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1. INTRODUCTION

In the light of the increasingly complex nature of dynamical systems
requiring controls, the predominant considerations in control law
design for modern engineering systems have focused on general
multiechelon hierarchical nonlinear switching control architectures
that minimize control law complexity subject to the achievement of
control law robustness. Multiechelon systems are classified as hybrid
systems (see [1,2] and the numerous references therein) and typically
possess a hierarchical structure characterized by continuous-time
dynamics at the lower-level units and logical decision-making units at
the higher-level of the hierarchy. The logical decision making units
serve to coordinate and reconcile the (sometimes competing) actions of
the lower-level units. Due to their multiechelon hierarchical structure,
hybrid dynamical systems are capable of simultaneously exhibiting
continuous-time dynamics, discrete-time dynamics, logic commands,
discrete-events, and resetting events. Such systems include dynamical
switching systems [3 — 5], nonsmooth impact mechanical systems [6, 7],
biological systems [8], sampled-data systems [9], discrete-event systems
[10}, intelligent vehicle/highway systems [11], constrained mechanical
systems [6], and flight control systems [12], to cite but a few examples.
The mathematical descriptions of some of these systems can be char-
acterized by impulsive differential equations [13-16]. Impulsive
dynamical systems can be viewed as a subclass of hybrid systems
and consist of three elements; namely, a continuous-time differential
equation, which governs the motion of the dynamical system between
impulsive or resetting events; a difference equation, which governs the
way the system states are instantaneously changed when a resetting
event occurs; and a criterion for determining when the states of the
system are to be reset.

Even though numerous results focusing on specific forms of hybrid
systems have been developed in the literature (see for example [17] and
the numerous references therein), the development of a general model
for hybrid dynamical systems has received little attention in the
literature. Notable exceptions include [18-20]. In particular, the
authors in [18, 19] introduce a general (undisturbed) hybrid dynamical
system model whose flow is defined on an arbitrary metric space
evolving over a notion of generalized abstract time. For this class of
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hybrid dynamical systems the authors in [18,19] provide a thorough
treatment of Lyapunov stability and Lagrange stability results.
Alternatively, the authors in [20] give a unified framework for an
autonomous hybrid control model and develop an optimal control
framework for synthesizing hybrid controllers.

In this paper we develop a unified dynamical systems framework for
a general class of systems possessing left-continuous flows; that is, left-
continuous dynamical systems.! A left-continuous dynamical system is
a precise mathematical object and is defined on the semi-infinite
interval as a mapping between vector spaces satisfying an appropriate
set of axioms and includes hybrid inputs and hybrid outputs that
take their values in appropriate vector spaces. The notion of a left-
continuous dynamical system introduced in the paper generalizes
virtually all existing notions of dynamical systems and includes hybrid,
impulsive, and switching dynamical systems as special cases. Further-
more, using generalized left-continuous storage functions and hybrid
supply rates we extend the notions of classical dissipativity theory
[21] and exponential dissipativity theory [22] to left-continuous dy-
namical systems. The overall approach provides an interpretation of
a generalized hybrid energy balance of a left-continuous dynamical
system in terms of the stored or, accumulated generalized energy,
dissipated energy over the continuous-time dynamics, and dissipated
energy at the resetting events. Furthermore, as in the continuous-time
dynamical systems case possessing continuous flows [21], we show that
the set of all possible storage functions of a left-continuous dynamical
system forms a convex set and is bounded from below by the system’s
available stored generalized energy which can be recovered from the
system, and bounded from above by the system’s required generalized
energy supply needed to transfer the system from an initial state of
minimum generalized energy to a given state.

Next, using the concepts of dissipativity and exponential dissipati-
vity for left-continuous systems, we develop feedback interconnection
stability results for left-continuous dynamical systems. Specifically,
general stability criteria are given for Lyapunov, asymptotic, and ex-
ponential stability of feedback left-continuous systems. In the case of

! Right-continuous dynamical systems; that is, systems possessing right-continuous
flows, can also be analogously considered.
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quadratic hybrid supply rates involving net system power and input-
output energy, these results generalize the positivity and small gain
theorems to the case of left-continuous dynamical systems and hence
hybrid and impulsive dynamical systems. In particular, we show that
if the left-continuous dynamical systems G and G, are dissipative
(respectively, exponentially dissipative) with respect to quadratic hybrid
supply rates corresponding to net system power, or weighted input and
output energy, then the negative feedback interconnection of G and G is
Lyapunov (respectively, asymptotically) stable.

The contents of the paper are as follows. In Section 2 we introduce
the notion of a left-continuous dynamical system as a precise
mathematical object satisfying a set of axioms. In Section 3 we show
that the notion of a left-continuous dynamical system introduced
in Section 2 generalizes virtually all existing notions of dynamical
systems and includes hybrid systems, impulsive systems, and switching
systems as special cases. In Section 4 we present stability results for
left-continuous dynamical systems. Furthermore, for a special class of
left-continuous dynamical systems; namely, strong left-continuous
dynamical systems, we present an invariant set stability theorem for
systems with left-continuous flows. Then, in Section 5, we extend the
notion of dissipative dynamical systems to develop the concept of
dissipativity theory for left-continuous dynamical systems using left-
continuous storage functions and hybrid supply rates. In Section 6 we
use the results of Sections 4 and S to state and prove feedback
interconnection stability results for dissipative left-continuous dyna-
mical systems. In the special case of quadratic hybrid supply rates
involving net system power and input-output energy, these results
generalize the positivity and small gain theorems to the case of hybrid
systems. Finally, we draw conclusions in Section 7.

2. LEFT-CONTINUOUS DYNAMICAL SYSTEMS

In this section we establish definitions, notation, and introduce the
notion of a left-continuous dynamical system. The following definition
is concerned with left-continuous dynamical systems or, systems with
left-continuous flows. For this definition U éuc x Uy is an input
space and consists of bounded continuous U-valued functions on the
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semi-infinite interval [0, 00).2 The set U= 2 U, x Ug, where U, C R™
and Uy C R™, contains the set of input values; that is, for every u =
(uc,ug) €U and t€[0,00), u(t) € U, u(t) € U,, and uy(t) € Uy. Further-
more, Y=Y, x Y4 is an output space and consists of bounded
contmuous Y-valued functions on the semi-infinite interval [0, o).
The set ¥ 2 Y. x Y4, where Y, C Rk and Y4 C R“, contains the set of
output values; that is, for every y = (y¢,y4) €Y and ¢t €[0,00), y(¢) € Y,
y()e Y., and y4(Y)€Yy. Finally, DCR" and ||-|| denotes the
Euclidean norm. The notions of openness, convergence, continuity,
and compactness that we use in the paper refer to the topology
generated on R” by the norm ||-||.

DEeFINITION 2.1 A left-continuous dynamical system on D is the octuple
(D,U,U,V,Y,s,hc,hq), where s:[0,00) % [0,00) x DxU — D, h:
Dx U,—Y,, and hq:D x Ug— Y4 are such that the following axioms
hold:

(i) (Left-continuity): For every f, € [0, 00), xo € D, and u€ld, s(ty, -,
X, ) is left-continuous; that is, lim,_,,-s(7, t9, X0, u) = s(¢, to, X0, u)
for all ¢ € (¢, 00).

(ii) (Consistency): For every xo €D, ueld, and ¢, € [0, 00), s(to, to,
X0, u) = XQ.

(iii) (Determinism): For every £ €[0, co) and xo € D, s(t, to, X, 41) =
s(t, ty, xg, uy) for all ¢ € [tg,00) and uy,up €U satisfying uy(7) =
uy(1), T E€ [to, 1].

(iv) (Semi-group property): s(ty, to, Xo, #) = (22, t1, 5(t1, to, Xo, ), u) for
all 2o, 21,2, € [0,00), tg < t; < t, X0 €D, and ucld.

(v) (Read-out map):® There exists y€) such that y(f) = (h(s(t, to,
Xo, U), (1)), ha(s(, to, X9, u) , ua(?))) forall xo € D,u U, to € [0, 00),
and ¢ € [¢, 00).

