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Systems of Difference Inequalities of the
Elliptic Type

by Zbigniew KOWALSKI

§ 1. This paper is concerned with the systems I and II of difference inequalities of
the elliptic type, cf. the formula (4.8) and (4.9).

The suitable assumptions being involved we shall be able to obtain estimates on the
solution r;' ({ = 1,...,p) of these difference inequalities that assure its convergence to
zero in the limit as the mesh size /i approaches zero, c¢f. Theorem 4 and Theorem 5.

Three estimates of that kind will be derived, ¢f. Theorem 6 (§ 24), Theorem 7 (§ 27)
and Remark 7 (§27).

These results can be used to establish the convergence and the error estimate of the
difference method for systems of elliptic differential equations. Denoting by «* an ap-
proximate solution of a difference equation at the nodal point x™, we can obtain from
Theorem 6 the effective estimate for u™ —u(x™), u(x) being the solution of the corre-
sponding system of differential equations. The results will be published later.

For really computing the solution of a particular boundary problem the estimations
(5.2) can easily be obtained. However, for the theoretical proof of convergence of the
difference method for systems of elliptic equations the difficulty of proving the con-.
ditions (5.2) should not be overlooked also in this paper, cf. A. Pli§ [2], and [4]. We shall
assume here that conditions (5.2) are satisfied,

§ 2. Let us denote by Q the set of points xe R", x = (x, ..., X,,):
(2.1) 0: 0<x;<0 (j=1,...n), 0<o = const.
Let us denote by M the sequence of indices
(2.2) M = (mg, my, ....,m), 0<m; <N (j=1.2,....n),
and by x" the nodal point with coordinates
(2.3) M= A, LMy

where x?‘ =m;h (j=1,..,n), 0<h = g/N, N being the natural number.
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We shall introduce also the nodal points in the set Q characterized by the following
sequences of indices: | |

[j(M) = (my, ., m,), mj=mj+1, m;=m; fori#j,
(2.4) J_ (M) = (m), ..., m), m;=m;—1, my=m; fori#j,
l(isl,...,n;j=l,...,n), "
and for 7 # j:

Fa
( (M) = (mYy, ..., my), my = m+1, mj =m+1,

(2.5) ) ‘“ij(M)_ = (mj, ...,m,’,), m; = m;—1, m:. = my;+1,
—i—j(M) = (my, ..., mp), mp = m;—1, mj = m~1,

\I_J(M) = (m;: LR m::): m:, = mi+1= }n;' = mJ—l )

where m = m, in the formula (2.5) for s =1,...,n; s # i, s # j, cf. Fig. 1.

! Xj
x"HM} XMM-J xij(M)
h
-1 M) M 1M
— 7«5 SO X X - X,

L x-JiM) x i-jiM}

-1-)1M) P~
X n

Fig. 1. The nodal points x™, ¥'M)_ L) For the sake of simplicity the nodal point x™ has been located
at the origin

The nodal point x7™ can be denoted also by x**”, since we define

{I'J'(M) = Ji(M), — M) = j=i(M), ~i=j(M) = —j—i(M).

(2.6) i—j(M)= —jilM), fori#j(i,j=1,..,n).

We denote by int Q the set of nodal points (2.3) which belong to the interior of the
set Q, cf. (2.1), and by sym A the set of nodal points x¥ such that x¥ eint Q and xM"
€ int Q simultaneously, x¥* and x™ being symmetric with respect to the nodal point x4.

§ 3. Let us denote by rM (1 =1,2, ..., p) the value of the function », (I =1, ..., p)
at the nodal point x¥.



We shall use the difference quotients

A | .
M - J(M M Mj _. - M —j(M
(r1+J N .(rIJ( )'“"1 )) ’.I_J' = (1 —F J( )) ,

G.D) l

(3.2) — (rf“‘“ MY, (U=1,..,p;ji=1,..,n,

for the first partial derivatives, and the difference quotients
r?dj.i —_ /’I 2 (,,.J(M) 2. IM+1’;_j(M))
(3.3) - pMH L =20 0D 52500 i o)
7

(i # J; l,...,n,J:l,...,n,I—-l,...,p),

for the second derivatives.
From the definitions (3.1)(3.2) (3.3) it follows that

(3.4) '[r{”i - 5*(}‘?? MJ) ’t (’"H — I J) >
G=1li,ml=1,..p).

We shall use also the difference quotients 1%, r/f, /000 i

=1,.,p;i#j,i= l,...,ln;j= I,...1,..,n),

cf. Fig. |
M2 (D i .i(M)JrrlM)’
rli\{u — hwz,(r{(_M)__i.l—ij(M) + zt(M‘#)’
(3.5) 1M 2 M D s J¢M1+rl i=jon)
) ML (0 M 0N S0y

From the definitions (3.5) and (3.3) we obtain

(3.6) = e A n T i),
(l--l,...,p,rn——l,...,n,]-«-l,..., n, i #j).

§4. Let us consider the following conditions W; (j = 1.2, 3):

Condition W,. The quadratic forms

. n :
(4.1) aylied; (=1, ., pxMeintQ),
i, j=1
are positive definite and the characteristic roots s” (I=1,..,p;j=1,..,8n), Sf'j>0.,_,
are bounded:
(4.2) 0<51€3f§€§2 (l=1,..,p;j=1,...,n),

the constants §, and &, being independent of the mesh size A.
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Condition W,. The elements of the matrix (k) (/=1. ..,p; k=1, )
(x" eint Q) satisfy the inequalities

4.3) eysn<0 (I=1, ..., p; n = const),
(4.4) O0<cH<d (S=const, [ #k; =1, ..p;k=1,..,p),

‘where the constants # and & does not depend on the mesh size h and
1
(4.5) — —<y<0(p=2),
p—1
the coefficient y being defined by

(4.6) y=+n""6 (y<0).

Condition W;. The coefficients afy;, b}; are bounded:
4.7) i <, 1B |<B,

forl=1,.,p;i=1,..,nj=1,..,n x"eintQ, the constants { and f being inde-
pendent of the mesh size £.
M

Let us consider two systems I and 1I of difference inequalities for the functions r
(! =1, ...,p), defined at the nodal points x¥:

System 1:

n i ) p
(4.8) o oanyrtt+ Y byt Y MM = ey,
' i, j=1 Jj=1 k=1

where O0<e(h) = const (I =1, ..., p).
System 1II:

n " r
M Mij M Mj M M .
(49) Z au'j'r; U"{“ Zb;j'r; j‘i" ZQk""k Q-%S(iz),
' i i=1 K=1

i, j=1

where O0<e(h) = const (/ =1, ..., p).
We shall use the following definition:

DEFINITION 1. We say that the systems 1 and II are of the elliptic tvpe if the con-
ditions W, W, and W, are fulfilled.
§ 5. Let us summarize now the principal assumptions:

AsSuMPTIONS H. We shall assume that 1° the functions (I =1,..,p) are defined
at the nodal points (2.3) of the set Q, x® e Q, cf. (2.1).
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2° There exists a positive constant 93>0 (indef)endent of the mesh size /) such that
the first order difference quotients satisfy the conditions

e |<h-9,  for x™edQ, XMeintQ (j=1,..,n),
(5.1) It <h-9, for xedQ, x ™ ecintQ (j=1,..,n),
([ = 19 -“:p)’ka

at the nodal points x¥ on the boundary 6Q of the set Q.
3° There exists a positive constant L>0 (independent of the mesh size %) such that
the second order difference quotients satisfy the conditions

"~ Pl L, Y -l <R L,
(5.2) N —rPH  <h-L, [P P <L,
WL —r kL (P #j; T=1, ... p)
at the nodal points x™ and x*, P = s(M) (s = +1, +2, ..., +n), the distance between
x™ and x¥ being A in the direction of the x -axis.
4° We suppose that

(5.3) <A G=1,..,nj=1,.,n1=1,..,p) (xMeintQ),

where the constant A is independent of the mesh size A.
5° We suppose also that r;" takes on the prescribed values:

(5.4) n' =0, forxMedQ (I=1,..,p),
at the nodal points x¥ on the boundary 6Q of the set Q.

