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On the Theorem on Difference Inequalities
by Zbigniew WEGLOWSKI

In [1] A. Fitzke presented a proof of convergence of the difference method for the
non-linear parabolic equation with mixed derivatives

(1) | iU, ;f(fax:u.-. uxa‘uxx)

where x = (X, ..., X,), Uy = (g, ..., U )

U, = (uxm, ceos Usixs Uy s ooms Ungre s Unayss vons “x,,x,.)

with initial and boundary conditions

u(0, x) = ¢(x) .
(2) - u(t, x)=@fx) forx;=0, j=1,..,n
' u(t, x) = yYi(x) for x;=a, j=1,.,n.

This proof was obtained with the aid of the theorem on difference inequalities (cf. theo-
rem 1 in [1]), assuming O < Ju« < L. In this note we observe that by virtue of this theorem
we can obtain the similar result for fu< —L <0 and that the theorem 2 in [1] also holds.
if we replace the assumption 0<f, <L by |f, | < L.

1. We denote

We define a set of nodal points (", x™) = (uk, mih, ....m,h) of Dy, u=0,1,..., N,
m=0,1,...,N,j= 1,....n, k = TIN,, h = a/N. We shall write shortly M for (i, m)
.= (pt, my, ..., m,). We shall also use the notations +M for (u+1,m) and M+i or
M+i+j for the multiindices :'(,u,ml,...,miil,..;,m,,) and (u, my,...,m;x1, ..., m+
C 1, ..., m,) resp. (I # ). Let | |

Dy={M=(u,m; 1<p<N,—1, 1<m;<N—1,j=1,..,n
Dy = {M = (u,m); u= 0 or it exists such j, that either m; =0 or m; = N3

The values of the function v defined in D¢ at the nodal point (¢*, x™) for M e D, v D;,
will be denoted by oM.
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Following [1] we define the terms

5ivM — (211)—1(UM+1'_UM—-1'), '
5iivM — h—Z(UM-H_ZUM_{_vM—-i),

- n
1 Z : . )
a,-,-vM = — 0y (avM+’+ﬁvM+avM_’),
n—1
j=1
JAi

for i =1,..,n; «, p are positive constants
s Maisi . L L
o-iijz (4h%) 1M M- Moitj L M-i iy,

fori=1,..,n—1,j=2,..,n, i<j. S
For abbreviation we shall write §o™ for (8,0, ..., §,0™) and av™ for (a,,0", ..., oy, 0,

M M M M
Oy UM, iy Gy U, G330, ey OV ),

“We claim that the function f(z, x, u, p, q) and the positive constants «, f, k, i satisfy
the following

ASSUMPTIONS A.
(i) fis of class C! for (t,x)€ Dy, ue R', pe R", g R D/
() f,< -L<0

(i) V4+&f,— fﬁr zfqu>0

(v) f5,>0 for i =1, ..,

4]

2ot
(v) | fol <. (ﬁfqn—,—;.i Z.fq”) fori=1,..,n

=1
J¢1
o 4o . | o
-f’(Vl) lfq:'j|< };:T (fq”"l‘fqﬁ) for i = 1,..., ﬂ—l, J = I,...,n

(vii) 2048 = 1

2. Theqrem. Let w™ and o™ satisfy
(2.1) utM — M kf (1", x™, uM, 8uM, ouM)+ keM
(2.2) vtM = vM+kf(t", m oM, oM, ao™) for M e D,
2.3) uM = oM for Me D,
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and f,u, B, k, b satisly the dssumptions A Then M =y —oM satisfies the mequahty

max |e¥|.
Dn

Q4 |rM|<£(1--(1—kL)"), where &

Proof. Using the mean value theorem we obtain, because of the definition of &

pM_ M - - - | ,
——— <SP+ D fu(~)rt Su(~)oir™ e,
P _ |
=1 i= |

=1 isj<nm

It is obvious (cf. [2]) that the function
= 21— —kpy
L

satisfies the inequality

and because of 6;R* =0, g;R* =0 for i =1, ..,n, i<j<n, it satisfies also

.R“+1-1RP | n\ R H \ i :
2.5 % Z ful(~) R + pr;(“')éiRn+ Z zﬂm(”)auRﬂ’i’B-
i=1 T <

Then in virtue of theorem 1 of [1] we obtain
M < Rﬂ-

. Ina snmla.r way as in [1] we can obtain the inequality r¥ > R“ then |rM| < R*, That
finishes the proof of (2.4). '
The inequality (2.5) holds, because f, < —L <0 implies f,R* < —LR". But if we as-
sume in the theorem 2 in [1] that | f,| < L, we have also f,R* < LR" and we can obtain
the inequality similar to (2.5). Then theorem 2 in [1] is true provided that | f,] < L.
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