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THE REGULARIZED TRACE FOR NUCLEAR PERTURBATIONS
OF DISCRETE OPERATORS

Milutin Dostanié

Abstract. The regularized trace of nuclear perturbations for semibounded (positive) dis-
crete operators is found.

1. Introduction

In [1] the regularized trace was found for a perturbation of a discrete operator
by an operator of finite rank. For this result the behaviour of the function N ()
played an important role, where N(\) denotes the distribution of the eigenvalues
for the nonperturbed operator.

In this paper this result is generalized for perturbations of a discrete operator
by a nuclear operator which satisfies some additional conditions.

2. Statement of the problem and the main result

Let Lo be a selfadjoint discrete operator acting on a separable Hilbert space
H, with domain D(Lg). We denote by S a nuclear operator with a Hilbert repre-

sentation:
(o] (o]
S=Y sl fom (Lo<oo)
k=1 k=1

Let us consider the operator L = Lo + SLo. In this case u, and A\, are
eigenvalues of the operators L and Lg respectively, arranged in the increasing order
of their real parts, each of which is repeated according to its multiplicity. The main
result is the following theorem.

THEOREM. Let Lgy be a selfadjoint, discrete, semibounded (from below) oper-
ator acting on H. Suppose that the distribution function of its eigenvalues has the
form N(A) =375 <y 1=cA+O(NP) where c is a constant, 0 <p<1,n=1,2,...,
0 ¢ o(Lo). Suppose that one of the following conditions is satisfied:
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1° ¢ = 0; for some q € [0 1] we have that g, € D(Ly™Y), fi € D(LE) for every

k and in this case 3 5o, skl|Lo “gnl| - [|LE frll < o0;
° ¢ # 0; for some q € [0,2] we have that g, € D(Ly ), fr € D(LY) for every

k and in this case Y oo, skl Lo~ gkl - [|1LE fill < oo.

Then the operator L is discrete and there exists a subsequence of natural
numbers ky, (kn, — +00) such that
k

. ~ . i-a q
nlinio;uk M) = Zsk o "9k Lofr). e

Note that formula (1) gives the regularized trace of the operator L because
the right-hand side of this equality can be evaluated.

3. Resolvent of the operator L

For the sake of symmetry, we shall introduce new vectors f; = /5k fx, 9}, =
v/Sr9k- Then
oo

S = Z(';f/'g)g;w (fir 1) = sk0k,  (9k>91) = Sk0k1-

k=1
In order to find the resolvent of the operator L it is necessary to examine the
solvability of the equation

Lou+ Y (Lou, fi)gi = u+ f (2)
k=1

where u € D(Lo) and f € H. Suppose A ¢ o(Lg). Applying the operator R} =
(Lo — MI)~! to (2) we have that

u+t Y (Lou, f{)Rgj = R3S.
j=1
Let us denote (Lou, f;) = §;; then we obtain

= _ZR/\QJ

Substituting the expression for u in the formula for &; we shall get an infinite system
of algebraic linear equations:

oo
&+ > &(LoR3g), fi) = (LoR3f, f1), k=1,2,3,... . (3)
j=1
This system can be used to determine &;. Put ay; = —(LoR3g}, f;) and ¢ =

(Lo )\f, fk) then the system (3) can be written in the form & — E;; ak;&; = ¢k,
k= . We can check directly

oo oo

Z lakk| < oo, Z lak;|? < oo. (4)

k=1 7,k=1
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Formulas (4) imply that the infinite matrix I — A, where A = (akj)zojzl is
a Koch matrix. Therefore, by deleting a fixed column and a row from the matrix
I — A we shall get again a Koch matrix.

To the Koch matrix I — A we can associate its determinant:

00 00
1 @i aip 1
det(I—A)Zl—Zajj—Faz 73 J gz +---
Jj=1 Js

ay; a
o1 | ki Ckk

(For more details about the Koch matrix see [2] or [3])
Since the matrix of the system &; — Z;L ar;&; = ¢k, k=1,2,3,... is a
Koch matrix, the solution of the system (3) is given by
=) (-1 Aje;/A (5)
j=1
where Ajj is the determinant of the matrix obtained from the matrix I — A by
deleting its j-th row and k-th column; det(I — A) = A. Because of Ry\f = u
(Bx=(L—=XM)"") and u=—332, §;Rg; + R f, (5) implies that

o

Ryf=R}f - Z(Z 1A (LoRY S, £7) /\9;9>A1' (6)

k=1 “j=1

The spectrum of the operator L is discrete because of Theorem 10.1, p. 336,
in [2]. Suppose A ¢ o(Lg) U o(L); then

L— X = (I+SLoRY)(Lo — AI).

