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~ On the Boundary Value Problems for the Ordinary
" Differential Equation of Second Order

1. We shall consider a second order. différential equation
1) o o =f(t, o, @) a<t<b
and boundary eondltlons )

"..(2) - Lig=r i=1,2

o Where Liis a contmuous linear functional defined on the space G’«. »y Oof a.ll
real-valued functions continuously differentiable in closed interval <{a, b>
We shall say that the function f(t Uy ) defined in the set D:

a<t<b, "~ oco<uU,v< + oo

satisties the condition (C) (Carathéodory’s condition) if

(i) for every fixed t,f(t, u, v) is continuous in the variables u,v,

(ii) for fixed u, v, f(f,u,) is measurable with respect to ¢.

R The general theorems included in “papers [3], [4], [5] applied to. the equa

. tion (1) and conditions {2) allow us to formulate the following

' Theorem A. If the right-hand member of equation (1) sansfws in the set D

condition (0) and mequalzty

(3) ' Cft u, 0) S M(t)-i-Po(t) [l + golf) 0] -

. where. M (), p,,(t), q,(t) are non- negatwe summable functions.in the interval {a,b)

and if for every paw of measurable functions p(t .q(t) satisfying conditions

4) . @] <plt),  la < g®)

the homogeneous lmear equation '

() ’ @' +p ()% +q(t)w =0

has unique solution w’-(t) = 0’ satisfying homogeneous ‘conditions
(6) S CLw=0 i=1,2, |
,them the're e:msts at least one solutwn‘m sense of O'amtheodwg of the problem (1), (2)

R



- Of great‘ interest here, are eoﬁditions which functions Polt), goft) have to

- satisfy in order that the linear homogeneous problem. (5), (6) has unique solution -

"z(t) = 0. The best‘ possible evaluations’ in the norm |jgf = masx lg(t)] have
(@b

)

been reeetved by Ch. de la Vallée Poussin [8] and later, in a snnpler form,
by Z. Opial [7] and Ph. Hartman, A. Wintner [2].
The purpose bf this paper is to establish. conditions in the integral norm

lgtl = f tg(mdt

for the functions p(t), ¢i(¢) so that the linear homogeneous problem (5), (6)
has exclusively a trivial solution. The conditions obtained (the best possible
in the integral norm) make it possible for us to formulate two theorems on the
existence of solutions of equation (1) which sa.tlsfy the boundary condltlons (2)
of certain type.

2. We shall employ the fo]lowmg lemma ana.logous to the Well known
inequality of Beurling (see [1], p. 124).

Lemma. 1. If the function x(t) is a 'non-mmal solution of equation
(7 S :v"—l—h(t)w— 0,

where h(t) denotes a summable function in the interval {a, b tmd iof ®(t) samfws
the condition

(8) w(d): o(k)=0, a<k<b
then the following inequality )
© - [ miar> 2
. a

holds triie. ’
Proof. Put

k
M= [ |o(t) at
then by (7) we obtain the evaluation
o |
M <max |z(t)] [ hh)]de.
) {a,k> a

On“ the other hand we have
max le()] < (B~ a)mx ()] = (k—a)a'(h) ,

where , € (a, k). It is easy to see that equality is only possible when » "t) = const.
.in the interval <a, k) w}nch in the present case is exclnded



Similarly, we have' T
T e < f Iw"(tndt |

The mequahtles obta.med 80 f&r and the remark ]ust made 1mm9dlately 1mply "
inequality = - 5

M < (k— u)Mf]h(t)ldt

whlch tcgethm‘i with the assumptlon that' @(t) $ 0 results in mequa.hty (9)

. and our lemma is proved. .

. From the above Lemma 1 it easﬂy fo]lows o
Lemma 2. If the funot@on z(t) is a non-mmal solution of dszermtml
equation (5) which =sthfws the condition (8) then the following inequality

[ imoras L

e jiq(mm Lo

B . -?wlds f/me.’

' then the equamon (5) and oondltmn (8): ha,ve the form

Proof. Let us put ’
P()= [pya

" and introduce independent variable t = y(), where

1 . .
Jc(t)*-——f"_m)d8 0

{11) : - dz— -+ q(t)e“"')x =0,

4‘ f'wh{eré f{‘t) = w(x“'l(t)) q(-r)—- q{ 7)), P(r) = P(x'f‘l('c)) and

e R do| dm dt
7 :‘(.12) L ) =0, F| et B o B~ |
= Now a straightforward apphca.tlon of Lemima ‘1 to eqna,tlon (11) and con-
ol dltmns (12) glves the maqua.hty ‘ .
- W ‘ '
2P(f)
f Iq(r)!e dr > —ﬁ)—x(a)

s )
Hence, we have ‘

flq(t)wpmdt > — L
. f e —P(t)dt

e




1“4

o

Applymg the mea,n~value theorem We have the fo]lamng mequa.hty

ePal)f |Q(t)|dt Dy (k a,)e‘P(‘) 12 ::, Where a << tl’ tz < k

'Multlplymg the above mequahty by e and applymg the obwous mequa,htv- .

