Also, recall that we have the Iwasawa decomposition G = KAN. We denote by g = k̃(g)ã(g)ñ(g) the decomposition of g ∈ G.

The Cartan motion group associated with the pair (G_0, K) is the semidirect product G := V ⋊ K. The group law of G is given by

(v, k).(v^′, k^′) = (v + Ad(k)v^′, kk^′)

for v, v^′ in V and k, k^′ ∈ K. The Lie algebra g of G is the space V × k endowed with the Lie bracket

[(w, U), (w^′, U^′)] = ([U, w^′]_0 − [U^′, w]_0, [U, U^′]_0)

where [·, ·]_0 denotes the Lie bracket of g_0.

Recall that β is positive defined on V and negative defined on k [16, p. 184]. Then, by using β, we can identify V^∗ with V and k^∗ with k, hence g^∗ ≃ V^∗ × k^∗ with V × k. Under this identification, the coadjoint action of G on g^∗ ≃ V × k is given by

(v, k) · (w, U) = (Ad(k)w, Ad(k)U + [v, Ad(k)w]_0) for v, w in V , k in K and U in k. This is a particular case of the general formula for the coadjoint action of a semidirect product, see for instance [22].

Let p^c_k and p^c_V be the projections of g_0 on k and V associated with the decomposition g_0 = k ⊕ V . Recall that an element ξ_1 of a is said to be regular if λ(ξ_1) ≠ 0 for each λ ∈ Δ. We shall need the following lemma.

Lemma 2.1. For each regular element ξ_1 of a, the space ad ξ_1 (V ) is the orthogonal complement of m in k.

Proof: For each λ ∈ Δ^+, let E_λ ≠ 0 be in g_λ. Note that the space p^c_k(n) = p^c_k(n̄) is generated by the elements E_λ + θ(E_λ) and hence orthogonal to m. Now, by applying successively p^c_k and p^c_V to the decomposition g_0 = m + a + n + n̄ we get the decompositions k = m+p^c_k(n) and V = a+p^c_V (n). This shows that p^c_k(n) is the orthogonal complement of m in k. On the other hand, since p^c_V (n) is generated by the elements E_λ − θ(E_λ), we see that the space ad ξ_1 (V ) is generated by the elements ad ξ_1 (E_λ − θ(E_λ)) = λ(ξ_1)(E_λ + θ(E_λ)) where λ(ξ_1) ≠ 0 for λ ∈ Δ. Hence ad ξ_1 (V ) = p^c_k(n) is the orthogonal complement of m in k. □

The coadjoint orbits of the semidirect product of a Lie group by a vector space were described in [22]. For each (w, U) ∈ g^∗ ≃ g, we denote by O(w, U) the orbit of (w, U) under the coadjoint action of G. The following lemma shows that, for almost all (w, U), the orbit O(w, U) is of the form O(ξ_1, ξ_2) with ξ_1 ∈ a and ξ_2 ∈ m.

Lemma 2.2. (1) Let O be a coadjoint orbit for the coadjoint action of G on g^∗ ≃ g. Then there exists an element of O of the form (ξ_1, U) with ξ_1 ∈ a. Moreover, if ξ_1 is regular then there exists ξ_2 ∈ m such that (ξ_1, ξ_2) ∈ O.

(2) Let ξ_1 be a regular element of a. Then M is the stabilizer of ξ_1 in K.

Proof: (1) Let (w, U) ∈ O. For each k ∈ K we have (0, k) · (w, U) = (Ad(k)w, Ad(k)U). By [19, p. 120], we have Ad(K)a = V and then one can choose k ∈ K so that Ad(k)w ∈ a. We set ξ_1 := Ad(k)w. If we assume that ξ_1 is regular then, by Lemma 2.1, we can write U = ξ_2 + [ξ_1, v] where ξ_2 ∈ m and v ∈ V . Then (ξ_1, U) = (v, e) · (ξ_1, ξ_2). Hence O = O(ξ_1, ξ_2).

(2) By [7, Lemma 4.2], the stabilizer of ξ_1 in g_0 is MA. Then, the stabilizer of ξ_1 in K is MA ∩ K = M. □

Let ξ_1 ∈ a be a regular element. Denote by O_V (ξ_1) the orbit of ξ_1 in V under the action of K. In the next section, we shall need the chart on O_V (ξ_1) ≃ K/M which is given by the following lemma.