6° We suppose finally that the systems I and II of difference inequalities are of the
clliptic type, cf. Definition 1 (§4).

§ 6. We shall formulate now Lemma 1 on the location of the functions rf‘ (I=1,..,p
for x™e Q.

LEMMA 1. Let us suppose that the functions r}’ (I = 1, ..., p) satisfy part 1°, 2°, 4° and 5°
of the assumptions H, cf. §5, and let us consider the function

(6.1) CEI=(3A+9)% 0sy<+ .
Under these assumptions we have
(6.2) <G A+9-* (= 1,..,p),

where y denotes the Euclidean distance o(x™, 8Q) of the point x™ & Q from the boundary 60,
y=0(M Q). In the formula (6.2) we have the strong inequality for o(x™,30)>0,
¢f. Fig. 2. :

' The proof of Lemma 1 can be found in the previous paper, cf. [3], §12 (it is suf- |
ficient to repeat the proof of Lemma 1 of the paper [3] for each function Y (/ = 1, ..., p),
success tvelv). ‘

% — Acta Mathematica XXV
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Fig. 2. The location of the functlon r; (=1,..,p). The set Q= (i, 1I) as seen from the edge in the

case n = 2
§ 7. Notations. Let us denote
(7.1) i = max rM A = AN, A, (ayy, ..., ay), X*eintQ,
. aMeQ _
(7.2) P = max ', B,= B(h), B, = (b,l,...,b,,),—xB'eintQ,
xMeQ

for I =1, ..,p. Let us denote in addition, cf. [3] (§ 13):
(7.3) | %= (3 A+,
(74) !m all - Z |m ai_] (1 = 15 "'sp) y
We shall consider the sets ¥ and supp V4! (support of the set V4) forI=1,..,p,
.connected with the nodal point x** (I =1, ..., p): '
(7.5) ‘ VA = {x: |x,—xYI<h, (j=1,..,0), b-lm—a|<xh®},
(7.6) supp V4 = {xM: h-|m—a| <uh’},

where I<a<l (I =1, ..,p).
In a similar way for x® (I = 1, ..., p) we define

(7.7) VB = {x: |x;—xY) <h (j=1,..,n), b-lm—b|<uh"},
(7.8) supp V¥ = {xM: h-\m—b| <xh"} .

By ¢(x*, §Q) we shall denote the euclidean distance of the nodal point x4 from the
boundary ¢Q of the set @, and by o(x?, x*) the Euclidean distance between the nodal

points x** and x¥.

§ 8. Lemma 2. Let us suppose that the functions (= 1,...,p satisfy parts 1°, 2°, 4’
and 5° of the assumptions H, cf. §5.
We suppose also that the inequalities

(8.1) Msh rl'<—h, for h>0, Ay = A(h), B, = Byh),
hold for some 1 (I = 1,...,p), cf. Notations §7.
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Under these assumptions we have
(8.2) supV*' < Q, suppV?cQ,
(8.3) - L™ — x| = 0, |xb"—x"’l >=xh",

where x" e oV, xb"eaVB‘, i<a<], O<h<l, ¢f. Fig. 3 and Fig. 4.
The proof of Lemma 2 can be found in [3], (cf. {3], § 14).

ixz

[ X X N N J (X N X N B J
@
-
2

Fig. 3. The sets V41 and supp V4! (! = 1, ..., p) in the two dimensional case n = 2. In this figure we have
supp ¥4 C Q

z=(%—A+ I)y?

YT{M LA

Fig. 4. y,(h) and the center x4t of the set supp VAl =1,.:,p)

§9. RemarK 1. The difference inequality (4.8) can be written in the form

©.1)

n r
M Mij M__Mj, M M M. M
dyry ~+ Zblj eyt > —e(h)— Z Ci " Fg 5
1 j=1 . k=1,k#1

NN E

i

the left hand member being dependent on the function ' and of the difference quotients
rMU_yMionly. The right hand side contains the remaining functions rif for k # 1.
Hence, (9.1) can be regarded as the difference inequality for one function M only,
the right hand side being considered for a moment as a free member.
Then, in a similar way as in [1] (cf. [1], Theorem 1, § 11) the estimate for the maximum
value ri can be obtained. That estimate will be given in §12.

16= f
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§ 10. To achieve the estimate for ri, as explained in § 9, the results and notations of
Lemma 3, Remark 2 and Remark 3 will be needed, all of them being placed in the next
paragraph, cf. § 11. But the introduced notions are so similar to that used in [1] that -
we have decided to accept all the notations of the paper [1] (with minor changes) in order
to facilitate the comparison between the theory for one difference inequality of the elliptic
type and the corresponding theory for a system of difference inequalities. |

-

§ 11. LEMMA 3. Let us suppose that the functions rif (I = 1, ..., p) satisfy Assumptions H
(cf. §5 and Notations § 7).
Let us denote by S,(x), Sp(x), x = (xy, ..., x,) € R" the quadratic forms

FS'A;(X) i r el (xt_xfl) (xj_"x}h); (x € R"),
(11.1) J b= |
Sp(x) = z P (=X g —x7Y),  (xe R")

and by S%. Sﬂf the values of S4,(x), Sp(x) at the nodal point x € Q, respectively:

n

( .. -
SAT; = % Z rlAﬂJ.(mi—ali)(mj—alj)‘hza (xM € Q) 3

(11.2) s .
Sg{ = % Z rlB!ij'(mi—bu)(mj"bu)'hz’ (x"eQ).

~ i:j=1

Under these assumptions we have the following estimate for the quadratic forms S (x),
Sp(x) in the sets VA4 and V¥ (I = 1, ..., p), respectively:

{SA,(x)SCl(h) , for xe V4,

(11.3) , "
Sp(x)=z—C(h)y, for xeV™,

where | = 1, ..., p, and
(11.4) Cy(hy = 210 L’ "+ n-2A-xh' P2+ 0% A-R2, 10| <1.
The proof of Lemma 3 will be omitted,. since it is similar to the proof of Lemma 5 in

the paper [1].

Remark 2 The quadratic forms S Al(x) and Sy (x) can be estimated “for x € R For
this purpose let us denote |

11.5) G 4 g C,h), forxeV™,

1, AX—X 7, =

( ! 22-Cy(hy, for xe RNV,

where x —x* = A-(x"—x4) (1=1), x” being the intersection point of the boundary
OV with a segment joining the points x*' and x (I =1, ..., p).