2Instead of the semi-infinite interval, a completely ordered time set T having a hybrid
topological structure involving isolated points and closed sets homeomorphic to intervals
on the real line can be considered [18]. For example, continuous-time and discrete-events
can be definedon T C [0,00) x T, where 7 is a countable subset of [0, o). Alternatively,
in our formulation continuous-time and discrete-events are defined on a single semi-
infinite interval [0, oo), where the graph of the semi-infinite interval corresponding to the
dlscrete-events is piecewise constant and left-continuous.
3More generally, the read-out maps h and g can be explicit functions of time; that is,
.1 [0,00) x D x U — Y, and Ay : [0,00) X D x Ug — Yq.
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Henceforth, we denote the left-continuous dynamical system
(D,U,U,Y,Y,s,hs,hq) by G. For the remainder of the paper we refer
to the left-continuous dynamical system G as the dynamical system G.
Furthermore, we refer to s(¢, ty, xo, u), t > t, as the trajectory of G
corresponding to xg € D, ¢, € [0,00), and u € ; and for a given trajectory
s(t, to, X9, u), t > to, We refer to to € [0, 0co) as an initial time of G, xo € D
as an initial condition of G, and ue€ U as an input to G. The trajectory
s(t, to, xo, 1), t> 1y, of G is bounded if there exists v>0 such that
lIs(2, to, X0, )| <<, t>ty,. The dynamical system G is isolated if the
input space consists of one constant element only; that is, u(f) =u*,
and the dynamical system G is undisturbed if u*=0. Furthermore,
an equilibrium point of the undisturbed dynamical system G is a point
x € D satisfying s(t, to, x,0) = x, t > to. An equilibrium point x €D of
the undisturbed dynamical system G is Lyapunov stable if, for all
e > 0and ¢t € [0, 00), there exists §(c) > 0 such that if ||x — xo|| < J, then
[lx — s, 2o, X0, 0)|| < &, t>to. An equilibrium point x €D of the un-
disturbed dynamical system G is asymptotically stable if x is Lyapunov
stable and there exists § >0 such that if ||x—xo| <4, then lim,
s(t, to, X9, 0) =x. An equilibrium point x€D of the undisturbed
dynamical system G is exponentially stable if there exist positive
constants a, (3, and § such that if || x — xo|| < 8, then ||x — s(¢, to, x0, 0)|| <
allx—xolle=?, t>t,. Finally, an equilibrium point x€D of the
undisturbed dynamical system G is globally asymptotically (resp.,
exponentially) stable if asymptotic (resp., exponential) stability holds
for any xp€R" and #p€[0,00). The next definition provides a spe-
cialization of Definition 2.1 to the case of stationary left-continuous
dynamical systems wherein U is closed under the shift operator.

DEFINITION 2.2 A stationary left-continuous dynamical system on D is
the octuple (D,U,U, Y, Y, s, he hq), where s: [0,00) % [0,00) x D x U —
D,he:Dx U, — Y,,and hy : D x Uy — Y4 are such that Axioms (i) —
(v) hold and:

(vi) (Stationarity): For every fy,t € [0,00), t>1t, TER, x€D,
u, ur €U, such that u()=u(t+7T),t € [0,00), s(t+T, to+T7, X0, )=
S(t, o, Xo, u).

Note that without loss of generality, for a given stationary left-
continuous dynamical system G, we can set f{, =0 by redefining



HYBRID SYSTEMS 305

u(t)éu(t —ty). Hence, we will denote the trajectory s(t, to, xo, 1),
t> 1y, of a stationary left-continuous dynamical system G as s(t,0,
Xo, U), t > 0. In the sequel, for every ¢y € [0, 00), xp € D, and uecld, let
T to,x0u C [to,00) denote a dense subset of the semi-infinite interval
[to,00) such that Tfoyxmué[to,oo)\’f,o,xo,u is (finitely or infinitely)
countable. For notational convenience we write 7 and 7° for 7T, x,u
and T ,, ., respectively. Furthermore, we refer to 7° as the set of

resetting times or resetting events.

DEFINITION 2.3 A strong left-continuous dynamical system on D is the
octuple (D,U,U,V,Y,s,hc,hq4), where s:[0,00) x [0,00) X D xU —
D,he :DxU,— Y, and hy: Dx Uy — Y4 are such that Axioms
(i)—(vi) hold and:

(vii) (Quasi-continuous dependence): For every ¢ € [0, 00), xo € D, and
u € U, there exists 7 C [tg, 00) such that [ty, 00)\7 is countable and for
every € > 0 and ¢ €T, there exists 6(e, xo, ) > 0, such that if ||xo—x|| <
8(g, X0, 1), x € D, then ||s(2, to, X0, ) — 5(2, to, X, u)|| <&, for all ucl.

The quasi-continuous dependence property (vii) is a generalization
of the standard continuous dependence property for dynamical
systems with continuous flows to dynamical systems with discontin-
uous flows [23]. Specifically, by letting 7 = [fy,00) the quasi-
continuous dependence property specializes to the classical continuous
dependence of solutions of a given dynamical system with respect to
the system’s initial conditions x¢ € D [24]. If, in addition, xo=0, u=0,
5(¢,0,0,0)=0, t >0, and 6(¢, 0, ¢) can be chosen independent of ¢, then
continuous dependence implies the classical Lyapunov stability of
the zero trajectory s(¢,0,0,0)=0, ¢t >0 Hence, Lyapunov stability
of motion can be interpreted as continuous dependence of solutions
uniformly in ¢ for all > 0. Conversely, continuous dependence of
solutions can be interpreted as Lyapunov stability of motion for every
fixed time ¢ [24]. Analogously, Lyapunov stability of left-continuous
dynamical systems as defined in [23] can be interpreted as quasi-
continuous dependence of solutions uniformly in ¢ for all t€7. In
applying Definition 2.1 it may be convenient to replace Axiom (vii)
with a stronger condition which may be easier to verify in practice.
The following proposition provides sufficient conditions for G to be a
strong left-continuous dynamical system.
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ProrosiTioN 2.1 [23] Let G be a stationary left-continuous dynamical
system such that the following condition holds:

(vii) For every ty€[0,00), x0€D, ¢, n>0, and TET, there exists
8(e, x0, T) > 0 such that if ||xo—x|| < 6(e, x0, T'), x € D, then, for every
teTN[0,T], such that |t—7|>mn, for all T€eT°N[0,T], and for
all uel, ||s(t, to, x, u)—s(t, to, x,u)|| < e. Furthermore, if teT is an
accumulation point of T, then s(t, ty, -, u) is continuous for all u€lU.

Then G is a strong left-continuous dynamical system.

3. SPECIALIZATION TO HYBRID AND IMPULSIVE
DYNAMICAL SYSTEMS

In this section we show that hybrid dynamical systems [18,20] and
impulsive dynamical systems [8,13—16] are a specialization of left-
continuous dynamical systems. We start our presentation by consider-
ing a definition of a controlled hybrid dynamical system that includes
the definition given in [20] as a special case. For this definition let
Q C N, where N denotes the set of nonnegative integers.

DerINITION 3.1 A hybrid dynamical system Gy is the 13-tuple (D, Q,
U,Uu,,Y,q,x,5:,fd4,S, hc,hq), where ¢q:[0,00) x [0,00) x D x Q X
U—Q, x:[0,00) x[0,00) xDx QXU D, sc={scqtgegs Scq:
[0,00) X [0,00) X D x U—D, S={S;},¢ g, S4C[0,00) xDxU, fa=
{fd‘l}qu’ faq:Sq—>DxQ, h:DxU.,—Y,, and hq:Dx Ug—Yy
are such that the following axioms hold:

(i) For every q€Q, ty € [0,00), and ueld, se,(-, o, -, u) is jointly
continuous on [t, 00) X D.

(ii) Forevery qo € Q, o € [0,00), x0 € D, and u €U, s¢4(to, to, Xo, 4) = Xo.

(iii) For every g€ Q, 1y € [0, 00), and xg € D, scy(t, to, Xo, ) = Scq(t, to,
xo, ) for all ¢ € [tp,00) and uy, u; €U satisfying u,(7) = uy(7),
T € [to, 1].

(iv) For every g€ Q, 1o, 11,15 € [0,00), to<t; <ty, xo €D, and ueld,
Scq(t2s 10, X0,18) = Scq(t2, 11, Scq(t15 o, Xo, U),1).

(v) For every g€ Q, ty € [0,00), xo €D, and uelf, q(-) and x(-) are
such that g(z, to, xo, 90, #) = go and x(, to, Xo, qo, 4) = Scqo(Z, to, Xo, 4),
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for all 1o <t < t,, where t; 2min{t > 1o : (¢, e (£, to, Xo, ), u(t)) ¢
SqO}' Furthermore, [xT(t-li-a t, Xo, QO,“), qT(t-le tO’an q0, u)]T zﬁiqo
(tl,x(tl), u(tl)) + [XT(tl, to,Xo,qo,u),qT(tl, to,xo,qo,u)]T and for
(XhQI) é (X(ti}‘, to, X0, 9o, u)7 q(tf', to, X0, 90, u))’ q() and X(‘) are
such that q(¢, to, xo, 90, #) = q1 and x(¢, to, X9, qo, 1) = chl(t, 1y, X1, 1),
for all t; <t <t,, where t, =min{t > t; : (¢, 5cq1 (¢, t1,x1,u),u(t)) ¢
841}, and so on.

(vi) There exists yeY such that y(2)=(h(x(t, to, X0, g0, ¥), u(1)),
ha(x(2, to, X0, qo, 1), u4(2))) for all xo €D, uecl, ty € [0,00), and
t € [tg, 00).