Since the operator L — AI vanishes only at the point x = 0 it follows that —1 ¢
o(SLoRY). The operator SLoRY is nuclear, so that (I+ SLoR})™! = I + K, where
K is a nuclear operator. But then we have (L — AI)~! = (Lo — AI)~}(I + K) so
that (L — AI)~! is a compact operator and L is a discrete operator.

Now, we introduce linear functionals ¢y:

AT DA LR 1), fe . (7)

LEMMA 1. The sequence of linear functionals @ (k =1,2,3,...) on the space
H is uniformly bounded.

Proof . Since
= 2 1)7* Ay *(LoRY S, f)

it follows that

or(f) = A A (LR, fi) + AL S (=17 Ayt 25, (Lo RS S, £)
i#k



144 Dostanié

and

lon ()] < A Ae] - [ILo B - [I£1]

1/2
Al 1(Z|A]k| si/se S I(LoRS, )P ) |

J#k j#k
This formulas imply, by using the Bessel inequality, that

1/2
or (O < 11 (800l A1 - DB+ NI 11 - (3 AsePsyfon) ).
I#k
We show that sup; , [Ajx|/sk < oo and supy, |Agx| < co. By the Hadamard in-

equality
|Ajk|2 < H (Z |0pg — apq|2> (Z |Okq — akq|2>

p#£J, p£k “q#k q#k
and by using that ag; = —(sgs;)*/2(LoR3g;, fr) we get

2
Z |0kq = kgl = Z lag > < sil|LoR3 || S|y

q#k a#k

(]S|, is the nuclear norm of operator S). The last formula implies that

185 /s < IZoRP 151 - I (Z 6y — |)

p#£j, pEk “aFtk
Because of
T (3w —an®) <o (2 Xoloml+ X lonf') = <o
p#£j, pEk “aFk p,g=1

we have |Aj[2/s < M|S|, - || LoRYI”.

We can show in a similar way that [Agg| < /M. This completes the proof of
Lemma 1.

Using (7), the equality (6) can be written in the form

Ry— R} = Zsk‘Pk )Rk
k=1

Since Lemma 1 implies Y p2, sk||¢k| [|Rgk|| < oo, the operator

Z skpr(-) Rgn
is nuclear. So we have

Sp(Ry — RY) = Z skor (RAgk)
k=1



The regularized trace for nuclear perturbations of discrete operators 145

and
Sp(Rx — R}) = —A~ Z 17N (Lo(RY)* ghs f7)- 8)

k.j=1
Using that a;x = —(LoR}g;, f}), we can get aj,(A) = —(Lo(RY)?g;, f}) and (8)
can be written as

Sp(Ry — RY) = A™! Z 1R A jpal, (N). (9)
k,j=1
For the Koch matrix we have
(=1 Aeal(A) = AN,
J k=1
so (9) implies
Sp(Rx — RY) = A’ (V) /A(N). (10)

4. The proof of the theorem in the case when ¢ =0
in the formula for N())

Let {\t} be the eigenvalues of the operator Ly and {¢},} an orthonormal base
in the space H, where 1y, are eigenvectors (corresponding to )\k) of the operator Lg.

We denote CJ = (gja¢n) 7, (fjawn) then g5 = Zn_1 nwna f] = En 1 nlbn
The spectral theorem implies

oo ka

(LoR3 g, fj) = Z

(11)

Since the assumptions are g € D(Ly~9), f]- D(L{), the Bessel inequality implies

S Anlekbi | < IES gl 12511 (12)
n=1
For the case ¢ = 0 we have N(\) = O(X) (0 < p < 1) and then there exists a
sequence of real numbers r,, (r, — o) such that d,, — oo, where d,, = d(Ty,,0(Lo))
is the distance between the circle I';, = {A : |\| = r,} and the spectrum of the
operator L [1].

LEMMA 2. The operators L and Ly have the same number of eigenvalues
inside the circle Ty, for n large enough.

Proof. We multiply equality (10) by 1/27mi and integrate it over I',,. Note
that the well-known Riesz theorem implies

/ Sp RA_RO)d)\ N]_ Nz,
2mi

where N; and N, denote the numbers of eigenvalues inside the contour I', (counting
their multiplicity) of the operators L and Lo, respectively. So, this implies that
1 A'(N) I\ = 1 S'(A)

Ni— N, = = AN
PR T omi S AN 2mi Jr, 1+ S(N)

A (13)
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where S(A\) = A()) — 1. Let us estimate S(\). Since a;, = —(s;5%)'/2(Lo RS g, f;)
by using (11) and (12) we have

lael < (s5s1) ' I1Lg ™ gell - 1LE fll/d(N) (14)
where d()\) denotes the distance between a point A and o(Lg). Note that for A € T,
we have d(\) > d,,. The definition of the function S(\) and (14) imply the following

estimate -
N <Y M
k=1

- (15)
where M) =3 s N5 d0)