From the fact that SAI(x) is the quadratic form and fiom the estimate (11.3) it
follows that

(11.6) S0 G(x—xM h), for xeR" (I = 1, s D)
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Let us denote also

C,(h), for xeV®,

11.7 G Bip
(1.7) = h) = {Ncm) for x € RNV

where x—x® = A" (x" —x") (A’=1), x* being the intersection point of the boundary |
aV® with the segment joining the points x® and x (/ =1, ..., p).
Then we have :

(11.8) SB;(X)> —Gy(x—x" h), for xeR"

Remark 3. Let us consider the expressions

(11.9) Z au} v, Z agyrrt (I=1,..p),
ij=1 i, j=1
the coefficients aﬂ}, a,u bemg taken from the quadratic form Z aw A, of. §4, the
9} 1

formula (4.1).
- We shall verify that the expressions (11.9) have the following estimates:

(11.10) ‘ -21 A il ¢ EA(Y). jzlagﬂ..,.;m; > — EB(H)
. i, J= 1, J=
where
| E4(h) = k-Z Gi((si i Mtk h),
11.11) ) =

E™0) = . Gu((sB)' ol ),

and the functions E4(h) and E®(h) (I =1, ..., p) are positives E4(h)>0, E¥(h)>0,
for h>0. |
In the formula (11.11) si%, 573, ..., 52 denote positive characteristic roots of the form

fi = 2 afiy- 245, of. Condition W, (§4), (xf}) (k,j = 1, ..., n) is the orthogonal matrix

i,j=1
transforming fl to the canonical form, and o’ denotes the unit vector

A
- oy = (O‘um szkza . OCnm) k=1, )

n
We introduce similar notations for the form ) am "AiAi
hi=1

In order to deduce the first formula (11.10) it is sufficient to observe that f, is the
positive definite form, cf. Condition Wy (§4), and the form S,,(x):

(11.12) Sy = Y (= xf) (r;— x) =

i,j=1

Z ]"AIU "Hilkg, for n; = xi_\xfl (i = 1529 ceen n) s

i, j=1
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possesses the estimate (11.6), hence from the known- lemma on quadratic forms, Cf.

Lemma 3 in the paper [l], we obtain the first part of (11.10).
The proof of the second part of (11.10) is similar.

§ 12. Now we shall give the estimate for the maximum value i

value rf.

and the minimum

LEmMMA 4. Let us sdppose that the function-s'r{“ (I =1, ..., p) satisfy the Assumptions H.
We shall use the notations of §7.
Let us suppose in addition that

n .. n . F 4
(12.1) ' S @M Y B Y itz —eh),
=1 j=1 k=1

for et>0, if >0 I=1, ...,p) at the nodal point x™, ¥ eint Q. and

(12.2) Z apy 1+ Z byt r + Z crlopy $+s(h),
- =1 k
if r'<0 ({=1,..,p) at the nodal point-x*, xMeintQ.
Under these assumptions we have . :

~

p
A A -1 - A A
rit<gt -t Y et

K=1.k#l
(12.3) ) < »
s gt el
. I\.Zl,kﬁﬁl .
where

/.“11 Vo= — - LE4YT Ty .
(12.4) {0 <g”'(h) n- U [ES )+ D) +e(y],

10<gBh) = —n~ “[EPM) + D(h)+s()].
In the formuda (12.4) the quantities E*'(h), EB'(lz are defined by (11.11), and 0 < D(h)
= nphA.

Proof. Assuming the contrary, suppose that

p
- (12.5) gty -t Y e

k=1,k%1

With (12.5) in mind we shall verify that

(126) ’ Z allj. A!iig\EA!(h) b
. ‘ i,j=1
(12.7) - > bl i < Dihy .
st
(12.8) cat-rttgn -t

In fact, (12,6) follows from Remark 3, cf. (11.10).
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The difference quotients at the nodal point x4 satisfy the inequalities i<,
1r#H) <h- A, since x?' is the nodal point where the maximum value is atiained, cf.
Lemma 2 in the paper [1] (the formula (5.3)). Therefore, from (4.7) it follows that

(12.9) ' Z bl rign-B-h-A = D(h),

“which completes the proof of (12.7)

Inequality (12.8) follows immediately from the assumptlon (4.3): c'<n<0, since
4120 because of (5.4).

From (12.6) (12.7) (12.8) we obtain first by summation

P
{12.10) Z am r IU—I— ZbA! I}'l'Cu it Z Clk ”f?t
ey k=1,k=#1
r
SEMB)+ D)+ Y cplrdt.

k=1,k#1

But the assumptlon (12.5) and the definition of g(h), cf. (12.4), yield

(1211) EAI( h)“‘i‘f'ﬂ Z (Hn f;; —E(h)

W h#El

hence, (12.10) and (12.11) mmply that

R r
(12.12) T apt-r *”+ S bttt Y eptrit<—e(h).
i. j i=1 k=1, k#1 .
Since inequalities (12.12) and (12.1) are contradictory, we conclude that the maximum
value ri satisfies the first formula of (12.3).
The proof of the second part of {12.3) can be obtained in a similar way.
This ends the proof of Lemma 4.

§ 13. THeOoreM 1. Let us suppose that the functions (=1, ..., p) satisfy the as-
sumptions of Lemma 4, ¢f. §12. '

Under these assumptions 1° the maximum values =1, ..., p) satisfy the linear
system of algebraic inequalitics

{13.1) iy > reL +gthy  (I=1,...p);
k=1,k#l1
2° The minimum values ri’ (I = 1, ..., p) satisfy the linear sysiem of algebraic inequalities
D
{13.2) Py Y rz—gthy (I=1,..p).

k=1, k#l

In the formula (13.1) (13.2) v denotes a negativé number
(13.3) | y=+n""d (y<0),
¢f. Condition W, (§4), and the functions g '(h), g”(h) are defined by (12.4).
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Proof. 1) Let us evaluate first the sum on the right hand side of the first formula
{12. q‘)
* denotes the maximum value for the function r} (x™ e 0), hence

(13.4) rﬁ'gr *

The difference inequalities we consider are of the elliptic type, therefore ¢jy’ >0 (I # k)
cf. (4.4), and

(13.5) i el .

In addition we have 0<cjy <8 (k % 1), cf. (4 4), and ri*>0, since the function i

takes on zero value on the boundary ¢Q, and Ikk denotes the maximum value of ry', cf.
(5.4) and (7.1).
Multiplying (4.4) by ri% we obtain therefore

{13.6) O< il - rie - rie,
From (13.5) and (13.6) follows the inequality
(13.7) i pfr et rk kg Srd

But —#5~'>0, hence from (13.7) we obtain by summation

P
- A A — A

(13.8) -~ Y gt -t Yok,
k=1.k#l ey

So, the formula (12.3) implies that

(13.9) | i< gty -8 Y i,

k=1,k#*1
because of (13.8), hence, with the aid of the deﬁmtlon (13.3) we obtam the desired for-
mula (13.1).

2} Now we sha]l evaluate the sum on the right hand 51de of the second formula (12.3).
The value r¢* is the minimum value of the function ) (x™ € Q), hence

(13.10) | rBis pBr
The difference inequalities just considered are of the elliptic type, therefore cif=0

(I # k), cf. (4.4), and

(13.11) cBt i ol D

In addition, we have 0<cpi<d (k # D), cf. (4. 4), and 7P*<0, since the function rﬁ‘

takes on zero values on the boundary 8Q, and rf* denotes the minimum value of ry,
cf. (5.4) and (7.2). |
Multiplying both sides of (4.4) by ro* we obtain therefore

(13.12) 0=cptris=0-rkx.
We see that the inequality (13.11) can be rewritten in the form

(1313) Clk I‘ >C f‘fk,Zé %
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Multiplying (13.13) by —#~*>0 we obtain by summation

L] : p p
(13.14) e R N T P DU T S
k=1,k#l k=3,k+#1

So, the second formula (12.3) becomes

p

(13.15) iz g y—nt-8 Y P

k=1,k#l

because of (13.14), hence by the definition (13.3) we obtain the desired formula (13.2).
This ends the proof of the Theorem 1. : |

§ 14. Remark 4. The results of §13 and of the following paragraphs possess the
simply geometrical interpretation. |
Let us ‘considgr the hyperplane 7, (/ =1,...,p) in the p-dimensional space y
= (¥1, -, Vp) ERC:

P

(14.1) me vty Y W= +ghth) (U=1,..,p).

k=1,k#t

Since 7, is orthogonal to the vector ¢, = (¢, ..., e;,), ey =1, ey =y (I # k), the
point R:
(14.2) ‘ : R = (r‘f‘, rfz, e r‘;") ,
with non-negative coordinates ' (I = 1, ..., p) is in the set S:
P ' 4 .
(14.3) S={y: »=20, n+y > n<+g"Md=1,..,p}, i

k=1,k#1

cf. Fig. 5 (the case p = 2) and the Theorem 1.