Lemma 2.3 ([26, Lemma 7.6.8]). The map τ : y → Ad(k̃(y))ξ_1 is a diffeomorphism from N̄ onto a dense open subset of O_V (ξ_1). Let us consider the action of k ∈ K on y ∈ N̄ defined by τ(k · y) = Ad(k)τ(y) or, equivalently, by k · y = n̄(ky). Then the K-invariant measure on N̄ is given by e^{−2ρ(log ã(y))}dy where dy is a Haar measure on N̄.

In the rest of the paper, we fix the normalization of dy as follows. Let (E_i)_{1≤i≤n} be an orthonormal basis of n̄ with respect to the scalar product defined by

(Y, Z) := −β(Y, θ(Z)). Denote by (y_1, y_2, . . . , y_n) the coordinates of Y ∈ n̄ in this basis and let dY = dy_1dy_2 . . . dy_n be the Euclidean measure on n̄. The exponential map exp is a diffeomorphism from n̄ onto N̄ and we set dy := (exp^{−1})^∗(dY ).

We shall also denote by k · Y the action of k ∈ K on Y ∈ n̄ defined by exp(k · Y ) = k · exp(Y ).

3. Representations

We retain the notation of Section 2. Let ξ_1 ∈ a be a regular element and let ξ_2 ∈ m. We denote by o(ξ_2) the orbit of ξ_2 under the adjoint action of M on m. Let σ be a unitary irreducible representation of M on a complex (finite-dimensional) vector space E. In the rest of the paper, we assume that σ is associated with the orbit o(ξ_2) in the following sense, see [27, Section 4]. Given a maximal torus T of M with Lie algebra t and a set of positive roots in Δ(t^C , m^C ), the element iβ(ξ_2, ·) of it^∗ is the highest weight of σ. Under these assumptions, the orbit O(ξ_1, ξ_2) is associated with the unitarily induced representation

π̂ = Ind^G_{V ×M} ( e^{iβ(ξ1 ,·)} ⊗ σ )

(see [20], [22] and [23]). By a result of Mackey, π̂ is irreducible since σ is irreducible [24, p. 149]. Moreover, in the terminology of [22] and [23], the group M is called the little group and the orbit o(ξ_2) the little orbit.

The representation π̂ is usually realized on the space of square-integrable sections of a Hermitian vector bundle over O_V (ξ_1), see [10], [22]. Following [23] and using Lemma 2.3 and the section y → k̃(y) from N̄ to K, we immediately obtain the realization π_0 of π̂ defined by (π_0(v, k)ψ)(y) = e^{iβ(Ad(k̃(y))ξ1,v)} σ (~ k(y)^{−1}kk̃(k^{−1} · y) ) ψ(k^{−1} · y) on the Hilbert space H_0 which is the completion of the space of compactly supported smooth functions ψ : N̄ → E with respect to the norm

‖ψ‖^2_0 = ∫ N̄ ⟨ψ(y), ψ(y)⟩_E e^{−2ρ(log ã(y))} dy. For the Weyl calculus, it is more convenient to realize π̂ on the Hilbert space H := L^2(n̄, E) which is the completion of the space C_0(n̄, E) of compactly supported smooth functions ϕ : n̄ → E with respect to the norm

‖ϕ‖^2 = ∫ n̄ ⟨ϕ(Y ), ϕ(Y )⟩_E dY. To this end, we use the unitary isomorphism B from H onto H_0 defined by B(ϕ)(exp Y ) = e^{ρ(log ã(y))}ϕ(Y ) and we set π(g) := B^{−1}π_0(g)B for g ∈ G. We immediately obtain, for (v, k) ∈ G, (π(v, k)ϕ)(Y ) = e^{iβ(Ad(k̃(y))ξ1,v)+ρ(log ã(k−1 ·y)−log ã(y))} σ(m(k, y))ϕ(k^{−1} · Y ) where we have set y = exp Y and m(k, y) := k̃(y)^{−1}kk̃(k^{−1} · y) ∈ M. This formula can be simplified as follows. Let k ∈ K and y ∈ N̄. Write k^{−1}y = n̄(k^{−1}y)m(k^{−1}y)a(k^{−1}y)n(k^{−1}y). Then k^{−1}k̃(y) = k̃(n̄(k^{−1}y))m(k^{−1}y). Thus m(k, y) = m(k^{−1}y)^{−1}. Also, we have that

ã(y) = ã(k^{−1}y) = ã(n̄(k^{−1}y))a(k^{−1}y) = ã(k^{−1} · y)a(k^{−1}y).