It follows from Definition 3.1 that hybrid dynamical systems involve
switching between a countable collection of continuous dynamical
systems. To ensure that the switching or resetting times are well
defined and distinct we make the following additional assumptions:

AL If (¢,x(t, to, X0, g0, u), u(2)) € S;\S,, Where S, denotes the closure
of the set S, then there exists € > 0 such that, for all 0 < § <e,

ch(t + (S, t, X(t, to, X0, 90, u)’ u(t + 6)) ¢S¢]

A2, If (t, x(tx, to, X0, qo, u), u(tx)) €3S, N S,, where S, denotes the
boundary of the set S, then there exists € > 0 such that, for all
O<éb<e,

sCfl(tk + 67 b, x(t;c‘-v to, X0, 40, u)a u(tk + 6)) ¢Sé’ @G Q.

Assumption A1 ensures that if a trajectory reaches the closure of S,
at a point that does not belong to S, then the trajectory must be
directed away from S; that is, a trajectory cannot enter S, through a
point that belongs to the closure of S; but not to S;. Equivalently, Al
implies that a trajectory can only reach S, through a point belonging
to both §; and its boundary. Furthermore, A2 ensures that when a
trajectory intersects (the boundary of) a resetting set S,, it in-
stantaneously exits S, and the continuous-time dynamics becomes the
active element of the hybrid dynamical system. Since a continuous
trajectory starting outside S, and intersecting the interior of S; must
first intersect the boundary of S, it follows that no trajectory can
reach the interior of S,.
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To show that Gy is a left-continuous dynamical system, let s:
[0,00) x [0,00) x (D x Q) x U — D x Q be such that s, %, (X0, 90),
u) = (xo, qo) and for every k=12,...,

S(t, to, (x();qO)vu) = (sch—l (t’ tk—l,xk——lyu)aqk——l)a k1 < tS U, (1)

S(t;:, to, (X(), qo)v u) ‘_‘quk-l (tkaxka u(tk)) + [xZ’ qz]T' (2)

Note that s satisfies Axioms (i)—(v) of Definition 2.1 so that the
controlled hybrid dynamical system Gy generates a left-continuous
dynamical system on D x Q given by the octuple (D x Q,U,U,
V,Y,s,hc,hg). Since the resetting events 7° = {t,¢,,...} can be a
function of time ¢, the system state x(¢, #, Xo, qo, #), and the system
input u, hybrid dynamical systems can involve system jumps at
variable times and hence in general are time-varying left-continuous
dynamical systems. In the case where the resetting events are defined
by a prescribed sequence of times which are independent of the system
trajectories and system inputs; that is, S, = T, x D x U, where T, C
[0,00) and g€ Q is a closed discrete set, we refer to Gy as a time-
dependent hybrid dynamical system. Alternatively, in the case where the
resetting events are defined by the manifold S; = [0,00) X Sy, x U,
where Sy, CD, g€ Q; that is, S, is independent of time and the inputs,
we refer to Gy as a state-dependent hybrid dynamical system. More
generally, if the resetting events are defined by the manifold
Sq =1[0,00) X Sxq X Sug, wWhere S,y CU, g€ Q, we refer to Gy as an
input/state-dependent hybrid dynamical system. Note that if {scq}qe 0
are continuous trajectories such that Axiom (vi) in Definition 2.2
holds, then state- and input/state-dependent hybrid dynamical systems
are stationary left-continuous dynamical systems.

It is important to note that the analysis of hybrid dynamical systems
can be quite involved. In particular, such systems can exhibit
Zenoness, beating, as well as confluence wherein solutions exhibit
infinitely many resettings in a finite-time, encounter the same resetting
surface a finite or infinite number of times in zero time, and coincide
after a given point of time. Even though Al and A2 allow for the
possibility of confluence and Zeno solutions, A2 precludes the
possibility of beating. In the case of stationary state-dependent hybrid
dynamical systems several interesting observations can be made
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regarding quasi-continuous dependence and Zeno solutions. Specifi-
cally, if the first resetting time is continuous with respect to all initial
conditions and all system solutions are non-Zeno, then the hybrid
dynamical system can be shown to satisfy Axiom (vii). Furthermore,
if the second resetting time is continuous with respect to all initial
conditions on the resetting surfaces S;, g € Q, and all solutions starting
from D\ Uge o S, are Zeno, then all the trajectories approach the set
Uge 054\S, as t — oco. For a precise statement and proof of these facts
as applied to autonomous impulsive dynamical systems the interested
reader is referred to [23].

The notion of a controlled hybrid dynamical system Gy given by
Definition 3.1 generalizes all the existing notions of dynamical systems
wherein the state space has a fixed dimension. For example, if Q = {q}
and S=¢, then Gy denotes a continuous-time dynamical system
with a continuous flow [21]. Alternatively, if @ = {g}, S = S,, and s,
denotes the solution to an ordinary differential equation

xll(t) =ﬁ7¢I(t’x‘I(t)’uc(t))7 xq(t()) =Xxp, t2M, (3)

where x,(f) €D, t > ty, and fo4:[0,00) x D x U — R", then the hybrid
dynamical system Gy is characterized by the impulsive differential
equation

(1) = foq(t, x(0), uc(1)),  x(t0) = x0, (£ x(£),uc(1)) €Sq,  (4)
Ax(t) = fag(t, x(1),ua(1), (£ x(1), uc(1)) €S, (5)

More generally, if Q is a (finitely or infinitely) countable set and
{scg}gc @ denote the solutions to a set of ordinary differential
equations then Gy can be represented by a set of coupled ordinary
differential equations and difference equations or, equivalently, a set
of impulsive differential equations with discontinuous vector fields.
Specifically, for every g € Q, let s, denote the solution to the ordinary
differential equation

g () = foq (8, %4(1), (1)), Xq(t0) = X0, 1210, (6)

where x,(1) €D, t> 1y, and fo: [0,00) x D x U, — R". In this case,
the hybrid dynamical system Gy is characterized by the impulsive
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differential equation
{fc(t)} _ [fcq(t)(t,x(t),uc(t))] [x(to)}
q(1) 0 " La(w)

[2;8;] = faq(o (6, x(2),ua (1)),  (t,%(t), uc(2)) € Sqqr)- (8)

X0
l: ]’ (t’x(t)7uc(t))¢8q(t)a
9o

™

Finally, note that if Ax(#) =0 in (8), then (7) specializes to the case of
switched hybrid systems involving continuous flows but discontinuous
vector fields [3—5]; that is, a Filippov dynamical system.

We close this section by noting that several of the classical hybrid
dynamical system models developed in the literature [25—-30] are a
special case of the impulsive dynamical system (7), (8). Specifically,
the Witsenhausen model [25], the Tavernini model [26], the
Nerode-Kohn model [27], and the Antsaklis-Stiver-Lemmon model
[28] are a special case of an autonomous version of (7), (8) with
Ax()=0,u(f) =0, and u4(f) =0. Hence, these models belong to the
class of switched hybrid system models with continuous flows and
discontinuous vector fields. Alternatively, the Back-Guckenheimer-
Myers model [29] is a special case of an autonomous version of (7),
(8) with u(¢) =0 and u4(¢) =0. Finally, the Brockett models [30] are a
special case of an autonomous version of (7,8) with Ax(¢)=0. For
a further discussion of these models the interested reader is referred
to [20].

4. STABILITY ANALYSIS OF LEFT-CONTINUOUS
DYNAMICAL SYSTEMS

In this section we present Lyapunov, asymptotic, and exponential
stability results for left-continuous dynamical systems. Furthermore,
for strong left-continuous dynamical systems we present an invariant
set stability theorem that generalizes the Barbashin-Krasovskii-
LaSalle principle [31-35] to systems with left-continuous flows. For
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the statement of the following result we define

V0,500, t, %0, )2 i —— V(1,51 o, x0,1)) — V 7, 5(r, o, o, )],
9)

for a given continuous function V: [ty, 00) x D — [0, 00) whenever the
limit on the right hand side exists. Note that V(t, s(¢, to, xo, 4)) is left-
continuous on [y, 00), and is continuous everywhere on [#y, 00) except
on the discrete set 7°. Furthermore, we assume that the origin is
an equilibrium point of the undisturbed left-continuous dynamical
system G.

THEOREM 4.1  Suppose there exists a continuous function V : [ty, 00) X
D — [0,00) and class K functions a(-), B(-) satisfying

a(llxll) <V(t,x) <B(Ixll), xeD, te[ty,o00), (10)
V(t,s(t, to, x0,0)) < V(¢,5(7, t0,%0,0)), t>712>1. (11)

Then the equilibrium point x=0 of the undisturbed left-continuous
dynamical system G is Lyapunov stable. If, in addition, for every x, € D,
V(-) is such that V(t,s(t, ty, x9,0)),t € T, exists and

V(t’s(t7 tO’xO’O)) < —’7(||S(t, to,Xo,O)”), t€T7 (12)

where :[0, 00) — [0, 00) is a class K function, then the equilibrium
point x=0 of the undisturbed left-continuous dynamical system G is
asymptotically stable. Furthermore, if there exist scalars ¢, ., B>0and
p 2> 1 such that

allx|P < v(t,x) < BlIxI’, x€D, t€to,00), (13)
V(t7s(t7 to,X(),O))S —EV(t,S(to,xo,O)), t ETv (14)

then the equilibrium point x=0 of the undisturbed left-continuous
dynamical system G is exponentially stable. Finally, if D = R" and a(-)
is a class Ko, function, then (12) implies (resp., (13), (14) imply) that the
equilibrium point x=0 of the undisturbed left-continuous dynamical
system G is globally asymptotically (resp., exponentially) stable.
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Proof The proof follows from standard arguments. For a similar
proof see [18, 36]. [ ]

The following definitions are necessary for the main results of this
section. For the next definition let the map s,: D — D be defined by
5¢(x) 2 5(¢,0,x,0), x€D, for a given ¢ > 0.