Fig. 5. The set S in the two dimensional case (p = 2) and the point R, R€ S, cf. Remark 4, § 14
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We shall prove in the following paragraphs that under suitable aiissumptions the right
hand sides g*(h) in (14.1) converge to zero, as h — 0:

(14.4) 0<g*h) -0, as h—»0 (=1,..,p).
' . r
As a consequence, the hyperplane =, tends toward the hyperplane y,+7- Z v, =0
C k=1,k#

(=1,..,p), as h— 0, and the domain S bounded by =,, tends toward the origin, as
well as the point R, Re S:

(14.5) C0<rf* 50, as h-0(,1.....,p).

§ 15. LemMmA 5. Let us suppose that the functions r)’ (I =1, ..., p) satisfy the as-
sumptions of Lemma 4, cf. §12.
Suppose in addition that for some fixed 1 (I = 1, ..., p) we have

(15.1) PR for >0, A, = A, ?
and
(15.2) O<e() -0, as h—0.

Under these assumptions we have
(15.3) | 0<g®h) -0, as h—-0,

the function g*'(h) being defined by (12.4).

Proof. From the assumption (15.1} and femma 2, cf. §8, it follows that
(15.4) supp VA< 0, |x" = x| = uh”,

where x" e ¢V l<a<1, O<h<l.
We shall prove first that

(15.5) G le—x* 1y -0, as h—0, 4, = A/h,

the convergence being uniform with respect to x in every closed and bounded set in the
n-dimensional space R". :
in fact, from the definition (11.5) we have

{15.6) G (x=x" Iy = C(hy, for xe V4.

The value C,(h) of the function G, (x—x? h) at the point APre g4 divided by
ix” —x"? approaches zero, as i 0. In fact. from the second formula (15.4) and the
definition of C(h), cf. (11.4), 1t follows that '

C.(h) - C,(h)

= —
b.-__xAzlz 2 20

(15.7)

0, as N -0,
Iy _
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since
[ p3= hire
\ = 0 =h" =0,
(15-8) 1
;2—2; = p2i-9 _;(, _as h—-0.
In the set R™V4 we have, cf. (11.5):
. i Azl?.
(15.9) Gy (x—x* h) = E——————l— -C(hy, for xe R"\V4,
—X

hence from (15.9) and (15.7) we obtain
(15.10) G x—x" h) >0, as h >0,

the convergence being uniform with respect to x in every closed and bounded set in the
n-dimensional space R"

In the sccond part of the proof we shall verify that the function E*(h), cf. (11.11),
tends toward zero, as 1 — O:

(15.11) - Efh) -0, -as h—+0

To establish this let us observe that the pomts (s Papte R (k =1, .., m), cf.
(11.11), are in some bounded set Q, for every A>0:

(15.12) (sfiyt2. e 0, for h>0 (k=1,..,n).

In fact, from Remark 3, cf. § 11, it follows that the pbints

(15.13) : Ofuc = (Oflu “zkza e afi!n) e R",

are on the unit sphere, since (oq ) (k.j=1,..,n) is the orthogonal matrix. In addition,
the characteristic roots s (k = 1,...,n) are bounded: "

(15.14) 0<d, <si<d,. for h>0 (k = 1....._/'2),.

cf. 4.2). |

From the formula (15.12) and (15.5) it follows that in particular
(15.15) G (s apls 10, as h—>0(k=1,..,n)

Hence, from the definition of the function EAh), cf. (11.11), and (15.15) we obtain the
desired formula (15.11). |

In the third part of the proof we shail verify the relation (15.3). In fact, let us consider
the function g*(h), cf. the definition (12.4). On the right hand side of the first formula

(12.4) we have
(15.16) 0<D(h) =n-fh-A—-0, as h-0
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furthermore, we have the relation (15.2) for the function (%) and (15. 11) for the function
E“(h). Hence, we have

15.17) | 0<gA‘(h)—>O, as h—0.

This ends the proof of the Lemma 5.

§ 16. LEmMMA 6. Letr us suppose that the functions v (I =1, ,P) sarisfy the as-
sumptions of Lemma 4, cf. § \
- Let us suppose in addition that for some fixed value | (I =1, ..., p) we have

(16.1) < —h, for k>0, B, = B(h),
and
(16.2) O<e(h) -0, as h—-0. ¥

Under these assumptions we have
(16.3) 0<g®h) -0, as h -0,

the function g®(h) being defined by (12.4).
The proof of Lemma 6 is similar to the proof of Lemma 5 for the function g*(%) and
will be omitted.

§ 17. THEOREM 2. Let us suppose rhat the functions r)! (I =1, ...,p) satisfy the as-
sumptions of Lemma 4, cf. §12.
Let us suppose also that

(17.1) izh,  for h>0, Ay = A (I=1,...,p),

(17.2) O<e(h) >0 as h—-0.

If in addition h is a sufficiently small positive number, i.e. h satisfies the condition
(17.3) (- +h)P*+m—1)h <8, I<a<l, O<h<l,
where &; stands for an lower bound on the characteristic values, cf. (4.2), then

1° the maximum values ri* (I = 1, ..., p) satisfy the linear system of algebraic in-
equalities

' p
(17.4) ity Y QM (I =1,..,p),
k=1, k=1

where
(17.5) Qh) = —n""[o()+DH)+e@®)],
(17.6) o) =n? 8, Q- Lul*+n-2A- %" A1 7% 4n2- A-~ 2 209

17.7) 0<g®(h)<Q) -0, as h>0(1=1,..,p).
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In the formula (17.6) 8, stands for an upper bound on characteristic values, cf. (4.2).
2° We have the convergence:

(17.8) 0Kt -0, as h-0,
and the estimate

o _ A Q(h) B '
(17.9) 0<rp'< IW-!-(p—-l)'}’ (=1,..,p) .

Proof. We shall prove first that the functions E4'(h) (/ = 1, ..., p) on the right hand
side of the formula (12.4) satisfy the following inequalities:

(17.10) E4h <ot (I1=1,..,p).

In fact, from the assumptions (17.1) and Lemma 2, cf. §8, it follows that the dia-
meter 2-d of the set V4 (/ = 1,..., p) fulfills the relation

171 2-d)<[2: Geh* + ] +(n—1)-(2h)>.

From (17.11) and from the assumption (17 3) we obtain d<5i/% But 8172 <(si)?,
cf. (4.2), therefore the points
(17.12) | (sfiy'2.ghre R (k=1,..,n),

are in the set R™\V*. This and the second part of the deﬁnitibn of the function
G, (x—x", h). cf. (11.5), yields

(7.13) G (G5 e’y B) = M=) 72 (55 2o+ Colh) <t ome Cath) 6 =272,

where x* e ¢V, since (ay;) is the orthogonal matrix, 1< || <n'? and sf are positive
numbers, cf. (4.2) and Remark 3 (§11).