This gives

(π(v, k)ϕ)(Y ) = e^{−ρ(log a(k−1 exp Y ))+iβ(Ad(k̃(exp Y ))ξ1,v)} σ(m(k^{−1} exp Y ))^{−1}

× ϕ(log n̄(k^{−1} exp Y )).

Now, we compute the derived representation dπ. Let p_a, p_m and p_{n̄} be the projections of g_0 onto a, m and n̄ associated with the direct decomposition g_0 = a + m + n + n̄. For X ∈ n̄ we denote by X^+ the right invariant vector field on N̄ generated by X, that is, X^+(y) =^d_{dt} (exp tX)y | |_{t=0} for y ∈ N̄.

Lemma 3.1 ([7]). (1) For each X ∈ n̄ and each Y ∈ n̄, we have

d log(exp Y ) ( X^+(exp Y ) ) = ad Y e^{ad Y} − 1 (X). (2) For each X ∈ g_0 and each y ∈ N̄, we have d dt a(exp(tX)y) | |_{t=0} = pa(Ad(y^{−1})X) d dt m(exp(tX)y) | |_{t=0} = pm(Ad(y^{−1})X) d dt n̄(exp(tX)y) | | t=0 = ( Ad(y) p_{n̄}(Ad(y^{−1}) X)

)_+ (y). From this lemma, we immediately deduce the following proposition.

Proposition 3.2. For each (w, U) ∈ g, ϕ ∈ C_0(n̄, E) and Y ∈ n̄, we have (dπ(w, U)ϕ)(Y ) = iβ ( Ad(k̃(exp Y ))ξ_1, w ) ϕ(Y ) + ρ ( p_a(Ad(exp(−Y ))U) ) ϕ(Y ) + dσ ( p_m(Ad(exp(−Y ))U) ) ϕ(Y ) − dϕ(Y ) ( ad Y 1 − e^{− ad Y} p_{n̄}(Ad(exp(−Y )) U) ) .

4. Dequantization

In this section,we first introduce the Berezin-Weyl calculus on n̄^2 ×o(ξ_2). Recall that the Berezin calculus on o(ξ_2) associates with each operator B on the finitedimensional complex vector space E a complex-valued function s(B) on the orbit o(ξ_2) called the symbol of the operator B (see [2]). The following properties of the Berezin calculus are well-known, see [12], [3], [10].

Proposition 4.1. (1) The map B → s(B) is injective.

(2) For each operator B on E, we have s(B^∗) = s(B).

(3) For each operator B on E, each m ∈ M and each φ ∈ o(ξ_2), we have s(B)(Ad(m)φ) = s(σ(m)^{−1}Bσ(m))(φ). (4) For X ∈ m and φ ∈ o(ξ_2), we have s(dσ(X))(φ) = iβ(φ, X).

In particular, we see that the map s^{−1} is an adapted Weyl transform on o(ξ_2) in the sense of Definition 1.1.

We say that a complex-valued smooth function f : (Y, Z, φ) → f(Y, Z, φ) is a symbol on n̄^2 × o(ξ_2) if for each (Y, Z) ∈ n̄^2 the function φ → f(Y, Z, φ) is the symbol in the Berezin calculus on o(ξ_2) of an operator on E denoted by f̂(Y, Z). A symbol f on n̄^2 × o(ξ_2) is called an S-symbol if the function f̂ belongs to the Schwartz space of rapidly decreasing smooth functions on n̄^2 with values in End(E). The Weyl calculus for End(E)-valued functions is a slight refinement of the usual Weyl calculus for complex-valued functions [17], [15]. For each S-symbol on n̄^2 × o(ξ_2), we define the operator W(f) on the Hilbert space L^2(n̄, E) by

(4.1) (W(f)ϕ)(Y ) = (2π)^{−n} ∫ n̄^2 e^{i( T,Z )}f̂ ( Y + 1 2 T, Z ) ϕ(Y + T ) dT dZ for ϕ ∈ C_0(n̄, E).