DeFINITION 4.1 A set M C D is a positively invariant set for the
undisturbed stationary left-continuous dynamical system G if
5;(M) C M, for all ¢t >0, where s,(M)é{s,(x): xeM}. A set M C
D is an invariant set for the undisturbed stationary left-continuous
dynamical system G if s,(M) = M for all ¢ > 0.

Next, we present a generalization of the Barbashin-Krasovskii-
LaSalle invariance principle [31-35] to strong left-continuous
dynamical systems. This result is predicated on a generalized positive
limit set theorem for systems with left-continuous flows satisfying the
quasi-continuous dependence property given in Axiom (vii). For
details of this result see [23]. For the remainder of the results of this
paper define the notation

V(M2 {xeQ: V(x) =},

where yeR, QC D, and V:Q — R is a C° function, and let M,
denote the largest invariant set (with respect to the strong left-
continuous dynamical system G) contained in ¥~ (y).

THEOREM 4.2 [23] Let s(¢, 0, xq, 0), t >0, denote a trajectory of the
undisturbed strong left-continuous dynamical system G and let D, C D
be a compact positively invariant set with respect to G. Assume there ex-
ists a C° function V : D, — R such that V(s(t,0, xo, 0)) < V(s(r, 0, xo,0)),
0 <7 <1, for all xo € De. If Xo € D, then (1,0, x0,0) » M2 U, cg M,
as t—oo. If, in addition, 0€D;, V(0)=0, V(x)>0, x€D,, x#0,
and there exists an unbounded infinite sequence {7,},-, such that
V(s(Th+15 0, X0, 0)) < V(s(T4,0,%0,0)), n=1, 2, ..., then the origin is an
asymptotically stable equilibrium point of the undisturbed strong left-
continuous dynamical system G.

Remark 4.1 1If in Theorem 4.2 M contains no invariant set other
than the set {0}, then the origin is attractive and D; is a subset of the
domain of attraction. If, in addition, V(0)=0, V(x) >0, x€ D, x#0,
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and Oelo)c, then the origin is an asymptotically stable equilibrium
point of the undisturbed strong left-continuous dynamical system G.

5. DISSIPATIVE LEFT-CONTINUOUS DYNAMICAL
SYSTEMS: INPUT-OUTPUT AND STATE PROPERTIES

In this section we extend the notion of dissipative dynamical systems
to develop the concept of dissipativity for left-continuous dynamical
systems. In particular, using concepts of left-continuous system
storage functions with appropriate hybrid supply rates, storage
functions are developed as Lyapunov functions for left-continuous
dynamical systems. Consider the left-continuous dynamical system
G with input u=(uc,uq) and output y=(yc,yq). Then a function
(re(te, ¥o), ra(ug, ya)), where ro:Us x Yo—R and rq: Uy x Y4—R are
such that r(0, 0) =0 and ryq(0, 0) =0, is called a supply rate* if ro(uc, y;)
is locally integrable; that is, for all input-output pairs uc(¢)€ U,
y(H) €Yy, r-,-) satisfies f: |7e(uc(s), yo(s))|ds < 0o, £, > 0. Note that
since all input-output pairs uy(t;) € Uy, ya(tx) € Y4, are defined for the
resetting events tk €T, ry(-,-) satisfies 3, . Y |ra(ua (i), ya(i))| < oo,
where k € Ny, ,)—-{k t <t < t}. For reminder of this paper, we use the
notation s(z, to, xo, #), t > ty, and x(?), t > t,, interchangeably to denote
the trajectory of G with initial time #o, initial condition x,, and input u.

DerFINITION 5.1 A left-continuous dynamical system G is dissipative
with respect to the supply rate (rc, rq) if the dissipation inequality

OS/tTrc(uc(t)Jc(t))dt"F > ra(ua(te),ya()), T>t, (15)

keNy,m

is satisfied for all T> ¢y, and xo=0. A left-continuous dynamical
system G is exponentially dissipative with respect to the supply rate (r.,
rq) if there exists a constant € > 0, such that the dissipation inequality
(15) is satisfied, with r.(uc(2), y(?)) replaced by e*'ro(u(?), y.(t)) and
ra(ua(ty), ya(ty)) replaced by e*rq(uq(te),ya(t)), for all T>t, and
xo=0. A left-continuous dynamical system is lossless with respect to

4More generally, the hybrid supply rate (7., r4) can be an explicit function of time; that
is, 7¢:[0,00)x U x Yo — R and rq:[0,00) x Uy x Yq— R.
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the supply rate (re, rq) if the dissipation inequality (15) is satisfied as
an equality for all T> ¢, and xo=s(T, to, 0, u)=0.

Next, define the available storage V,(ty, xo) of the left-continuous
dynamical system G by

T
A .
1 = — f 1))d
Va(to, xo0) (“c('),“:?))yTZ’O [/t; rc(uc(t)’}’c( ))dt

£ 3 a0 (16
keNy,n

Note that Va(to, xo) > 0 for all (#g, xp) € R x D since V,(to, Xo) is the
supremum over a set of numbers containing the zero element (7= t,).
It follows from (16) that the available storage of a left-continuous
dynamical system G is the maximum amount of generalized stored
energy which can be extracted from G at any time 7. Furthermore,
define the available exponential storage of the left-continuous dynamical
system G by

T
A .
Va(t =-— inf re(uc(t), yo(1))dt
lta, %) <uc(-),ud?)>,rzro[/k, & roluc(t)ryel1))
+ ) eEtk"d(ud(tk)a)’d(tk))]'
kGN[I.,,T)
(17)
Remark 5.1 Note that in the case of stationary left-continuous
dynamical systems, the available storage is time-invariant; that is,

Va(to, x0) = Va(xo). Furthermore, the available exponential storage
satisfies

T
— : f £t
Valtor o) = = i 1 [/,0 e re(ue(t),ye()dt

+ Z ed"rd(ud (tk) »Yd (tk))]

ke N[,o;r)
T

/ e“'re(uc(t), yo(t))dt

inf [

(ue(+)ua()),T 2 1o to

+ ¥ ef'krd(ud(tk),yd(tk))]
ke N[I,,T)

_eslo

= €'V, (xo),

(18)
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where

T
A .
Va(x0)= — inf /e”rut, t))dt
a(x0) (uc(~>,ud(-)),rzo[ o e(ue(1), (1))

(19
+ 3 est"rd(ud(tk)a)’d(tk))]'

keNpn

Next, we show that the available storage (resp., available ex-
ponential storage) is finite if and only if G is dissipative (resp.,
exponentially dissipative). In order to state this result we require two
more definitions.

DerFiNiTioN 5.2 Consider the left-continuous dynamical system G
with input u = (4., ug) and output y = (y., y4)- Assume G is dissipative
with respect to the supply rate (r.,7q). A C° nonnegative-definite
function V;: R x D — R satisfying

T
Vo(T, x(T)) < Va(t0, x0) + / re(te(£), ye (1)) dt

I 20
+ Z ra(ua(te),ya(te)), e

k €Ny,

where x(T') = s(T, to, xo, u), T > to, is called a storage function for G. A
C° nonnegative-definite function V : R x D — R satisfying

eTV(T, x(T))) < eV (to, x0) + /Te”rc(uc(t),yc(t))dt
o 21
+ ) Eraua(te),va(te)), D

keNymn

is called an exponential storage function for G.

Note that for every t, € [0, 00), xo € D, and u U, V(t, s(t, to, xo, )
is left-continuous on [¢y, 00), and is continuous everywhere on [t,, 00)
except on 7°,

DEerFINITION 5.3 A left-continuous dynamical system G with input
u=(uc,uq) and output y=(y.,yq) is zero-state observable if (uct),
ua(t)) =(0,0), (¥(9), ya(tr)) =(0,0) implies s(z, ty, xo, ) =0. A left-
continuous dynamical system G is completely reachable if for all
(%0, x;) € R x D, there exist a finite time ¢ < £y, square integrable input
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uc(?) defined on [#, f], and input u4(;) defined on k € Ny, 1), such that
the state s(z, t;, x;, u), can be driven from x; =0 to s(to, #;, x;, u) = Xo.
Finally, a left-continuous dynamical system G is minimal if it is zero-
state observable and completely reachable.