In addition, from the assumption (17.1) and Lemma 2, cf. §8, it follows that

(17.14) ’ supp VA< O, |5 — x| = xh?,
and
- (17.15) Ch) X" —x*72<Cy(h)- "2 h2"
Hence, (17.15) (17.13) and the boundedness of sjf (k = 1, ..., #), cf. (4.2}, imply that
(17.16) G ((sfH P apl; B)<n-8,-C(h) %~ 2-h™%. .

We can use now the definition of E4'(h), cf. (11.11), and (17.16) and we obtain first
the estimate

(17.17) EYI<n®-8,-C(h)»n"2h™ %
Furthermore, from the definition of) C,(h), cf. (11.4), it follows that
(17.18)  C )% 202K 2™ 2 (2 Lt> B+ n-2 A xh' > 40 A1)
= 2Ll +n-2A 2 LR p? A~ 220
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Finally, we observe that (17 17)(17 18) and the definition of the function w(h),
cf. (17.6), yield |

(17.19) EA D<oy (=1,..,p).

This completes the proof of the formula (17.10).

Now we shall prove the relations (17.7) and (17.4). The relation (17.7) follows from
the definition of g#'(h), cf. (12.4), the estimate (17.19) and from the definition of Q(h),
cf. (17.5) (cf. also Lemma 5, §15, the formula (15.3)).

The system of inequalities (17.4) can be obtained from the estimate (17.7) and the
Theorem 1, § 13, the formula (13.1). It is sufficient only to replace g*'(#) on the right
hand side of (13.1) by the greater quantity Q(h), cf. (17.7).

This ends the proof of the formula (17.7) and (17.4).

Our last objective is to prove the convergence (17.8) and the estimate (17.9).

The convergence (17.8) follows from Lemma 5, cf. (15.3), and the system of algebraic
inequalities for maximum values rj*>0, cf. Theorem | and the system (13.1).

The estimate (17.9) can be obtained in the following manner. Let us consider the
system of linear algebraic equations for p unknowns y; (I =1, ..., p):

P

(17.20) Sty Y o ne=QMh (=1,.,p).

k=1,k+l
The matrix .1 of the system (17.20) is symmetric: 4 = (Ay), 4, =1, A, =7 ([ # k)
and the determinant DetA of that matrix differs from zero: |

(17.21) DetAd = (1—9)" L[l +(p—1)-9]>0,

cf. the assumption (4.5).
Consequently, the system (17.20) possesses only one solution

Q(h)

17.22 | : ) = I=1,...p),
7.2z Y= I =D ( p)

as can .be verified by substituting (17.22) into (17.20).

The system of inequalities (17.4) being satisfied by the maximum values r‘,“?O
(I =1, .., p), we obtain the desired estimate (17.9) from the system of equalities (17.20)
and from the formula (17.22).

This ends the proof of the Theorem 2.

§ 18. Remark 5. It seems that the best possible way to obtain the value of the de-
terminant DetA, cf. (17.21), is to ﬁnd the triangular matrices /" and A" such that

181 | A= A4

The matrix 4 being given there are infinitely many triangular matrices 1" and 4"
such that (18,1) holds. Notwithstanding this fact the matrices A’ and A" can be chosen
so as to obtain a simple proof of (17.21) by induction.
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Remark 6. The results of §17, cf.- Theorem 2, possess the following geometricak
interpretation. Let us consider the hyperplanes X, (I =1, ..., p):

p - ]
(182) Tty Y n=Q0m d=1,..,p),
 k=1,k#1
cf."('17.20), and the set S:
. ’ p
(18.3) Sy = {»: .1"1?0; Yty z n<hy (d=1,.,p.

k=1,k#1

Since the scalar product e- ¢, is constant and does not depend of /: e-¢; = 1+(p—1y
fore = (e!,...,eP), =1 (k=1,..,p); e, = (€11, ..., €1p), €n = 1, ey = 7 (I # k), the
set S, is symmetric with respect to the straight line y, = ¢t (0<t<+4o0; I =1, )
and we have only one point R, of intersection of the hyperplanes X;, cf. Fig. 6, R, being
on the straight line y,=¢ (I =1, ..,p).

Fig. 6. The sets Sand S,, S C 8, in the two dimensional case (p = 2) and the point R,, cf. Remark 6, § 18
We can calculate the coordinates of the point R, from (18.2) by substituting y, = ¢
(I=1...,p) into (18.2). Then we obtain

o em
a 1+(p—1-y

(18.4)

Hence, the point Ry has equal coordinates:

| o) Q) "o )
R (i

(18.5) .. 3 e
1+(p—1)yp" 14+(p—1)y 1+(p—1-y)

and they are positive, if

(18.6) : 1+(p—1)-y>0.
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So we see that (18.6) as well as (4.5) is the condition for the intersection of hyper-
planes X, at the point R, with positive coordinates. |

The similar interpretation can be given for the minimum values ri*<0, cf. Fig. 7 and
Theorem 3 (§19).

Y, .

"y

’

Fig. 7. The sets §” and S;, S'C S}, in the two dimensional case (p = 2). The hyperplanes =], 5, and
the point R’ can be defined in a similar way as m;, X and the point R

'§19. THEOREM 3. Let us suppose that the Sunctions 1! (I =1, ..., p) satisfy the as-
sumptions of Lemma 4, cf. §12.
Let us suppose also that

(19.1) i< —h, for h>0, By =B(h) (I=1....p).
(19-2) O<e(h) >0, as h—>0.

If in addition h is a sufficiently small positive number, i.e. h satisfies the condition
(19.3) (B4R +(n—1)-12 <8, t<a<l, O<h<l.

where 6, stands for an lower bound on characteristic values, cf. (4.2), then

1° the minimum values v (I = 1, ..., p) satisfy the linear system of algebraic inequalities

(19.4) ey Zp z—-Qh (=1,...p),
k=1,k#1
where
(19.5) Q) = —n~ " [oth)+ DM +e(h)],
(19.6) w.(h) = 112-52°(2L%h“+n-2/1-%“1'hl_“-l—nz'/i-g_z'hzu.'“)) .
(19.7) 0<g® M) <Qh) -0, as h — 0 I=1,...p).

In the formula (19.6) 8, stands for an upper bound on characteristic values, cf. (4.2).



2° We have the convergence

(19.8) 02" >0, as h >0 (I=1, s D),
and the estimate:
Qh
{19.9) - ®) <r'<0 (d=1,..,p).
I+{(p—1)-y

The proof of Theorem 3 is similar to the proof of Theorem 2 and will be omitted.

§ 20. LEMMA 7. Let us suppose that the Sunctions r (1 =1, ..., p), satisfy the assumptions
of Lemma 4, ¢f. §12, and the relation (17.2) Jor the function e(h).