It is well-known that the Weyl calculus can be extended to much larger classes of symbols (see for instance [17]). Here we only consider a class of polynomial symbols. We say that a symbol f on n̄^2×o(ξ_2) is a P-symbol if the function f̂(Y, Z) is polynomial in the variable Z. Let f be the P-symbol defined by f(Y, Z, φ) = u(Y )Z^α where u ∈ C^∞(n̄) and Z^α := z^{α1}_1 z^{α2}_2 . . . z^{αn}_n for each multi-index α = (α_1, α_2, . . . , α_n). Then, by [25], we have

(4.2) (W(f)ϕ)(Y ) = ( i ∂ ∂Z )_α ( u(Y + 1 2 Z) ϕ(Y + Z) ) | | |_{Z=0}. In particular, if f(Y, Z, φ) = u(Y ) then (W(f)ϕ)(Y ) = u(Y ) ϕ(Y ) and if f(Y, Z, φ) = u(Y )z_k then (4.3) (W(f)ϕ)(Y ) = i ( 1 2 ∂_ku(Y ) ϕ(Y ) + u(Y )∂_k ϕ(Y ) )

where ∂_k denotes partial derivative with respect to the variable y_k.

We need the following lemma. The trace of an endomorphism u of n̄ is denoted by Tr_{n̄} u.

Lemma 4.2. For U ∈ k let c_U : n̄ → n̄ be the map defined by

c_U (Y ) = s(ad Y )p_{n̄}(Ad(exp(−Y )) U) where s is the function defined by s(z) =^{ez}_{1−e−z} for z ≠ 0 and s(0) = 1. Then we have Tr_{n̄} dc_U (Y ) = −2ρ (p_a(Ad(exp(−Y )) X)) .

Proof: This is a particular case of [7, Lemma 3.3]. □ Then we get the following proposition.

Proposition 4.3. For each (w, U) ∈ g, the Berezin-Weyl symbol of the operator −idπ(w, U) is the P-symbol f_{(w,U)} on n̄^2 × o(ξ_2) defined by f_{(w,U)}(Y, Z, φ) = β ( Ad(k̃(exp Y )) ξ_1, w ) + β ( p_m(Ad(exp(−Y ))U), φ ) + (c_U (Y ), Z).

Proof: Set c^k_U (Y ) = (c_U (Y ), E_k) for each k = 1, 2, . . . , n. By using (4) of Proposition 4.1 and Formula (4.3), we immediately see that the symbol of −idπ(w, U) is f_{(w,U)}(Y, Z, φ) = −iρ (p_a(Ad(exp(−Y ))U)) + β ( Ad(k̃(exp Y ))ξ_1, w )

+ β (p_m(Ad(exp(−Y ))U), φ) + n∑ k=1 c^k_U (Y )z_k − i 2 n∑ k=1 ∂_kc^k_U (Y ). But by Lemma 4.2, we have − i 2 n∑ k=1 ∂_kc^k_U (Y ) = − i 2 Tr_{n̄} (dc_U (Y )) = iρ (p_a(Ad(exp(−Y ))U)) .

The result follows. □ 5. Adapted Weyl correspondence

In this section, we use the dequantization procedure of Section 4 in order to obtain an explicit diffeomorphism from n̄^2 × o(ξ_2) onto the dense open subset Õ(ξ_1, ξ_2) of O(ξ_1, ξ_2) defined by Õ(ξ_1, ξ_2) = {(v, k) · (ξ_1, ξ_2) : v ∈ V, k ∈ K ∩ N̄MAN} and then to construct an adapted Weyl correspondence on O(ξ_1, ξ_2). Proposition 5.1. Let Ψ be the map from n̄^2 × o(ξ_2) to g defined by Ψ(Y, Z, φ) = ( Ad(k̃(exp Y ))ξ_1 , p^c_k ( Ad(exp Y ) ( φ + p_n

(_{ad Y}

e^{ad Y} −1 θ(Z) )))) . Then, for each (w, U) ∈ g, we have f_{(w,U)}(Y, Z, ϕ) = ⟨Ψ(Y, Z, φ), (w, U)⟩.

