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EMBEDDING OF STRICTLY PSEUDOCONVEX
DOMAINS INTO CONVEX DOMAINS
AND A LOCAL RETRACTION

BY PIOTR JAKOBCZAK

Abstract. We prove that Fornaess’ construction of the embedding of the
strictly pseudoconvex domain into a convex domain admits a local holomorphic
retraction near a given boundary point.

In [1] Fornass proved the following theorem on the embedding of strictly
pseudoconvex domains in C™ into convex domains:

THEOREM ([1], Thm 9, p. 543). Let D be a strictly pseudoconvez bounded
domain in C™ with C* boundary, k > 2. Then there exist an integer m > n,
a strictly convezx domain C' C C™ with C* boundary, a neighborhood D' of D
n C", and a holomorphic mapping ¢: D' — C™ such that 1) maps D' biholo-
morphically onto some closed complex submanifold 1(D") of C™, ¥(D) C C,

PH(D'\D) C C™\C, and (D'} intersects dC' transversally.

(The notions of strictly pseudoconvex and strictly convex domains, which
are now classical in complex analysis, will be explained below; we refer also
the reader to standard monographs on the subject, e.g. to [2].)

This theorem has found many applications in complex analysis, e.g. to the
problem of extension of holomorpic functions from submanifolds to complex
domains with preservation of the smoothness on the boundary.

The aim of this note is to verify that Fornzess’ construction of the embedding
can be done in such a way that it has another useful property, namely that
there exists the local holomorphic retraction from the convex domain C onto
¥(D') near a point 9(zo), where 2 is a given point of 4D. More precisely, we
prove the following result:
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THEOREM 1. Let D be a strictly pseudoconvezr bounded domain in C™ with
-C* boundary, k > 2. Fiz 2y € 0D. Then there ezxist a strictly convez domain
C with C* boundary in some C™, a neighborhood D' of D, a holomorphic
mapping ¢ : D' — C™, and a neighborhood W of 1(2) in C™ such that D,
D', C, and v, satisfy all assertions of Forness’ theorem, and moreover there
exists a holomorphic mapping m: W — (D') such that for every w € W,
m(w) € W Nny(D'), for every w € W N y(D'), n(w) = w, and for every
we (WAO\G(D), w(w) € (D).

Let D be a strictly pseudoconvex bounded domain in C™ with C* boundary,
k > 2. (This means that there exists a neighborhood V of 3D and a strictly
plurisubharmonic function p € C*¥(V) such that for all z € V, grad p(z) # 0,
and DNV = {z € V| p(2) < 0}.) To give the proof of Theorem 1 we need
the following proposition which is a special case of [1], Prop. 1, p. 530.

ProrosITION 2. Let D be a strictly pseudoconvex bounded domain in C™
with C* boundary. Let zg € 0D be fized. T hen there exist a strictly conver set
C C C™ with C* boundary, a neighborhood D of D, a holomorphic mapping
o: D — C", and a neighborhood U of zy in C™ such that 2y € U CC DﬂV
and:

) &(
) &

i) $({z€ U |p(z) <O} CC, _
) #({z € U] p(z) >0}) C C™\C,

) é|,: U — ¢(U) is a biholomorphism.

(We say that a domain C is strictly convex with C* boundary if C is
bounded and there exists a strictly convex function 7 € C*(C™) such that
C={weC"|r(w)<0}).

From now on we fix a point z5 € 9D.

For every point z € 9D, choose a strictly convex domain C, C C™ with Cc*
boundary, a neighborhood D, of D, a holomorphic mapping ¢, : D, — cn,
and a neighborhood U, of z in C™ with properties listed in the assertion of
Proposition 1. Since 0D is compact, we can choose a finite number of points
21,...,2k € 0D such that 0D C U, U...UU,, . We may assume that z; = 2.
We can also shrink the neighborhoods U, ... ,U,, so that they still cover 8D
but

(1) 20 U, U...UU,,.

Choose a neighborhood D of D such that D cC DU (U,, U...uUy,).
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Define R
‘ V1= (s, 05 ): D — Ck™,

Then ¢4 (D) C Czy X ... X Oy, P1(D) € C, x ...x C,, (by Proposition 1 (1)
and (ii)), and ¥, (D\D) C CF\(C,, x ... x C’zk) (since every point z' € D\D
belongs to a certain set of the form {z € Uz | p(2) > 0} forsome j = 1,... ,k,
and so ¢, (2') ¢ C, by Proposition 1 (1v)) Denote C,, =Cj, j=1,...,k.
We may assume that the neighborhood D of D, chosen above, is a domain of
holomorphy Then there ex1st a positive integer s and a, holomorphlc mapping
(1% D — C* which maps D biholomorphically onto some closed submanifold
o (D ) of C*. Since D is compact, there exists a ball Cyy; C C® such that

$2(D) C Cry1. Then the mapping ¢ = (11, 1,): D —y Ckn+s pas following
properties:

ProrosiTioN 3 ([1], Theorem 4, p.537).