Let us denote by R(h) the point of the p-dimensional space with coordinates:
(20.1) Rihy = (r{*, %, ., rf®), A, = Ah) (I =1, s D)

3

i being the maximum value 1> 0 (=1,..,p.
Let us suppose that 0<h, - 0, as v — + o, and

{20.2) R(h) = Ry, as v - +0,

where the point Ry has the coordinates Ry = (Roys ..., Ry,) and Ry is on the s-dimensional
hyperplane (subspace) generated by coordinate axes yy, vy, ...,y (1<l,<p, k = 1, ...
ey 85 5<P):

(20.3) Roy=0,for I # 1, (k=1,.. 5: s<p).

k4

Hence. we have the relations
(20.4) i Ry, as v - +oo, I =1, (k = ooy s; s<p, A, = A(D,),
(20.5) it >0, a5 v - oo, [ £ (k=1,.. s: s<p), A, = A(h,).
Let us suppose in addition that

20.6)  sftzhy, for I=1 (k=1,.,5 s<p)(v = 1,2,.0, A4, = Ah).

Under these assumptions’
1° we have the convergence:

(20.7) | Rh) >Ry =0, as v- +oo,

that is we have the convergence toward zero Jor the values | = [ (k =1, ....s: s< p), too:

(20.8) =0, as v oo, =1 (k=1,. s s<p), A, = Ah),
and |
(20.9) Ry=0, forl=1 (k=1,..,s; s<p).

17 — Acta Mathematica XXV
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2° If h = h, is a sufficiently small. positive number, i.e. h = h, satisfies the condition
(17.3), then we have the estimate '

) . |
0<rit< -I:Q(hv)——y- Z r{"],
(20.10) ) I+(s—=1)-y

I_T'Lll’-c.,ls

(=1 k=1,..,5; s<p),
the function Q(h) being defined by (11.5) and (17.6).

Proof. Let us select from (13.1) the algebraic inequalities corresponding to the
indices / =1, (k=1,...,8;, s<p):

. A . A .
{20.11) rlkl“—!—'y' Dy g g9 ™ h) -y D, i
T#E L, =11 a0 I, | Y PR

In view of (20.6) and Lemma 5, cf. §15, we have the convergence:
2012)  0<g™™(h) >0, as v —> +o0, Ay, = A (h) (k =1, ...,5 s<p).
Let us denote the right hand side of (20.11) by g""‘(h,,):
(20.13) g =+ ) -y Y A

1#l, e ls
Then the system (20.11) can be rewritten in the form which is-similar to the system
(13.1):

(20.14) gy Y 4R, (k= 1,8 5<p),

where the right hand members of (20.14) tend toward zero, too, because of (20.12) and
the assumption (20,5): | '
(20.15) 0<j ™) =0, as v - +c0 .

We shall prove that (20.15) and (20.14) enable us to establish the convergence toward
zero of the maximum values. 7" on the left hand side of (20,14), too:

(20.16) i 50, as vo too, I=1 (k=1,.,s: s<p), A, = A(h,).
To establish this let us consider the linear system of s algebraic equations for the
unknowns v, I =1, (k=1,..,s; s<p): '
. |
(20.17) v+ D y,= +g ™h), (k=1,..,5; s<p).

I?“Ik,lzllgqujs

The matrix A of coefficients of the system (20.17) is symmetric, 4 = (d,), 4;; =y
j# k)i, k=1,..,5), and the determinant of 4 differs from zero:

( _
(20.18) Detd = (1-9*" " [1+(s—1)7]>0,

of. the assumption (4.5) and the inequality 1<s<p.
Hence, the system (20.17) possesses only one solution:

(20.19) Yo = yilh) k=1,..,5; s<p_) A
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]

But the system (20.14) is satisfied by the maximum values >0 l=hL*k=1, .,
s<p), therefore from (20.14) and (20.17) we obtain the inequalities:

(20.20) ‘ 0< rI b <y (hy) (K=1,..,s; s<p).

From Cramer’s forrnu]a for the solution (20.19) and from the formula (20.15) it follows
that the solution y,(h,) tends toward zero:

(20.21) | yplh) =0, as v—- 4o (k=1,,..,5; s<p),
hence, from (20.21) and (20.20) we obtain
(20.22) 0<m™ >0, as vo +0 (k=1,..,5 s<p).

This ends the proof of the relations (20.16).

We shall prove now the estimate (20.10). For this purpose it is sufficient first to repeat
part of the proof of Theorem 2 for I = I, (k = 1, ..., 5; s<p), ¢f. §17, in particular the
formula (17.10) up to (17.19). Then we obtain the relation similar to (17.17):

(20.23) 0<g®(h)<Qh,) -0, asv—> +w,l=Lk=1,..,5,5<p).

We can use (20.23), the definition (20.13) and the inequality (20.14) to derive the
following linear system of s algebraic inequalities for s maximum values ol =1,
k = I s<p):

: Al A; A;
(20.24) gy > <)~y ) ri :
| 1 I e, b IETP

Let us consider the linear system of s algebraic equations for s unknowns v,
(k=1,..,s; s<p):

(20.25) Ay Y wm=am)-y Y At

L#E, =11, 00000 1#H, cyls

The matrix 4 of the system (20.25) is symmetric and the determinant of the matrix 4
differs from zero, cf. (20.18). Consequently, the system (20.25) possesses only one solution:

- 1 . .
Y = : ’ Q(h\" —¥ Z rAt]a
(20.26) P l T4+(s—1)y [ ) !

l#:llg "aay IS

(k=1,..,5;, s<p),

_ as can be verified by substituting (20.26) into (20.25). .
The system of inequalities (20.24) being satisfied by the maximum values r; A=
(k =1, ..., 5; s<p), we obtain the desired estimate (20.10) from the system of equahtxes
(20.25) and from the formula (20.26). |
This ends the proof of Lemma 7 (cf. Fig. 7).

§ 21. A similar lemma can be proved for the minimum values r7*:

LeMMA 8. Let us suppose that the functions rt (=1, ..., p) satisfy the assumptions
of Lemma 4, cf. § 12, and the relation (17.2) for the function e(h).

17+
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Let us denote by R'(h) the point of the p-dimensional space with coordinates:

21.1) R'(h) = (rt', 32 . ro?), By= B (I = 1,..,p),

¥ being the minimum values ri*<0 (I = 1, ..., p).
Let us suppose that 0<h, — 0, as v — + 00, and

(21.2) R'(h) — Ry, as v— +o0,

where the point Ry has the coordinates Ry = (Rgy, ..., Rop) and Ry is on the s-dimensional
hyperplane (subspace) generated by coordinate axes y,, ¥, ...y, I<hk<p; k=1, ...
ey 85 S<P):

(21.3) Ry =0, forl#1l (k=1,...5 s<p).
Hence, we have the relations:
(21.4) 1 — Ry, as | v— +oo, ([ =1 k=1,..,5; s<p), B, = Byh,),
(21.5) iP5 0,a5 v +oo, (£ k=1,..,5; s<p), B, = B/h,)).
Let us suppose in addition that
(21.6) B —n, forl=0L(k=1,..5; s<p)v=1,2,..), B = Bfh).

Under these assumptions 1° we have the convergence:

(21.7) R'(h)—0, as v—> +w,

that is we have the convergence toward zero for the values 1 = I, (k = 1, ..., s; s<p), too:
(21.8) B0, as vo 4o, =1 (k=1,..,,5;5<p), B, = B(h,)

and |

(21.9) Ryy=0, forl=1 (k=1 ..3;s<p).