Proof: We use Proposition 4.3. Note that we have β(a + m, n + n̄) = (0), β(n, n) = (0) and β(n̄, n̄) = (0). Then for (Y, Z, φ) ∈ n̄^2 × o(ξ_2) and (w, U) ∈ g, we can write

(c_U (Y ), Z) = −β(c_U (Y ), Z) = −β ( ad Y 1 − e^{− ad Y} p_{n̄}(Ad(exp(−Y )) U), θ(Z) )

= β ( p_{n̄}(Ad(exp(−Y )) U), ad Y e^{ad Y} − 1 θ(Z) )

= β ( Ad(exp(−Y )) U, p_n ( ad Y e^{ad Y} − 1 θ(Z) ))

= β ( U, p^c_k ( Ad(exp Y ) p_n ( ad Y e^{ad Y} − 1 θ(Z) ))) . Similarly, we have

β(φ, p_m(Ad(exp(−Y ))U)) = β(φ, Ad(exp(−Y ))U) = β(Ad(exp Y )φ, U).

The result then follows from Proposition 4.3. □

Let ω and ω_0 be the Kirillov 2-forms on O(ξ_1, ξ_2) and o(ξ_2), respectively. We endow n̄^2 with the symplectic form dY ∧ dZ := ∑_n k=1 dy_k ∧ dz_k. Proposition 5.2. The map Ψ is a symplectomorphism from the symplectic product (n̄^2 × o(ξ_2), (dY ∧ dZ) ⊗ ω_0) onto (Õ(ξ_1, ξ_2), ω|_{Õ(ξ1 ,ξ2)}).

Proof: The proof is similar to that of Proposition 6.2 in [10]. □

Now, we obtain an adapted Weyl transform on O(ξ_1, ξ_2) by transferring to O(ξ_1, ξ_2) the Berezin-Weyl calculus on n̄^2 × o(ξ_2). We say that a smooth function f on O(ξ_1, ξ_2) is a symbol on O(ξ_1, ξ_2) (respectively a P-symbol, an S-symbol) if f ∘ Ψ is a symbol (respectively a P-symbol, an S-symbol) for the Berezin-Weyl calculus on n̄^2 × o(ξ_2).

Proposition 5.3. Let A be the space of P-symbols on O(ξ_1, ξ_2) and let B be the space of differential operators on n̄ with coefficients in C^∞(n̄, E). Then the map W : A → B that assigns to each f ∈ A the operator W(f ∘ Ψ) on L^2(n̄, E) is an adapted Weyl correspondence in the sense of Definition 1.1.

Proof: Properties (1), (2) and (3) of the definition of an adapted Weyl correspondence are clearly satisfied with D = C_0(n̄, E). Property (4) follows from (2) of Proposition 4.1 and from the similar result for the usual Weyl calculus, see [17]. Finally, Property (5) is an immediate consequence of Proposition 4.1. □

Finally, let us consider the case when G_0 is a complex Lie group. In this case, we have V = ik and M is the maximal torus exp(ia) of K [19, p. 143 and p. 468].

136 B. Cahen

Moreover, o(ξ_2) reduces to the point ξ_2, σ is a character of M and E = C . So, the map W is just the usual Weyl calculus.

Note that the construction of [10] can also be applied in this case. In [10], we have defined a symplectomorphism Ψ_0 from n^2 onto Õ(ξ_1, ξ_2) and an adapted Weyl correspondence W_0 on O(ξ_1, ξ_2). We can easily verify that Ψ(Y, Z) = Ψ_0(θ(Y ), θ(Z)) for each (Y, Z) ∈ n̄ × n̄ and that the spaces of symbols for W and for W_0 are the same. Moreover, choosing the orthonormal basis for n̄ in Section 2 and for n in [10] in compatible ways, we have that W_0(f)(ϕ ∘ θ) = (W (f)ϕ) ∘ θ for each S-symbol f on O(ξ_1, ξ_2) and for each ϕ ∈ C_0(n̄).

References

[1] Ali S.T., Engliš M., Quantization methods: a guide for physicists and analysts, Rev. Math.

Phys. 17 (2005), no. 4, 391–490.