THEOREM 5.1 Consider the left-continuous dynamical system G with
input u=(uc, ug) and output y=(y,y4), and assume that G is com-
pletely reachable. Then G is dissipative (resp., exponentially dissipative)
with respect to the supply rate (re,rq) if and only if the available
system storage V (ty, xo) given by (16) (resp., the available exponential
system storage V(to, Xo) given by (17)) is finite for all to € R and xy € D.
Moreover, if V,(to, xo) is finite for all to€ R and xo € D, then V,(t, x),
(t,x) € R x D, is a storage function (resp., exponential storage function)
for G. Finally, all storage functions (resp., exponential storage functions)
Vi(t,x), (t,x) € R x D, for G satisfy

0 < Va(t,x) < Vi(t,x), (t,x)€Rx D. 22)

Proof Suppose V,(t, x), (¢,x) € R x D, is finite. Now, it follows from
(16) (with T'=t,) that V,(¢,x) > 0, (¢, x) € R x D. Next, since — V,(t, x),
(t,x) eR x D, is given by the infimum over all admissible inputs
(u(+), ug(-)) and T > t, in (16), it follows that for all admissible inputs
(ue(+),uq(+)) and 1 € [£o,T],

’—Va(toax())s[Trc(uc(t)aYC(t))dt+ D ra(ua(te),ya(t))

kGN[,NT)
- / ro(tio(s), ye(8))ds + S ra(ua(te), ya(te))
to keNyy

# [ rl s+ 3 ralual) o),

keN| (%))
which implies

Vi, 50) = [ (30N~ T e va()

ke N[,m,)

< [ Trc(uc(s),yc(s))dS+ D ra(ua(ti),ya(te)).

keNyn
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Hence

Valto, ) + [ rlue et 3 ralua(t),a(0)

fo r ¥€Nwo

(uc(.),,,if(‘f),rz,[/, re(1e(s), e(s))ds (23)
+ ) rd(ud(tk),yd(tk))]

keNyrn

= Va(t,S(t, t07x07u))7

which shows that V,(z,x), (¢,x) € R x D, is a storage function for G.
Conversely, suppose G is dissipative with respect to the supply rate
(re,rq) and let o€ R and xo € D. Since G is completely reachable it
follows that there exists 7 < fo, u(f), ¢ > 1, and ug(tc), k € Nj; o), such
that x(f) = 0 and s(%,?,0,u) = xo. Hence, since G is dissipative with
respect to the supply rate (r., rq) it follows that, for all T'> #,,

OS/iTrC(uc(t)’YC(t))dt'i' Z ra(ua(te),ya(t))

keN, 1)

= [ @)+ 3 ratuae) )

ke N[;‘,n)

+ / ro(te(0), e ()t + 37 ra(aa(te), ya(te)),

keNymn

and hence there exists W:R x D — R such that

T
._OO<W(I(),X()) < /; rc(uc(t),yc(t))dt+ Z rd(ud(tk),yd(tk)).

keN[,o'r)

(24)
Now, it follows from (24) that, for all (¢,x) €e R x D,
T
Va(t,x) = — inf / 1),y.(2))dt
e == it 00)
+ Z ra(ua(te), ya(t))
kEN[,ﬁr)

< - W(t7 x)’ (25)

and hence the available storage V,(t, x), (¢,x) € R x D, is finite.
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Next, if Vi(1, x), (t,x) € R x D, is a storage function then it follows
that, for all T> ¢t and xo €D,

Vs(to, X()) > VS(T, S(T, o, X0, u))
T
= [ @@= Y raua(t,y0(60)

keNyn
> - [/ "c(uc(t)a)’C(t))dt+ Z rd(ud(tk)ayd(tk))]’
[2) keNyn

which implies

T
Ve(to, x0) > — inf / 1), y:(2))dt
s( 0 JCo) - (e (-),4a (1)), > 1o [ fo rC(uC( ) }’c( ))

+ Z rd(ud(tk)a}’d(tk))]

keNyn
= Va(to,xO).

Finally, the proof for the exponentially dissipative case follows a
similar construction and hence is omitted. n

The following corollary is immediate from Theorem 5.1.

CoroOLLARY 5.1 Consider the left-continuous dynamical system G and
assume that G is completely reachable. Then G is dissipative (resp.,
exponentially dissipative) with respect to the supply rate (r., rq) if and
only if there exists a C° storage function (resp., exponential storage
Sunction) V(t, x), (t,x) € R x D, satisfying (20) (resp., (21)).

The next result gives necessary and sufficient conditions for dis-
sipativity, exponential dissipativity, and losslessness over an interval
t€ (4, tx 4+ 1] involving the consecutive resetting times #y, tx+1 € 7°.

THEOREM 5.2 G is dissipative with respect to the supply rate (re, r4) if
and only if there exists a C° nonnegative-definite function Vy: R x D —
R such that, for all ke N,

Vs(?,S(i, t, X0, u)) - Vs(t;s(t; to, X0, u))

t
S/n%@mwm,&ﬂskmm (26)
t

Vi(t8,s(tf 1 to, x0,u)) — Vi(te, s(tk, to, X0, 1)) < ra(ua(te),ya(tk)). (27)
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Furthermore, G is exponentially dissipative with respect to the supply
rate (r., rq) if and only if there exists a C° nonnegative-definite function
Vi: R x D — R such that

EVi(1, 5@, 53, to, X0, u)) — € Vy(2, 5(t, to, X0, 4))

t
< [ Enu@ s, @)
t
te <t <1< by,
V(85 s(tF, to, X0, u)) — Vi(tic, S(t, to, X0, u)) < ra(ua(te), ya(te)). (29)

Finally, G is lossless with respect to the supply rate (rc, rq) if and only if
there exists a C° nonnegative-definite function Vy: R x D — R such that
(26) and (27) are satisfied as equalities.

Proof Let ke N and suppose G is dissipative with respect to the
supply rate (r, rq). Then, there exists a C° nonnegative-definite
function V,: Rx D — R such that (20) holds. Now, since for
te <t <1< try1, Ny = 9, (26) is immediate. Next, note that

Vs(t;_,S(t;:, 1o, Xo, u)) - Vs(tk,s(tk, to, Xo, u))

+
i

< [ reluels) e(6)ds + ralua(t) o1,
t
(30)
which, since Ny, .y = {k}, implies (27).
Conversely, suppose (26) and (27) hold, let i>¢>0, and let

Ny = {i,i+1,...,j}. (Note that if N i) = 9 the converse is a direct
consequence of (20)). In this case, it follows from (26) and (27) that

Va(h,x(D) = Valt,x(0)) = Va(h,x(@) = V(8 x(2})
SV, X)) = Vel X))
+ Vs(tjthx(tjtl)) - Vs(t;’*-vx(tle-))
+ Vs(tf, x(6)) = Vs(t, x(0))
< /:l ro(uc(s), yo(s)ds
+ Y ra(a(t), ya(t)),

keNyy

which implies that G is dissipative with respect to the supply rate (rc, 74).
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Finally, similar constructions show that G is exponentially
dissipative with respect to the supply rate (7., rq) if and only if (28)
and (29) are satisfied, and G is lossless with respect to the supply rate
(re, rq) if and only if (26) and (27) are satisfied as equalities. |

If in Theorem 5.2 Vi(-,s(:,f0,Xo,u)) exists a.e. on [ty,00) except
the discrete set 7°, then an equivalent statement for dissipativeness
of the left-continuous dynamical system G with respect to the supply
rate (rc,rq) is

Vs(t, (2, to, xo0,u)) < rc(ue(t),ye(t)),  te <t < tiy, (31)

AVi(tk, s(t, to, X0, u)) < ra(ua(te), ya(tk)), keN, (32)

where AVs(tka s(tka to, Xo, u)) é Vs(tlt_’ S(t,:—, fo, Xo, u)) - Vs(tka S(tk, fo,
xo, u)), k€N, denotes the difference of the storage function V(t,x)
at the times t;, k€N, of the left-continuous dynamical system G.
Furthermore, an equivalent statement for exponential dissipativeness
of the left-continuous dynamical system G with respect to the supply
rate (r,rq) is given by

Vs(t,s(t, tO,xO’u)) + EVS(tvs(tv to, xo,u)) < rc(uc(t),)’c(t)),
te <t <y, (33)

and (32).

The following theorem provides sufficient conditions for guarantee-
ing that all storage functions (resp., exponential storage functions) of
a given dissipative (resp., exponentially dissipative) left-continuous
dynamical system are positive definite.