Y

Fijg. 8. The set S, in the three dimensional case (p = 3) as bounded by the planes 2= FH. R H;,
Xy = F,H. R H,, Xy = F, H; R, H,. The points Hj (j = 1,2, 3) are on the bisectrices of the angles y,0y.,
.0y, ¥s0y,, respectively. The point R, is on the straight line y; = 7 (0<t& 4005 1= 1,2, 3). The set S
is inside the set S, SCS,, the faces of the set S being parallel to the corresponding faces of the set §;.
This figure can be used to visualize the proof of the Lemma 7 (cf. § 20) '
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2° If h = h, is a sufficiently small positive number, i.e. h = h, satisfies the condition
(17.3), then we have the estimate:

(21.10) 4 +(s—1)7

I =1 (k=1,..5 5<p),

the function Q(h)-being defined by (17.5) and (17.6).
The proof of Lemma 8 is similar to the proof of Lemma 7 and will be omntted

§ 22. THEOREM 4. Let us suppose that the functions r;" (I = 1, ..., p) satisfy the as-
sumptions of Lemma 4, cf. § 12, and the relation (17.2) for the function e(h).
Under these assumptions 1° the point R(h) with coordinates R(h) = (e, ..., rﬁ" con-

verges toward the origin, as h — 0:

(22.1) | RU) >0, as h—0,

that is the maximum values ri' (I = 1, ..., p) converge toward zero:
(22.2) 0, as h—0, A4, =AMk I=1, .,p).

20 If h is a sufficiently small positive number, i.e. h satisfies the condition (17.3), then
we have the estimate:

o(h) o
. for xMe Q, ifri'zh(I=1,..,p),
1+ (p—1)7 Q, if p)
b) rM<h, for xMe Q, if r'<h.
In the formula a) we have A, = A(h) and the function Q(h) is defined by (17.5) and
(17.6).

a) r’'<

Proof. Let us observe first that the sequence R(h) is bounded since =1, ..,p)
satisfy the linear system of algebraic inequalities (13.1), and the right hand sides g“’(h)
(I =1, .., p) are bounded, cf. the formula (15.3).

Proceeding by the contrary let us suppose that R(%) does not converge toward the
origin, as # — 0. Then there exists the constant £,>0 and a sequence 0<#A, — 0, as
v — 00, such that

(22.3) R{(h)—> Ry, as v— +0o0,

the distance of the point R, with coordinates R, = (Ryy, ..., Rgp), Rey>0 (I =1, ...p),
from the origin being greater than é&;: -

(22.4) . ' 0(Rg, 0)>¢p ,

where o denotes the Euclidean distance between the points R, and 0.

L=

There arc only two possible cases:
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1) the boint R, is at a positive distance from all coordinate hyperplanés and from
the origin: o
(22.5) | | Roi=eh. >0 (I=1,..,p).
Hence, we have the reiations |
(22.6) s Ry>eh, as v 460 ([=1,..,p) A = Ah,).

2) The point R, is on some coordinate hyperplane but at a positive distance from the
origin, greater then g,: |

(22.7) Ry;>eg, forl=1 (k=1,..,5s; s<p)e >0),
(22.8) ROI,,': 0_,. fOI' l#lk (k= 1,...,3; S<p).

Hence, we have the relations

P Ry ey, as v +oo, forl=1I (k=1,.. 55 s<p),

(22.9) {

(22.10) rf -0, asv— +oo, forl#L (k=1,..5 s<p), 4 = Afh).

We shall prove that both cases lead to contradiction.
In fact, according to what has been said in connection with the case 1), cf. (22.6),
we have, for sufficiently great values of v (v v,)

(22.11) rzh,, for vevy (=1,..,p). 4, = A(h,).

But from the inequality (22.11) and from the Theorem 2, cf. § 17, formula (17.8),
it follows that. :

(22.12) 0<r 50, as v—o +o (I =1,..,p) A, = A(h),

hence, we have R(h,) - Ry =0, as v — -+ 00, and this contradicts the assumption (22 4.
In the case 2), cf. (22.7) (22.8), we have

(22.13) rlish, forvzv, I=L (k=1,..,5 s<p), A, = Afh),

v, being a sufficiently great natural number,
However, from the inequality (22.13) and from Lemma 7, cf. § 20, the formuia (20.7),

we obtain the convergence:
(22.14) | R(h)— R, =0, as v— 4+,

and this again contradicts the assumption (22.4).

This ends the proof of the formula (22.1) and (22.2).

We shall derive now the estimates a) and b). Indeed, ri' (/ = 1,.., p) denotes the
maximum value, hence, we have

(22.15) M, for xMeQ (I = l...p).
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From the formula (22.15) and from the Theorem 2, cf § 17, the relation (17 9), it
follows part a) of the estimate.

Part b) of the estimate follows also from (22 15).

This ends the proof of the Theorem 4. "

§ 23. The similar theorem can be proved for the minimum values ;' (! = 1, ..., p):

THEOREM 5. Let us suppose that the functions ry (I = 1, ..., p) satisfy the assumptions
of Lemma 4, ¢f. §12, and the relation (17.2) for the function g(h).

Under these assumptions 1° the point R'(h) with coordinates R'(h) = (rit, ..., rg") con-
verges toward the origin, as h — 0: .

(23.1) R'(h) -0, as h-0,
that is the minimum values rp* (I =1, ..., p) converge toward zero:
(23.2) Mt 0, as h—»0,B=Bk) (I=1,..,p).

2° If h is a sufficiently small positive number, i.e. h satisfies the condition (11.3), then
we have the estimate: '

' : Q) _

a) I‘fw>—- () . for xMGQ, l:f‘r[BIg._‘—h (l=13:p):
1+(p—1)y

b) = —h, for xMeQ, ifrfz-h.

In the formula a) we have B, = B,(h), and the function Q(h) is defined by (17.5) and
(17.6).

" The proof of the Theorem 5 is similar to the proof of the Theorem 4, cf. §22, and
is based on the Theorem 3, cf. §19, and on Lemma 8, cf. §21.
This proof will be omitted.

§ 24. We intend to study later the difference methods for the systems of differential
equatxons of the elliptic type. In this connection the followmg Theorem 6 will be useful:

THEOREM 6. Let us suppose that the systems 1 and 11 of difference inequalities, c¢f. (4.8)
(4.9}, are of the elliptic type, cf. the definition 1 (§4). |

Let us suppose also that the functions r;t (I =1, ..., p)(x™ e Q), satisfy the assumptions
of Lemma 4. ¢f. §12, and the relation

(24.1) O<e=¢h) -0, as h—->0.
Under these assumptionsr 1° we have the convergence:

{24.2) M0, as B-0(U=1,..,p)EMeQ);
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2° If h is sufficientiy small positive number, i.e. h satisfies the condition

(24.3) G+ R+ (n=1)-h2 <6, d<a<], O<h<l,

#

where 0, stands for an lower bound on the characteristic values, cf. (4.2), then we have the
Jfollowing estimate:

a) In'I<Qh), for xMe Q, if ri'zh, rP<—h (I =1, ..., p);

b) —h<r'<Q,(h), for xMe Q, if rHi'2h, 1P b =1,...,p);

¢) —Q(B<r<h, for XMe Q, if r'<h, 1< —-h (I =1,..,p);

dy —h<r'h, for xMe Q, if ri*'<h, r¥> —h{I=1,..,p). |

In the formulas a) b) c) d) we have A, = Ah), B, = Bh) (I =1, ..,p) and

Q(h)
(24.4 O.(h) = '
) () = — i
(24.5) Qhy = —n~-[w(h)+ D(h)y+e(h)],
(24.6) U)(h) — 1’12'52'[2'L%h“+n'2/l'%—]h1_“+n2-A-x”z-hzu—“)] ,

where &, stands for an 'upper bound on the characteristic values, cf. (4.2).
Proof r{'>0 (I=1,..,p) and rf'<O (I =1, ...,p) denotle. the maximum and the
minimum values for )", respectively, cf. (5.4), therefore we have
(247)  rB<M<rf, for xMe Q, A, = A(h), B, = Bk (I=1, ... p).
From the Theorem 4, cf. §22, and the Theorem 5, cf. §23, we obtain
(24.8) rit>0, as h—>0, 4, = A, (I=1,..,p),
(24.9) ' =0, as h—0, B,=B,h) (I=1,..,p),

consequently, from (24.9) (24.8) and (24.7) the desired relation (24.2) follows.
We shall verify the estimate for ;" in the case a). in this case we have ri*=h (I = 1, .... p),
therefore

Qh
(24.10) < () ,
I+(p—1)y
because of the Theorem 4, cf. § 22,

Moreover, we have r'<—h (I = 1, ..., p), hence, from Theorem 5, cf. § 23, it fol-
lows that

for xMeQ (I=1,..,p)

2

Q(/
F+(p—1)7y

The formulas (24.11) (14.10) and the definition of Q,(h), cf. (24.4), enable us to write:.

for xMe Q (I=1,..,p).