’ lp(mdt
P(ix) P(t.) < 6"5 I

we obta.m the I:equn'ed 1nequahty (10) and Lemma. 2 is proved. _
The Lemma 2 permits us to obtain the inequality of Levine published,

- without proof, in [6]. In particular we can formulate the following c
Lemma 3. If the function z(t) 8 a mon-trivial solution of dszerefntml

equation (5) which satzsfws the condition
(13) e »(a@) = m(b) =0
then the following inequality

Y

S %I lp(t)ldt 4
() flq !dt >
holds true. :

Proof. We note that from assumptions of our lemma it follows that there,‘
exists in interval (a, b) a number % such that #'(k) = 0. Now a straightforward
application of Lemma 2 to the intervals <a, k> and <k, b) gives respectwely :
the inequalities :

b

f ]’p()ld T il 1'
[lq(t )dtes > 7 1q(t)|d tek > e
Hénee, we obtain | _‘
k) I Iotoa- 1 ‘
t)|dt t)| dt e
(fiQ( ) ) fIQ( )I ) >]/(k a)(b k) ) . .

The above lnequallty and elementary lnequa-htles

; b '
a-B < }(ot+ ), where»q ~(f \lq"(t)ldt)#, = J lq (o)1 de)?
a,nd | | |
1 '. -2 :
= ~aGh

1mmed.1a,tely yleld mequahty (14) and our lemma. is proved.

-




, In the case of Theorem 1 and .

8. Lemma 1 and Lemma 2 allow us 1;0 prove the fo]lowmg two theorems
| Theorem 1. Let the right-hand side of equation (1) satisfy the condition (C) and '
t- inmequality (3) in the set D Umler the above assumptwns if the mequahty '

.

I P 1

Lam _[%wdw <

is fulfilled, then for every two pairs of numbers (t,, ), (L3, ), wherea < t, <t <

there exists at least one solution in the sense of Carathéodory of equation (1) sam-

= fying the bo'wndary conditions x(t)) = 1y, @'(t;) = r,.

i Theorem 2. Under the assumptions of Theorem 1 if mequahty (15) s
repla,ced by the following mequahty :

b h .
pimmar 4

(16) a (t)dtea T«

1

<>

—a
 then for every pairs of numbers (2, 1"1), (tay 72)y where a4 < <t < \ < b, there exists.
" at least one solution. in the sense of Carathéodory of equatwn (1) satisfying the
boundary cond@t@ons z(ty) = 1y, @(ly) = To :
In fact let us define the. functmnals Ly in the followmg form

Lw_wm) Lya = o'(t,)

(Lw_wmh-Lﬁzmw

. in the case of Theorem 2. Then these theorems are immediate conclusions from

Theorem A and from Lemmsa 1 and Lemma- 2 respéctively. ,
4. The example quoted below shows that if we replace the number 1Y(k—a) - o,

in the inequality (9) by number a, where a >1/(k—a), then there exist non- o
-trivial solutions of problem (7), (8). Let a be a fixed positive number. Without :
loss of generality we can assume that a = 0. Next suppose that » is an mteger
sufficiently large so that inequality 0 < }/ajn < /2 is fulfilled.
. Let us put k= k,, where

y gy@
and )
0, for 0<t <ty
Ny fOT 1y <t < kn

’




N

~. where i ,=.‘k¥-»%‘.' Tt is Qafsy-to‘ venfy that the fu.r;i_’dtidn

o "

R ‘ $ﬂ(t) =

iAVstin‘l/%» - o<'t<t,; -
o N AAcos[l/:—&(‘t %)) tn<i<

By -

* where A is an arbitrary constant other than 0, is a mon-trivial solnnon of
_-equation &' +h(t)e =0 satlsfymg the condltlon m(O) = (k) = 0

Since

1 . :

“h,,(t)dt— a a.nd limk, = (kn ) S s
Nn—+00, a . X .
), P . ~f,/ﬁ

it s easy to see that in mequa,hty (9) the number lj(k a) cannot. be replaeed‘ ’
"by any greater number. "

In a similar way “one can show -that the evaluatlons in mequa,litws (1,0)
and (14) and also in (15) and (16), are best posmble

v
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