() »: D —» (D) C Ck+s s g biholomorphism,
(11) ¢(12)£ C4 X...XC_'_]C_X Ck+1,_
(lll) ’lﬁ(D\D) C Ckn+s\(01 X e X Ck- X Ck+1).

We take a neighborhood U =: U,, of z = z; chosen in accordance with
Proposition 2 and (1). Consider the set

W = ¢, (U) x Clk=Dnts

This is a nelghborhood of ¥(zp) in C¥**+2. By Proposition 2 (v) the mapping

Y = (¢21| ) : ¢,,(U) — U is a biholomorphism. Since for
w = (wl,w2,.. wk+1) € W we have w; € ¢,,(U), the mapping yx is well
defined at wy; and x(w;) € U. Let

T W w=(wy,wy,..., wep1) — w1 € ¢, (V).
Define
(2) T=voxom: W — (U).

Then 7 is holomorphic. Suppose that
w = (11)1,’(1)2,... 7wk+l) € WﬂQ/)(ﬁ)

Then

w= ('wl,w% oo ,wk+l) = (¢z1 (2)7 oo 7¢zk (Z)a¢2(z)) = ¢(Z)
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for a unique z € D since ), is one-to-one. Moreover, by definition,

m(w) = P o x(¢2,(2)) = p((x © ¢2,)(2)) = ¥(2),

since x o ¢, is the identity. Hence m(w) = w, and so 7: W — W ny(U) is
a holomorphic retraction of W onto W N (D). Moreover, if

w:(wl,...,wkH)EWﬂ(Clx...kaH),
then w; € ¢,, (U)NCy = ¢,,(UN D), and so
7('(’(1)) € ¢(UOD) C C1X...XCk+1.

Therefore 7 maps W N (Cy X ... x Ciy1) onto WN4(D) N (Cy X ... X Ci+1)-

ProPOSITION 4 ([1], Proposition 6, p.541). Let D, V, p, z, C, D, ¢,
U be the same as in Proposition 2. Let m be some positive integer, and let
[': D — C™ be a (arbitrary) holomorphic mapping. Set n = (¢,1): D —»
Cm*+™ . Then there exist an open set U' in C™ with zp € U' CcC U and a
strictly conver bounded domain C' C C"t™ with C* boundary such that:

(i) n(D) c C’,

(ii) #(D) c C7,

(i) n({z € U' | p(2) < 0}) C Cy,

(iv) n({z € U'| p(2) > 0}) Cc Ct™\C".

The proof of this proposition is similar to the proof of Proposition 6, p. 541
from [1].

Take ﬁ, Uy,y-.. Uy, C1, ... ,Ck,Ciy1, and 9 as in Proposition 3. Con-

sider the mapping ¢ = (¢1a¢2) = (¢zn <o 7¢zk1¢2)- Choose any p € 0D.
Then there exists j = 1,...,k such that p € U,,, and moreover D, V, p, p,

Cj, D ¢z,, »; satisfy the assertions of Pr0p051t10n 2. Fix this j. We may
cons1der ¥ in the form

¢:n:(¢211---a¢z,~1- -a¢zk»¢2) (¢Z,, )7

and then apply Proposition 4 with D, V, p, p, C;, D, ¢2;5 Uz;. Then there
exists an open set Uz’, in C" withp € UI', CC U,; and a strictly convex bounded
open set C';, C Cknts with C* boundary such that

(D) C Gy,

(D) c C¥,

({z €U, 1p(z) <0}) C Cy,

({z € Uy | p(2) > 0}) C C**°\C,.

(2
¥
(3) ¥
¥
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By compactness we may take a finite number of points py,...,p; € D such
that 0D C Up, U...UU,,. Then

(4) P(D) CCp N...NCy.

Moreover, we may still asume that zp = p; and that 2z ¢ U,, U...U U,,.
Denote C}, = C}, j = 1,...,t. Then (D) C C{N...NC}, and moreover
from the above con51derat10ns it follows that we can choose a neighborhood
D' of D such that D' c C(DUU, U...UU,)N D, and

(5) $(D'\D) c Cm+s\ (c'_; n...n cT;) .
We also note that from Proposition 3 (iii) it follows that

"/)(ﬁ\ﬁ,)n(c_lx"'XEZXC;H_I):@,

Since the set Cy X ... x Ck X Ck41 is convex in Ck*ts there exists a function
o of class C*¥ which is strictly convex in Cknts and such that o < 0 on

CiX...xCkx Ci+1 and 0 > 0 on zp(ﬁ\ﬁ’)