(24.12) <Q,(hy, for x¥eQ (I=1,..,p).

The proof in the remaining cases b) c) d) is similar.
This ends the proof of the Theorem 6.
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§ 25. Another error estimate can be obtained with the use of Lemma 7, c¢f. § 20, and
‘Lemma 8, cf. §21. That estimate will be given in the Theorem 7, cf. §27. First we shall
prove the following lemma:

LEMMA 9. Let us suppose that the functions M (1= 1,..,p) satisfy the assumptions
of the Lemma 4, cf. §12, and the relation (17.2) for the function &(h).
Let us suppose in addition that for the natural numbers I, 1<, <p, we have

(25.1) : izh, for l=1 (k=1,..,5; 5s<p), A4, = Ah)
(25.2) rgh, forl#1, (k=1,..5;s<p), 4, = A(h).
Under these assumptions we have the following estimate

Q) —y(p—s)-h
053 WIS Mo I =l k=1, 53 5<P),
14+(s—1)y :

(25.4) M<h, forxMeQ I # 1, (k=1,..,5 5<p),

the function Q(h) being by (24.5) and (24.6).

Proof. We shall verify the first formula (25.3). For this purpose we shall use the
estimate (20.10) in the following manner: .

Since we have y<0, hence from (25.2) we obtain the following inequality for [ # [,
k=1,..,5 s<p) |

(25.5) —v Y g~y (p—s)h.

According to (23.5) and (20.10), we have

a Q- y(p—s)h

25.6 0<r'K , forl=1(k=1,..,5 s<p).
( ) ! 1+ (5—1) 7 k ( P

A . ‘
But 1 (/ = 1, ..., p) denotes the maximum value for r}Y, i <rf", for x™ € Q, hence from

25.6) we obtain the desired estimate (25.3).

The formula (25.4) follows immediately from the inequality Mt and from the
assumption (25.6).

This ends the proof of the Lemma 9.

§26. A similar lemma can be proved for the maximum values e

LEMMA 10. Let us suppose that the functions (1= 1, ..., p) satisfy the assumptions
of the Lemma 4, ¢f. § 12, and the relation (11.2) for the function e(h).



266

Let us suppose also that for the natural numbers 2., 1<A, <p, we have

(26.1) PR —h, forl=J (k=1,..5; s<p), B, = Bfh),
(26.2) PRk, forl#4 (k=1,.. 5 s<p) B = Bfh).

Under these assumptions we have the following estimate:

S ~Qh)+y(p—s)h
(263) rer‘é I(J(Si(lp)-'}"g) ? fOr xME Qa I= }‘k (k = la s 85 S<p)9

(26.4) rM>_h, for xMeQ, I # A (k=1,..5 s<p),

the function Q(h) being defined by (24.5) and (24.6).

Proof. We shall use the estimate (21.10). Since y<0, hence from (26.2) we obtain
for 1 £ 2, (k=1,..,5; s<p):

(26.5) -y Y n'E+y(p-s)h.

L# A1, 00 As

From (26.5) and (21.10) it follows that

—QM+y(p—s)h

, fi l k=15 5<p).
I+(s—1D-y or 17 & ( 8 5<P)

(26.6)  O=¢P>

But #7* denotes the minimum value for rM, rM =¥ for x™ ¢ Q= 1 ..., ), therefore
from (26.6) we obtain the desired formula (26.3).

The formula (26.4) follows immediately from the inequality #, ,Br and from the
assumption (26.2).

This ends the proof of the Lemma 10.

§ 27. As indicated earlier, cf. § 25, the results of Lemma 9 and Lemma 10 can be

applied to obtain an another error estimate. The question is settled in the following
Theorem 7: '

. THEOREM 7. Let us suppose that the systems 1 and 11 of difference inequalities, Cf (4.8)
and (4.9), are of the elliptic type, cf. the deﬁnmon I (§4).

Let us suppose in addition that the functions r}" (I = 1, ..., p) satisfy the assumptions
of the Lemma 4, cf. §12, and the relation (24.1) for the function &(h).

Let us suppose also that for the natural numbers I, (1 <1, < p) and 2 (1 <A, <p) we have:

(27.1) {"54’?’1» Jor I=1; "<k, for I #1,.

B | \
< —h, forl=1; r'=—h, forl#h.

where k = 1,...,s; s<p, A, = A(h), B, = B,(h).
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If in addition h is a sufficiently small positive number, i.e. h satisfies the condition (24.3),
then we have the following estimate:

a,) Ir?‘léﬂz(h), for xMe Q, ifl =1, =1,
bl) "hgr:‘lQQZ(h)s Jor xMe o, lfl =L, l # Aks
¢;) =< <h, for sMe Q, if l # 1., I = A,
d;) —h<ri<h, Jor xMe Q, if 1 £ 1, 1 # A,
-the funcnon Q,(h) being defined by
QRr)—y(p—s)h
1+(s~1)-y
¢f. the definition of Q(h) (24.5) and (24.6).

The proof of the Theorem 7 follows immediately from Lemma 9, c¢f. §25, and from
Lemma 10, cf. §26.

(27.2) | Q,(h) =

Remark 7. We wish to emphasize that we have in fact three error estimates. The
best one follows from the linear system of algebraic inequalities (13.1) and (13.2), and
does not involve any assumption of the form r{*>h or rB'< —h. It is sufficient only to

consider an auxiliary system of linear algebraic equatlons
P
(27.3) Yty Y ye= gt d=1,..,p),

k=1,k+#l

the determinant of (27.3) being different from zero, c¢f. (17.21), and denote the solution
of 27.3) by vy =y(h) (I =1,..,p). /
Then we have '

@74 | <yl (=1, ...p), A, = Ah),

the shape of the set S cf. (14.3), being exploited in an essential way.
Similarly with the aid of the solution y, = y,(h) (/ = 1, ..., p) of the system

. P )
(27.5) vty S = —g%hm (d=1,..,p),

k=1,k#l

we can write

(27.6) rezyhy (=1,..,p), B, = Bh).
Since we have rl'<rM<rf (I =1,...,p) for xMe 0, we obtain the estimate
(27.7) <<y (I=1,..,p), xMeQ.

It is'the best possible estimate, but unsatisfactory from the numerical point of view.

- A better situation arises when we use the second estimate depending on the function
Q,(h), cf. Theorem 6, §24.

_The third estimate depends on the function Q,(4), c¢f. Theorem 7, §27. It should be

observed in this connection that for small enough choices of /i there can be Q,(h)<Q,(h).
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