[2] Berezin F.A., Quantization, Izv. Akad. Nauk SSSR Ser. Mat. 38 (1974), 1116–1175. [3] Cahen B., Deformation program for principal series representations, Lett. Math. Phys. 36 (1996), 65–75.

[4] Cahen B., Quantification d’une orbite massive d’un groupe de Poincaré généralisé, C. R.

Acad. Sci. Paris Sér. I Math. 325 (1997), 803–806.

[5] Cahen B., Contractions of SU(1, n) and SU(n+1) via Berezin quantization, J. Anal. Math.

97 (2005), 83–102.

[6] Cahen B., Weyl quantization for semidirect products, Differential Geom. Appl. 25 (2007), 177–190.

[7] Cahen B., Weyl quantization for principal series, Beiträge Algebra Geom. 48 (2007), no. 1, 175–190.

[8] Cahen B., Contraction of compact semisimple Lie groups via Berezin quantization, Illinois J. Math. 53 (2009), no. 1, 265–288.

[9] Cahen B., Contraction of discrete series via Berezin quantization, J. Lie Theory 19 (2009), 291–310.

[10] Cahen B., Weyl quantization for the semi-direct product of a compact Lie group and a vector space, Comment. Math. Univ. Carolin. 50 (2009), no. 3, 325–347.

[11] B. Cahen, A contraction of the principal series by Berezin-Weyl quantization, Univ. Metz, preprint, 2010.

[12] Cahen M., Gutt S., Rawnsley J., Quantization on Kähler manifolds I. Geometric interpretation of Berezin quantization, J. Geom. Phys. 7 (1990), 45–62.

[13] Cotton P., Dooley A.H., Contraction of an adapted functional calculus, J. Lie Theory 7 (1997), 147–164.

[14] Dooley A.H., Rice J.W., On contractions of semisimple Lie groups, Trans. Amer. Math.

Soc. 289 (1985), 185–202.

[15] Folland B., Harmonic Analysis in Phase Space, Princeton Univ. Press, Princeton, 1989. [16] Helgason S., Differential Geometry, Lie Groups and Symmetric Spaces, Graduate Studies in Mathematics, 34, American Mathematical Society, Providence, Rhode Island, 2001.

[17] Hörmander L., The Analysis of Linear Partial Differential Operators, Vol. 3, Section 18.5, Springer, Berlin, Heidelberg, New-York, 1985.

[18] Kirillov A.A., Lectures on the Orbit Method, Graduate Studies in Mathematics, 64, American Mathematical Society, Providence, Rhode Island, 2004.

[19] Knapp A.W., Representation Theory of Semisimple Groups. An Overview Based on Examples, Princeton Math. Series, 36, Princeton University Press, Princeton, NJ, 1986.

[20] B. Kostant, Quantization and unitary representations, in Modern Analysis and Applications, Lecture Notes in Mathematics, 170, Springer, Berlin, Heidelberg, New-York, 1970, pp. 87–207.

[21] Mackey G., On the analogy between semisimple Lie groups and certain related semi-direct product groups, in Lie Groups and their Representations, I.M. Gelfand Ed., Hilger, London, 1975.

[22] Rawnsley J.H., Representations of a semi direct product by quantization, Math. Proc.

Camb. Phil. Soc. 78 (1975), 345–350.

[23] Simms D.J., Lie Groups and Quantum Mechanics, Lecture Notes in Mathematics, 52, Springer, Berlin, Heidelberg, New-York, 1968.

[24] Taylor M.E., Noncommutative Harmonis Analysis, Mathematical Surveys and Monographs, 22, American Mathematical Society, Providence, Rhode Island, 1986.

[25] Voros A., An algebra of pseudo differential operators and the asymptotics of quantum mechanics, J. Funct. Anal. 29 (1978), 104–132.

[26] Wallach N.R., Harmonic Analysis on Homogeneous Spaces, Pure and Applied Mathematics, 19, Marcel Dekker, New-York, 1973.

[27] Wildberger N.J., On the Fourier transform of a compact semisimple Lie group, J. Austral.

Math. Soc. Ser. A 56 (1994), 64–116.

Université de Metz, UFR-MIM, Département de mathématiques, LMMAS, ISGMP-Bât. A, Ile du Saulcy 57045, Metz cedex 01, France E-mail: cahen@univ-metz.fr

(Received February 17, 2010)