THEOREM 5.3  Consider the left-continuous dynamical system G and
assume that G is completely reachable and zero-state observable.
Furthermore, assume that G is- dissipative (resp., exponentially
dissipative) with respect to the supply rate (r., rq) and there exist functions
ke: Yo— U and kq: Yq— Uy such that ro(k(yc), yo) <0, y.#0, and
ra(ka(ya), ya) <0, ya#0. Then all the storage functions (resp.,
exponential storage functions) Vy(t,x), (t,x) € R x D, for G are positive
definite, that is, V(-,0)=0 and Vt,x) >0, (t,x) e R x D, x £0.
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Proof 1t follows from Theorem 5.1 that the available storage V,(, x),
(t,x) € R x D, is a storage function for G. Next, suppose, ad absurdum,
there exists (¢,x) € R x D such that V,(¢,x) =0, or, equivalently,

("c(')‘udi?)t;,TZ to l:/(;, rc(uc(t)’yc(t))dt (34)
+ Z rd(ud(tk),yd(tk))} —0.

keNu,n

Furthermore, suppose there exists [f,#)CR such that y.(¢)#0,
tefts, tr), or yy(h)#0, for some k€N. Now, since there exists
Ke: Ye— U; and kq: Yq— Ug such that ro(ko(ye), o) <0, yo#0, and
ra(ka(¥a),¥4) <0, y4#0, the infimum in (34) occurs at a negative
value which as a contradiction. Hence, y,(f)=0, a.e. t€R, and
yd(t) =0 for all k e M. Next, since G is zero-state observable it follows
that x =0 and hence V,(t,x) =0 if and only if x=0. The result now
follows from (22). Finally, the proof for the exponentially dissipative
case is similar and hence is omitted. |

Next, we introduce the concept of required supply of a left-
continuous dynamical system G. Specifically, define the required supply
V(to, xo) of the left-continuous dynamical system G by

A ) fo
Vi (0, X0) = inf /rut, 1))dt
(t0r %0) (uc(,)’ud(,»m[ " a0, 5:(0)

+ ) rd(ud(tk),)’d(tk))]» 9

ke N[T,(,,)

where T <ty and u €l are such that s(t, T, 0, u) = xo. It follows from
(35) that the required supply of a left-continuous dynamical system is
the minimum amount of generalized energy which can be delivered to
the left-continuous dynamical system in order to transfer it from a
zero initial state to a given state xo. Similarly, define the required
exponential supply of the left-continuous dynamical system G by

4]
A N
Ve(to, x0) = inf et 1),yc(2))dt
r( 0 xo) (4e()4a()),T < 19 [/T ¢ rc(uc( ) yc( ))

+ Z era(ua(te),ya(te)) |,

keNy)

(36)

where T <ty and u€lf are such that s(¢y, T, 0, u) = x,.
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Next, using the notion of required supply, we show that all storage
functions are bounded from above by the required supply and
bounded from below by the available storage. Hence, as in the case of
systems with continuous flows [21], a dissipative left-continuous
dynamical system can only deliver to its surroundings a fraction of its
stored generalized energy and can only store a fraction of the
generalized work done to it.

THEOREM 5.4 Consider the left-continuous dynamical system G and
assume that G is completely reachable. Then G is dissipative (resp.,
exponentially dissipative) with respect to the supply rate (r., rq) if and
only if 0 < V(t,x) < 0o, teR, x€D. Moreover, if V(t,x) is finite and
nonnegative for all (ty,x9) €R x D, then V(t,x), (t,x) ERx D, is
a storage function (resp., exponential storage function) for G. Finally,
all storage functions (resp., exponential storage functions) V(t,x),
(t,x) e R x D, for G satisfy

0<Va(t,x) < Vs(t,x) < Vi(t,x) <00, (t,x)eRxD. (37)
Proof Suppose 0 < V,(t,x) < 0o, (t,x) € R x D. Next, since V(t, x),
(t,x) € R x D, is given by the infimum over all admissible inputs (u(-),

ug(-)) and T < tg in (35), it follows that for all admissible inputs (u(-),
ug(-)) and T <t <1,

Vi(to, x0) < / ey )+ S ralualte), va(te)

keNry,)

:/Ttrc(uc(s),)’c(s))ds‘*’ Z ra(ua(te),ya(t))

keN )

+[torc(uc(s),yc(s))ds+ Z ra(ua(te), ya(te))

kEN[,,,,)
and hence
t
Vilto, %)< inf [ [ 7o), els))ds
T

(ue()ua ()T < t

+ Z rd(ud(tk),J’d(tk))]

keNpy,
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+[torc(uc(s)’yc(s))ds+ Z rd(ud(tk),yd(tk))

keNyy,
= Vi(t,5(t,T,0,u)) + / " re(uo(s), ye(s))ds
+ D ra(ua(te) ya(te)), (38)

ke Ny

which shows that V,(z, x), (t,x) € R x D, is a storage function for G
and hence G is dissipative.

Conversely, suppose G is dissipative with respect to the supply rate
(re,rq) and let tpe R and xo € D. Since G is completely reachable it
follows that there exists T'< 1ty and u such that s(t, 7,0, u) = xo.
Hence, since G is dissipative with respect to the supply rate (rc,7q) it
follows that, for all T< ¢,

OS/Ttorc(uc(t),yc(t))dt+ Z ra(ua(t),ya(te)) (39)

ke N[T,to)

and hence

0< inf [ /T ’ re(uc(s), yo(s))ds

T (e()ua ()T < to

+ Z rd(ud(”f)v)’d(tk)):l , (40)

k€Nt

which implies that
0 < Vi(to, x0) <00, (to,%0) €R x D. (41)

Next, if Vi(-,-), is a storage function for G then it follows from
Theorem 5.1 that
0<Va(t,x) <Vs(t,x), (t,x)eRxD. (42)
Furthermore, for all T € R such that x(7) =0 it follows that

[/

Valto, ) < VT,0)+ [ re(ue(t), ()t
+ > ra(ma(te), ya(te)) (43)

ke NlTv'o)
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and hence
t
Vs(to, x0) < inf /rut,tdt
+(f0, X0) (uc<~),ud(-»,rsro[ [ relue(£), (1))

+ Z ra(ua(te), )’d(tk))]

keNir

= Vr(to,xO) < 00, (44)

which implies (37). Finally, the proof for the exponentially dissipative
case follows a similar construction and hence is omitted. u

Next, as a direct consequence of Theorems 5.1 and 5.4, we show that
the set of all possible storage functions of a left-continuous dynamical
system forms a convex set. An identical result holds for exponential
storage functions.

ProrosiTioN 5.1  Consider the left-continuous dynamical system G with
available storage V,(t,x), (t,x) € R x D, and required supply V(t,x),
(t,x) € R x D, and assume that G is completely reachable. Then

Vi(t, ) EaVa(t,x) + (1 - )Vi(t,%), @€l0,l],  (49)
is a storage function for G.

Proof The result is a direct consequence of the dissipation inequality
(20) by noting that if V,(¢,x) and V(t, x) satisfy (20), then V(, x)
satisfies (20). n

Finally, we provide two definitions of left-continuous dynamical
systems which are dissipative (resp., exponentially dissipative) with
respect to supply rates of a specific form.

DEerFINITION 5.4 A left-continuous dynamical system G with input
u=(ug, uqg), output y=(ye,v4), me=1I,, and myg=1y is passive (resp.,
exponentially passive) if G is dissipative (resp., exponentially dis-
sipative) with respect to the supply rate (rc(uc,¥c),rd(ud,yd)) =
(2ucTyC? 2“3)’(!)-

DEefFINITION 5.5 A left-continuous dynamical system G with input
u = (uc, ug) and output y = (y., y4) is nonexpansive (resp., exponentially
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nonexpansive) if G is dissipative (resp., exponentially dissipative)

with respect to the supply rate (re(uc, yc), 7a(ua,¥a)) = (Vulte — Y ye,
Y3uZua — y5ya), where 7., 74 > 0 are given.

Remark 5.2 Note that a mixed passive-nonexpansive formulation of
G can also be considered. Specifically, one can consider left-continuous
dynamical systems G which are dissipative with respect to supply rates
of the form (re(uc,yc),rd(ud,ya)) = (2ulye, viulug —ylya), where
Y4 >0, and vice-versa. Furthermore, supply rates for input passivity
[37], output strict passivity [37], and input-output strict passivity [37]
can also be considered. However, for simplicity of exposition we do
not do so here.

In light of the above definitions, the following result is immediate.

PRroPOSITION 5.2 Consider the left-continuous dynamical system G
with input u= (uc, uq), output y =(yc, ya), storage function V-, -), and
supply rate (rc,rq). Then the following statements hold.

() If G is dissipative, r(0,y;) <0, y.€ Y, r4(0,y4) <0, yq€ Yy, and
Vs(-, ) satisfies (10), then the equilibrium point x=0 of the
undisturbed system G is Lyapunov stable.

(ii) If G is exponentially dissipative, r(0,y.) <0, y. € Y., rq(0,y4) <0,
Ya€ Yy, and V(-, -) satisfies (10), then the equilibrium point x =0
of the undisturbed system G is asymptotically stable. If, in addition,
Vs(-, -) satisfies (13), then the equilibrium point x=0 of the
undisturbed system G is exponentially stable.

(iii) If G is passive (resp., nonexpansive) then the equilibrium point x =0
of the undisturbed system G is Lyapunov stable.