From 377 5| L5 fill ILg 794l < 00, and (15) it follows that S()\) — 0 when
n — oo and /\ € T',; the convergence is uniform with respect to A. Then (13)
implies

Ni— N, = v / S'(A)S” (A (16)

From (15) we get
1S* (M| < Ky /d(X)” (17)
for A € T, and n is large enough (K does not depend on X and v).
By differentiating (11) with respect to A and using (12) we have

|aje ] < (s58%) 1L~ gl - ILE £51l/d* (M) (18)

From (14) and (18) and the definition of the function S(\) we can get the
following estimate

|S"(A ZnM" < di‘x) (19)

where the constant K5 does not depend on A\, A € I';, and n is large enough. Then
(17) and (19) imply

d

/ S' (NS () d)\‘ < KoK? /F dz'fij(&)-

n

Next we can easily check that

(the constant Cy does not depend on n). Because of d(A) > d,, on I, the inequality
|dA| < 1 |[dA|
r, @A) ~ dy Jr, (N

holds and consequently

2)S¥(A) d/\‘ < CoKo KV Jdvt! (20)
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for n large enough. Formula (16) implies [Ny — Na| < 302 Co KoKy /d2 ! (n large
enough) and |N; — Ny| = O(1/d,). Since |[N; — Ny| is a natural number or 0, this
is possible if and only if Ny = N,. So the lemma is proved.
Let us now prove the Theorem in the case ¢ = 0. If we multiply (10) by A/2mi
and integrate it over I'), we have
1 A'(N)
27” T, A()\)

/ ASp(Ry — RY)dA = dx. (21)

27

The properties of Riesz projectors imply that

k
1 0 R
i /Fn ASp(Ry — R,\) dX = ;:l(liu Av) (22)

where k,, denotes the number of eigenvalues for operators L and Lg inside the
contour I',, (this number is the same for both operators by Lemma 2). From (21)
and (22) it follows that

1 A'(A
> =2 = 5 [ AFE O (23)

Since

L / ;‘d/\ Z — ,\S'(A)S“(A)dA (24)

27 27m

for n large enough (because of S(A\) = 0, as n — oo, A € [,), it is enough to
estimate each of the integrals an AS'(A)SY(A) dA

By the definition of the function S (because of the structure of a;i) we know

that S is a holomorphic function on C except at the points A1, Aa, ... . Inside the
contour I';,, the function S has singularities at the points Ay, Aa,... , Ag, . We can
easily check that
1
AS' (NS (N dX = — / SYTL(A) dA. 25
[ aswsrman= -5 [ s (25)
Formulas (24) and (25) imply
1 A'( 1/+1 41
— v . (2
2mi F")‘A( 27m/ SO d)\+z +1 2mi ST A (26)

From (17), for n large enough, it follows that

1 CoK1 (K1
— [ S"TI(\)dA| < —
27Ti/rn @) ‘_ 27 (dn) ’

ad 1/+1
v+1 _ —1
Z I/+1 5 [ ST A =0(d, ). (27)

v=1

therefore
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Next, (26) and (27) imply
1 A'(N)

— A
21 T, ()\)

\ = — / S(A) dA + O(d1). (28)
2mi
Let us consider the function R given by
A) + Z ajj (\). (29)
j=1

In a way similar to the proof of inequality (15), we can prove that |[R(A)| < P -
(d(X\))~2 for A € Ty, for n large enough and a constant P which does not depend
on A. This inequality implies

o / RO dA = 0(d:Y). (30)

Then, from (28), (29) and (30) it follows that

2%, A )\AI(())\‘)) 27” (Z a5 )d)\+0(dn1). (31)

Since the series -2, a;;()) converges uniformly on T, we have

1 A L =1 1
2t | M @ _; e /F a;;(\) dX + O(d; ). (32)
Because of aj; = —s; Y ooy A /()\ =), (32) gives
1 A'()) > ( bn .-) ~
— [ A——F=d\= s; Y Aalbl ) +0(dt). 33
27TZ r, A(/\) J:Zl J ; ( ) ( )

From (23) and (24) we can get
kn oo kn —
Sl —N) =) (sj > )\,,af,b,’,) +0(dy"). (34)
v=1 7j=1 v=1

Since 3207 Aulaibl] < 1Ly~ g5l - IL§ S5 the series 252, s;11Lo~ g5l - IL§ /511 is

convergent and lim,_, Zy:l A a,,b?, = (Ly g;, Lf;), then we have from (34),
when n — oo,

kn o
. 1— q
7}1_%0;(#1/ Z i(Lo 955 Of_])

So, the theorem is proved in the case ¢ = 0.
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5. The proof of the theorem in the case
when ¢ # 0 in formula for N())
If g1, € D(Lg_q) the spectral theorem implies g € D(Lé_q) and
1o~ gxll < AT LG~ grll- (35)

Because of the assumption Y, , skl Lo gk |- 1L fll < oo (which holds in the case
¢ # 0) (35) implies

ZSkHLl Tkl - 1L frll < oo.