Set Ct+1 {z € C**2 | 0(2) < 0}. Then ¥(D) C CyX...xCrxCryy C Cia
and

(6) »(D\D)NCi,, =0

y (4), (5), and (6), we therefore obtain

PROPOSITION 5. Let ¢ be as in Proposition 3. Then:

(i) ¥: D — $(D) C C***s is a biholomorphism,
(i) (D) cCin...nCi,,q,

(iii) (5\5) C Chnts\ (C'Zn N C;H).
Set now U’ := = U, ' cc U, =U, =U, where Uy, ! is chosen with respect to

the point p; = 2 accordmg to Proposition 4 and ( ). (The inclusion follows
from Proposition 4.) Consider the set

W' = ¢, (U") x Cv=Dk « s
This is a neighborhood of 9(z) in C*"+* and the mapping

X’ = (¢zl lU')—lz ¢21 (UI) — U,
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is a biholomorphism. Similarly to (2) we define
' =vox om: W — (U').

(This is a restriction of 7 from (2) to W’.) Then ' is holomorphic and it is a
holomorphic retraction from W’ onto W’ N4 (U’). (The argument is the same
as that concerning 7 from (2).) Moreover, if

w = (wl,’LU2,... ,’lUk-+1) € W’ﬂ (C’{ﬂ.ﬂC{+l),
then in particular

w = 1P(z) = (4, (z)1¢22(2)v ey Bz (z),¢2(z)) = (¢2 (2),[(2)) € (1

for some z € U’ = Uy,,, and by Proposition 4, we have p(z) <0, ie. z € D.
Hence z € DN U, and so

m'(w) €yp(U'ND)CcCin...nCl,,.

Therefore, 7' maps W' N (C{N...NCl,,) onto (D) N (Cin...nCl,).
Hence we have obtained the following result:

PROPOSITION 6. Let D be a strictly pseudoconvez domain in C™ with C*
boundary. Let zy be fired in OD. Then there exist a positive integer N, a
neighborhood D of D, a holomorphic mapping 1 : D — CN which maps D
biholomorphically onto 1/)(ﬁ), and a finite number of strictly convez domains
Ci,...,Cy in CN with C* boundaries such that

(i) »(D)cCin...nC,,

(i) $(D\D) c C¥\ (Cin---nTy),

(lll) ¢(Zg) € 601\(802 u...u BC’T),

(iv) there exist a neighborhood W of Y(2) in CN and a holomorphic re-

traction m: W —s W N (D) such that rWn(Cin...nC,)) =
wn(Cin...nC)ny(D).

(Since 9(20) € (C1N...N C}), condition (iii) means that ¥(20) € 9C; and
Y(20) €intCj for j =2,...,r)

We may also assume that W N 9C; = @ for j = 2,3, ... ,T.

We conclude the proof of Theorem 1 by the following observation: Fornzss’
construction of the passage from (D) embedded into C; N...N C, to »(D)
embedded into one strictly convex domain C can be done in such a way that
if we choose an open neighborhood 7' of these points of B(C—lﬂ .. n?}?) which
belong to more than one dCj, then the set C; N...NC, may only change
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those points which belong to T'. Therefore we may assume that this step of
Fornaess’ construction does not change W and W N (C1n...NCY).

NOTE. The existence of the embedding of strictly pseudoconvex domain
into a convex one, which admits a local retraction near a given point (as de-
scribed in Theorem 1), was found application to the study of the Carathéodory
metric in strictly pseudoconvex domains by using the properties of that met-
ric for strictly convex domains; this was communicated to me by J arnicki and
Pflug.

PROBLEM. A closer examination of the proof of Fornaess’ embedding the-
orem shows that in fact a stronger result than that described in Theorem 1 is
true:

THEOREM 2. Let D be a strictly pseudoconvez bounded domain in C™ with
C* boundary, k > 2. Let € > 0 be given. Then there exist a compact subset
K C 8D such that u(0D\K) < € (where p denotes the surface measure on
dD), a strictly convez domain C with C* boundary in some C™, a neighbor-
hood D' of D, a biholomorphic mapping ¢: D' — C™, and a neighborhood W
of Y(OD\K) in C™, such that D, D', C, and ¢ satisfy assertions of Fornaess’
theorem, and moreover there ezists a holomorphic mapping m: W — p(D")
such that for every w € W, n(w) € W N(D'), for everyw € W N p(D'),
n(w) = w, and for every w € (W NC)\¢(D"), n(w) € (D). Moreover, given
any finite number z1, ... ,zs of points of @D, one can choose K and W in
such a way that z1,...,z, € OD\K (i.e. the retraction w is defined in some
neighborhood of ¥(z1), ... ,¥(2s).

However, it is not known whether one can choose an embedding 1 such
that for every point ¥(z) € ¥(0D) there exist some neighborhood W, of the
point 1(2) in C™ and a holomorphic retraction from W onto P(D").
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