(iv) If G is exponentially passive (resp., exponentially nonexpansive)
and V(-, -) satisfies (10), then the equilibrium point x =0 of the
undisturbed system G is asymptotically stable. If, in addition,
Vs(-, ) satisfies (13), then the equilibrium point x=0 of the
undisturbed system G is exponentially stable.

™) If G is a strong left-continuous dynamical system, zero-state
observable, and nonexpansive, then the equilibrium point x =0 of
the undisturbed system G is asymptotically stable.

Proof The result is a direct consequence of Theorems 5.2, 4.1 and 4.2
using standard arguments. |
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6. INTERCONNECTIONS OF DISSIPATIVE
LEFT-CONTINUOUS DYNAMICAL SYSTEMS

In this section we consider interconnections of dissipative left-
continuous dynamical systems. Specifically, consider a finite collection
of left-continuous dynamical systems G, = (Dg,Ua, Us, Va, Yo Sa,
hea, haa), Where o spans over a finite index set A,% and consider the
spaces U, U, Y. and Y. Here, the elements of i, and ), are internal
inputs and outputs, respectively, while the elements of & and ) are
external inputs and outputs, respectively. Next, we introduce an
interconnection function Z: U xIae Yy — ¥ x Iyc 4Us, where
IT, ¢ 4 denotes the Cartesian set product. Figure 1 illustrates the con-
cept of a finite collection of left-continuous dynamical subsystems
G, interconnected through the interconnection constraint Z yielding
an interconnected system G=1I,c 4Ga/Z. The following definition
provides well posedness conditions for the interconnected system G to
qualify as a left-continuous dynamical system.

G
Y1 = (Ye1, Yar)
G
uy = (Uet, Ud1)
g = (i’cv gd)
I
1 = (i, Uq)
Yn = (ycm ydn)
Gn

Up = (ucm udn)

FIGURE 1 System interconnection G = I, ¢ 4G, \Z.

3 More generally, countably infinite sets with an appropriate measure on A can also be
considered.
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DeFINITION 6.1 The  left-continuous  dynamical system G =
(g e ADa, U, U, Y, ¥, 11, S, B, hg) is an interconnection of the left-
continuous dynamical systems G, = (Do, U, Uny Vo, Yo Sas Feas Bdas
a € A, through the interconnection constraint Z if for every x, € D,,
#e€U, and t € [to, 00), there exist unique maps 1, : [0,00) x Iy e 4Dq X
U— U, (ilc,ild): [0,00) X Iy e oDy X U—Y, and s,:[0,00) x
[0,00) X Ty e 4Dy X U — D,, such that uy(f) =Yalt, Salt, o Xa» i), i)
and II, ¢ 45, satisfies Axioms (i)—(iv).

A straight forward but key property of a left-continuous inter-
connected dynamical system is that if the component subsystems are
dissipative and the interconnection constraint does not introduce any
new supply or dissipation, then the interconnected system is dis-
sipative. Hence, the following result is immediate. For this result let
Fo: Usx Yo — R and 74: Uq x ¥4 — R be given.

ProrosITION 6.1 Let G,, o€ A, be a finite collection of left-continuous
dissipative dynamical systems with supply rates ry = (Fea(YcasYea),
Tdo(Uda) Yda)), Where roq: Uco X Yoo — R and rqq: Uge X Y40 — R, and
storage functions V(-, ). Furthermore, let the interconnection con-
straint T: U xIlye AYa — Y X Hge aUqs be such that #c =, c gTca
and 7a = ) c 4Tda- Then the interconnected system G =T1,c 4G /Z
is dissipative with supply rate (Fc,7a) = (3 g4calcardaealda) and
storage function Vs(-,-) = 3 ¢ 4 Vsal+,*)-

Proof The result is a direct consequence of Theorem 5.2 by summing
both sides of the inequalities

Vil 5a0) = Voo 70() < [ realicas),300)) s,

te <t <1< by,
Vsa(t;::xa(t;)) - Vsa(tkyxa(tk)) < rda(ud(tk)v)’d(tk))v

for ke N, over o€ A and using the assumptions re = ), ¢ 47ca and
rq = Za eAlda n

The following corollary is a direct consequence of Proposition 6.1.

CoROLLARY 6.1 Consider the left-continuous dynamical systems G
and Gy with input-output pairs (Uc1, Ud1; Yei, Ya1) and (U, Uaz; Ye2, Yaz)
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respectively. Then the following statements hold:

(i) If G1 and G, are passive, then the parallel interconnection of G, and
G» is passive.
(ii) If Gi and G, are passive, then the negative feedback interconnection
of G1 and G, is passive.
(iii) If Gi and G, are nonexpansive with gains (Yc1,¥a1) and (Y2, ¥d2),
respectively, then the cascade interconnection of G and G, is
nonexpansive with gain (Ye1 Ye2, Yd17Yd2)-

Proof The result is a direct consequence of Proposition 6.1 by noting
the interconnection constraints for cascade, parallel, and feedback
interconnections are given by (i, i1g) = (Ucq, Uaz)s (Ueas Uaz) = (Ve1, Ya1)s
FesFa) = (Ve2, ¥a2); ey Bha) = (thcr, Uaz) = (e2, Uaz)s (Fe» Fa) = (Ver + Ye2,
Yar +ya2); and (e, #ta) = (o1 +Ye2s Uar+Ya2)y (s Fg) = Vet yar) =
(uca, uq2), respectively. Now, the result is immediate by noting that
the above interconnection constraints satisfy the required constraints
on 7, and ¥4 in Proposition 6.1. n

Next, we consider stability of feedback interconnections of
dissipative left-continuous dynamical systems. Specifically, using the
notion of dissipative and exponentially dissipative left-continuous
dynamical systems, with appropriate storage functions and supply
rates, we construct Lyapunov functions for interconnected left-
continuous dynamical systems by appropriately combining storage
functions for each subsystem. Here, for simplicity of exposition, we
restrict our attention to stationary left-continuous dynamical systems.
Furthermore, we assume that for the dynamical system G, D = R",
U, = R™, Uy = R™, Y, = R*, and Y4 = R*. We begin by considering
the negative feedback interconnection of the stationary left-continuous
dynamical system G with the stationary left-continuous feedback
system G given by the octuple (R™, U, R™= x R™e, Y, Rk x Rke, s,
heer hac), where UZUce x Uss, Y2 Ve X Vaor Se: [0,00) x [0,00) x
R x U — R™, heo: R™ x R™ — Re and hg: R x R™e — Rk, We
refer to sc(t, 0, x, %), t > 0, as the trajectory of G, corresponding to an
initial condition x € R™ and input i = (e, Uge) €U, Where o € Uee
and wugc € Ugc. Furthermore, for G, let T denote the set of resetting
times and let 7, denote the complement of TG, that is, [fp, 00)\T7,
Note that with the feedback interconnection given by Figure 2,
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= g

+

Gc

FIGURE 2 Feedback interconnection of G and G..

(Uees Uac) = (Ve Ya) and (Yee, Yac) = (—ue, — ug). For the ensuing results,
we assume that the negative feedback interconnection of G and G; is
well posed; that is, the feedback interconnection generates an
undisturbed stationary left-continuous dynamical system on R" x R"
with trajectory 3(¢,0, (xo,Xc0),0) £ (s(2,0,x0,u),5(¢,0,xc0,y)) and
initial condition (xg, x¢0) € R” x R™.

THeOREM 6.1  Consider the feedback system consisting of the stationary
left-continuous dynamical systems G and G, with input-output pairs
(e, Ud, Yos Ya) and (U, Uac; Vees Vdc)s Tespectively, and with (ucc, Uac) =
(Ves ya) and (Yee, Yac) =(—uc, —uq). Assume G and G. are zero-state
observable, and dissipative with supply rates (ro(uc,yc), ra(tas ¥a))
and  (rec(tice, Yeo), Tac(tdes Yac)) and c® positive definite, radially
unbounded storage functions V(-) and V(-), respectively, such that
Vs(0)=0, Vs (0)=0. Furthermore, assume there exists a scalar o >0
such that r(uc, yc) + 07 oo(Uee, Yoo) < 0 and rq(ug, ya) +0orac(ttae, yac) <0.
Then the following statements hold.

(i) The negative feedback interconnection of G and G is Lyapunov
stable.

(ii) If G and G are exponentially dissipative with respect to supply rates
(re(ue, yo)s ra(ua, ya)) and (rec(ices Yec)s Tac(tdes Vac)), respectively,
and V(-) and V() are such that there exist constants o, o, (3,
Be > 0 such that

allx|* < Vs(x) < BlIxl?, xR, (46)

acn"c”2 < Veelxe) < ﬂcllxcllz, xc € R™, (47)
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then the negative feedback interconnection of G and G, is globally
exponentially stable.