If g, € D(L57), fj € D(L{) using the Bessel inequality, we have

Z)\2lckb’| < LG gl - ILE £ (36)

n=1
In the case ¢ # 0, the formula for N()\) can be written in the form

A =n(k +o(1)) (37)
where k = ¢ 1.

The following lemma was proved in [1].

LEMMA 3. Suppose that a > 0, N, is so large that N, > 8/a and for o(1) in
(37) the following holds: |o(1)| < ak/8(1+ ), for every n > N,. Then between A,
and Ay, where n > N, and n' = [n(1 4+ a)] > N,, there are eigenvalues A, and
An,+1 Of the operator Ly such that

)\n,,-i-l - )\n,, Z k/2 (38)

Let us define I';,, = {A: |A| = rp, }, where r,, = (An, + An,41)/2. Since

> )\nc’ﬁba
(LOR())‘ngf]) = ot /\n — )\7
we have
1 e )\2 ka
(LoR)\gkafj) (Lo Y9k, Ly f5) = Z 2O\ (39)

From (35), (36), and (39) it follows that

L5 “gxll - 1L S s Lo “gxll - 1L§ ;|
Ald(A) At A

and then, d(\) > k/4 on T, , implies
lajie (W] < K (sj56)"> - 115wl - 1LEf11 - 1A (40)

|(LoR3 gk, f;)] <
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onT,, (K=4-k"1'+A"). Using (40), we can get an estimate for the function

N <D M) (41)

where My (X) = [A| 71K 352, s5(1L5 g5l - [1LE -

Clearly, for A € I',,, and v large enough, we have |[S(A)| < Q/|\| where
the constant ) does not depend on A (A € T'y,). This implies that S(\) — 0,
for A € T',,, v — oo, therefore the function A()\) does not have zeros in region
{A:|A| > ry, } for v large enough.

In a similar way, as it was done in Lemma 2, we can show that the operators
L and Ly have the same number of eigenvalues inside the contour I',,,, for v large
enough. This number is equal to n,,.

As in the previous case, we have

’I‘

+1
Z(Nk—)\k:——/ S(A dA+Z r+1 2m/ SOLdA. (42)

k= r=1

Using the estimate |S(A\)] < @/|A|, which holds for A € T',,, and v large
enough, we can get easily

o~ (=D 1 + 1
> SN *ax=0(r,!), v-oo
= rt 1 2mi
and consequently (42) implies
- 1
Z(Nk - X)) = ——./ S(A)dX + 0(7‘;:). (43)
et 27 Tn,

Since | S(A) + >t aji(A) | < const/|A|? on Ty, (v large enough) we have

1 = . -1
ami Jr, (S(A) + ;1 ajj (A)) d\ = O(ry ). (44)
From (43) and (44) it follows that
S = o [ Tasvar+ 06z, (15)
k=1 T Jr,, j=1
Because of
1 =\
_ . — . Jpd
i Jr. a;;(A) dA s]jzzl)\sasbs

and the uniform convergence of the series )" a;;(A) on I'y,, (45) becomes

ny [e3)
1

Z(Hla —A) = Z (sj ZV,\sag'b_i +0(r;h). (46)

k=1
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Hence
o o> o
o 1_
D sy Aslalbll <> sillLg g5l - 1L £l < oo
j=1 s=1 j=1
(46) and the fact that lim, o 30, (s — As) = (Lg “g;, L4 f;) imply

Ny

o
. 1—gq q
Vlgrolo 3_1( Z (Lo 95, Lg f5)-

So, the proof of the theorem in case ¢ # 0 is completed.

Remark. Under the condition stated in the theorem can get directly that

ZSJ(L(l) g]JL Z)‘ SSOJJQOJ) (47)
j=1 J=1

so the statement of the theorem can be formulated in terms of the operator S by
formula (47).

Ezample. Let Ly be a semibounded (Lo > 0), discrete, selfadjoint operator
which acts on H. Suppose that S > 0 is a nuclear operator which has properties
R(S) C D(Lo) and > A\p(Sen,¢n) < oo (A, denotes the eigenvalues and ¢,, the
corresponding eigenvectors of the operator Lg). Then

kn

HILHéO Z(NV -A) = Z A (8w, py)-

v=1 v=1
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