Proof Let T"2T°UTS, T2[ty,00\T", and t, €T, k=12,.... i)
Consider the Lyapunov function candidate V(x, x.) = V(x) + 0 Vic(xc).
Now, the corresponding Lyapunov left derivative of V(x, x;) along the
state trajectories (x(2), x.(#)) = (s(¢, 0, xo, u), 5c(2,0, Xc0, )5 t € (tks th 1),
is given by

V(x(1), xe(2)) = Vs(x(2)) + 0Vse(xc(1))
< re(uc(2), ye(2)) + orce(tee(2), yee(2))
<0, te”T, (48)

and the Lyapunov difference of V(x, x.) at the resetting times #; € T°,
ke N, is given by

AV(x(t8), Xe(t)) = AVy(x(te)) + oAVao(xe(t2))
< ra(ua(te),ya(tk)) + orac(uac(tk), yac(tk))
<0. (49)

Now, Lyapunov stability of the negative feedback interconnection of G
and G, follows as a direct consequence of Theorem 4.1. (ii) Next, if G
and G, are exponentially dissipative and (46), (47) hold, it follows that

V(x(2), x5(£)) = Vs(x(1)) + 0Vio(xc(1))
< — e Vs(x(1)) — 0€ccVic(xc(2))
+ ro(uc(£), ¥e(£)) + orce (tec(t), Yoo (2))
< —min{ec, e} V(x(8), xc(1)), th <t<tipr,  (50)

and AV(x(t), x(tx)), tx € T, keN, satisfies (49). Now, Theorem 4.1
implies that the negative feedback interconnection of G and G is
globally exponentially stable. |

The next result presents Lyapunov, asymptotic, and exponential
stability of dissipative feedback systems with quadratic supply rates.
For this result the notation S” refers to the set of n x n symmetric
matrices.

THEOREM 6.2 Let chS’°, ScERE XM R cS™, QdeS"‘,
S4€RAX ™, R4ES™, Qo €S/, Sec € R=*"=, Ric€ ™=, Quc € S™,
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Sac € Rie X Mse - and Ry, € S™e. Consider the closed-loop system consist-
ing of the left-continuous dynamical systems G and G, and assume G and
G are zero-state observable. Furthermore, assume G is dissipative with
respect to the quadratic supply rate (ro(uc,yc), ra(u4a,ya)) = (YXQcye +
2yTScue + uIRosic, Y3 Qaya + 2y3Sauq + ulRaua) and has a radially un-
bounded storage function V(-), and G. is dissipative with respect to
the quadratic supply rate (rec(tec,Yec),de(Ude,Ydc)) = (YeQocYoo +
2ygeSecthce + U Rostos, Vg QdcYde + 2VgcSdcthdc + UgcRacac) and has a
radially unbounded storage function V(-). Finally, assume there exists
a scalar o > 0 such that

_ T
Qc é QcT+ UROC Sc -+ USOC S 0,
=S; + 0S¢ Rc+ 00

» A| Qa+oRe —Sa+ oS,
Qd = T S 0'
-84 +08Sac Rq+ 0Qqc

(51)

Then the following statements hold.

(i) The negative feedback interconnection of G and G. is Lyapunov
stable.

(ii) If G and G, are exponentially dissipative with respect to supply rates
(re(ue, yo)s ra(ua, ya)) and (rec(tices Yeo)s Tac(Mdcs Yac)), respectively,
and there exist constants a, o, 8, 8. >0 such that (46) and (47)
hold, then the negative feedback interconnection of G and G is
globally exponentially stable.

(i) If Q,<0, Q04<0, and G and G. are strong left-continuous
dynamical systems, then the negative feedback interconnection of
G and G is globally asymptotically stable.

Proof (i) and (ii) are a direct consequence of Theorem 6.1 by noting

T

i) + o) = [ 0[] o)
T A

ra(ud, ya) + 07 dc(Udes Yac) = [;:c] Q4 [;i], (53)

and hence rc(uc, o) + 0T cc(Uec, Yeo) < 0 and rg(ug, ya) +0rac(Uge, Yac) < 0.
To show (iii) consider the Lyapunov function candidate
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V(x, xo) = Vy(x) +0Vs(x). Noting that u,. = y. and y.c = —, it follows
that the corresponding Lyapunov left derivative of V(x, x.) along the
trajectories (x(), x.(£)) = (s(z, 0, xo, u), 5,0, Xc0,y)) satisfies
V(x(2), (1)) = Vs(x(1)) + 0Vie(xc(1))
< re(uue(2), ye(2)) + orec(tec(t), Yee(£))
= Yo (1)Qcye() + 2y; (£)Scte(2) + g (£)Retie (1)
+ 0ye (£) Qecee (£) + 20 (£)Sectiee () + theg () Rocthes ()]

RGNS
= [yw(t)] Q"[yw(t)]
<0, t<t<tir, (54)

and, similarly, the Lyapunov difference satisfies

_ ya(te) T ya(te)
AV (x(tk), xc(te)) = [ydc(tk)] d [)’dc(tk)]
<0, keN, (53)

which implies that V(s(-,0, xo, %), sc(-,0,Xxc,»)) is a nonincreasing
function and hence it follows from Theorem 4.1 that the negative
feedback interconnection of G and G, is Lyapunov stable.

Next, since G and G. are zero-state observable it follows that
V(s(2,0, xg,0), sc(, 0, xc0, 0)) = V(s(0, 0, xo, 0, 5,(0, 0, xc0, 0)), £ > 0 if and
only if (s(z,0,x,0), sc(t,0, xc,0)) =(0,0), >0. Hence, the largest
invariant set M 2 Uyer M, contained in R is the set {(0,0)}. Now, if
follows from Theorem 4.2 and Remark 4.1 that the negative feedback
interconnection of G and G; is globally asymptotically stable. |

The following result is a direct consequence of Theorem 6.2. For
this result note that if a left-continuous dynamical system G is dis-
sipative (resp., exponentially dissipative) with respect to a supply rate
(re(the, ye), ra(ud, ya)) = (Z“EYc»ZuE}’d), then, with (kc(ye), ka(ya))=
(=kye, —kqyg), where kg kq>0, it follows that (ro(uc,yc),
ra(ua,ya)) = (—keyiye — kayjya) < (0,0), (¥, ya) #(0,0). Alterna-
tively, if a left-continuous dynamical system G is dissipative (resp.,
exponentially dissipative) with respect to a supply rate (rc(uc,yc),
ra(ua,ya)) = (Vuluc — yIye, Yiuiua — yjya), where e, 74>0, then,
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with (K'c(yc), Ed(yd))=(0a 0)9 it follows that (rc(uc,}’c)”d(“d,}’d)) =
(—=YeYes —¥aya) < (0,0), (ye,ya)#(0,0). Hence, if G is zero-state
observable it follows from Theorem 5.3 that all storage functions of
G are positive definite.

CoRrROLLARY 6.2 Consider the closed-loop system consisting of the
stationary left-continuous dynamical systems G and G. and assume G and
G are zero-state observable. Then the following statements hold:

(1) If G and G, are exponentially passive with storage functions V(-)
and V(-), respectively, such that (46) and (47) hold, then the
negative feedback interconnection of G and G is exponentially
stable.

(ii) If G and G, are exponentially nonexpansive with storage functions
V() and V(-), respectively, such that (46) and (47) hold, and gains
Yes Ya >0 and e, Yac > 0, respectively, such that . v.. <1 and
YaYde < 1, then the negative feedback interconnection of G and G is
exponentially stable.

Proof The proof is a direct consequence of Theorem 6.2. Specifically,
(i) follows from Theorem 6.2 with Q.=0, Q4=0, Q. =0, Q4.=0,
Sc = Imgy Sd = Inyg, Scc = Ings Sdc = Imgy Re=0, Rg=0, Rc=0, and
R4 =0, while (ii) follows from Theorem 6.2 with Q. = —I;,, Qa = -1,
Qcc = —Ii,, Qdc = ~Iiys Se=0, Sq=0, Sec =0, S4c =0, and R; = I,
Ra = Vilmg> Rec = Yelmes and Rac = Yiclmy,- |

Remark 6.1 Global asymptotic stability of the negative feedback
interconnection of G and G is also guaranteed if the strong left-
continuous dynamical system G is input strict passive (see Remark 5.2)
(resp., output strict passive) and the strong left-continuous dynamical
compensator G, is input strict passive (resp., output strict passive).
Hence, the results of this section present a generalization of the results
given in [22,37] to left-continuous dynamical systems, hybrid systems,
and impulsive systems.

7. CONCLUSION

In this paper we developed a unified framework for left-continuous
dynamical systems. This general class of systems was shown to include
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hybrid systems, impulsive systems, and switching systems as special
cases. Furthermore, we extended the classical notions of dissipativity
theory to left-continuous dynamical systems. Specifically, the concepts
of storage functions and supply rates were extended to left-continuous
dynamical systems providing a generalized hybrid system energy
interpretation in terms of stored energy, dissipated energy over the
continuous-time dynamics, and dissipated energy at the resetting
events. Finally, general stability criteria were given for Lyapunov,
asymptotic, and exponential stability of feedback interconnections of
left-continuous dynamical systems.
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