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This paper investigates the control problem of variable reluctance motors (VRMs). VRMs
are highly nonlinear motors; a model that takes magnetic saturation into account is
adopted in this work. Two robust control schemes are developed for the speed control
of a variable reluctance motor. The first control scheme guarantees the uniform ultimate
boundedness of the closed loop system. The second control scheme guarantees the expo-
nential stability of the closed loop system. Simulation results of the proposed controllers
are presented to illustrate the theoretical developments. The simulations indicate that the
proposed controllers work well, and they are robust to changes in the parameters of the
motor and to changes in the load.

1. Introduction

The variable reluctance motor is a synchronous motor which is comprised of iron lamina-
tions on the stator and rotor and copper phase windings on the stator. Torque is produced
by the attraction of the closet rotor poles to the excited poles. In motoring operations,
phase excitation is synchronized to rotor position such that the rotor poles are pulled to-
ward the excited stator poles in the direction of rotation. In generating operations, phase
excitation is synchronized to rotor position such that the rotor poles are pulled backward
toward the excited stator poles in the direction opposite to the rotation.

Variable reluctance motors are almost maintenance free since they do not have me-
chanical brushes. Also, VRMs are not expensive because they do not have rotor windings
or magnets. Moreover, VRMs can produce high torques at low speeds. These character-
istics combined with the advancement in power electronics, and the availability of high-
speed processors make variable reluctance motors attractive for many general-purpose
industrial applications.

However, the variable reluctance motor is characterized by its inherent nonlinearities.
Both spatial and magnetic nonlinearities are found in the VRM. Thus, nonlinear control
techniques are needed to compensate for the nonlinearities of the motor.

Many nonlinear control techniques have been developed for the control of VRMs; the
reader is referred to [1, 2, 3,4, 5,6, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 21, 22, 23, 24,
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Figure 2.1. A 3-phase, 6/4 VRM. One-phase winding is shown.

25, 26, 27, 28, 29, 30] and the reference therein for an excellent overview of the different
control schemes which have been developed for VRMs. Specifically, control techniques
such as feedback linearization [13, 22], variable structure control [6], adaptive control
[16, 19], optimal control [10], neural control [10], fuzzy control [3, 9, 11], backstepping
control [1] have been used for position and speed control of the variable reluctance mo-
tor. This paper uses robust nonlinear control techniques to control the speed of the VRM.
The need of robust controllers for VRMs is motivated by the inherent nonlinearities of
the motor and by the fact that some of the parameters of the motor are not to be known
accurately.

The rest of the paper is organized as follows. Section 2 contains a brief overview on
variable reluctance motors as well as the dynamic model of the motor. Sections 3 and 4
deal with the design of two controllers for the VRM. The simulation results of the pro-
posed control schemes are presented and discussed in Section 5. Finally the conclusion is
given in Section 6.

In the sequel, we denote by WT the transpose of a matrix or a vector W. We use W >0
(W < 0) to denote a positive (negative) definite matrix W. Sometimes, the arguments of
a function will be omitted in the analysis when no confusion may arise.

2. Dynamic model of the variable reluctance motor

For any control system design, the development of a reliable mathematical model is es-
sential for proper evaluation of the system’s performance and for testing the effectiveness
of the developed control schemes. For VRMs, both spatial and magnetic nonlinearities
are inherent characteristics of the motor; a model which takes these nonlinearities into
account needs to be considered for design purposes. The model suggested in [27] which
takes magnetic saturation into account is adopted in this work. A 20 kW, 3-phase VRM,
which is documented in [27], is used for simulation purposes. The motor has six stator
poles and four rotor poles, see Figure 2.1.
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Figure 2.2. The magnetization characteristics of one phase of a 6/4 VRM.

The general voltage equation of an m-phase VRM can be written as

. dA
vj=Rj1j+E (j=1,2,...,m), (2.1)
where v; (j = 1,2,...,m) is the voltage applied to the terminals of the jth phase, R; is
the phase resistance, i; (j = 1,2,...,m) is the current associated with phase j,and A; (j =
1,2,...,m) is the flux linkage of the jth phase.

The flux linkage A; is a nonlinear function of both the phase current i; and the rotor
position 8, see Figure 2.2. The nonlinearities of 1; are due to the magnetic saturation and
to the periodicity of alignment between the stator and the rotor poles. The flux linkage is
defined as [27]

A(ij,e) :alj(e)[l—exp(azj(e)ij)]+a3j(0)ij, ijZO(j= 1,2,...,m). (2.2)

The coefficients a;, aj, and as; (j = 1,2,...,m) are periodic functions of the rotor posi-
tion, and they can be expressed as truncated Fourier cosine series such that

ax = > Agrcos(80r) (k=1,2,3), (2.3)

r=0

where § is the number of electrical cycles in each mechanical revolution. The parameter
Ay, represents the rth Fourier coefficient of the kth fitting coefficient. The Fourier coeffi-
cients of the VRM are determined by using the Marquardt gradient expansion algorithm

[2].
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The torque for phase j, T.; (j = 1,2,...,m), produced by a VRM with independent
phases during both saturated and unsaturated magnetic operations, can be determined
by using coenergy analysis [15] as

o (i, , P
Tej—%J’O)L(z,B)dz (j=12,....m). (2.4)

The sum T, = 3% T,; of the individual-phase torques gives the total torque.
Therefore, the complete dynamic model of the variable reluctance motor can be writ-
ten as

w0_,
dt ’

do 1

EZY{TE_TL_D‘U}B (2.5)

-1
di; (9 Y -
E_ (a_lj) {—R]-zj—%awvj} (]—1,2,...,771),

where
6
(it
(iii
(iv

0 is the rotor position;
w is the rotor speed;
i; is the current associated with phase j;
A; is the flux linkage of the jth phase;
(v) vj is the control voltage of the jth phase;
(vi) T, is the total electromagnetic torque;
(vii) Tt is the load torque;
(viii) J is the rotor inertia;
(ix) D is the damping factor;
(x) Rj is the jth phase resistance.
The output of the system can be taken as the rotor position 6 or the rotor speed w, whereas
v; acts as the control input of the jth phase. This paper deals with speed control, thus the
output of the VRM system is y = w.

D

Remark 2.1. An electronic commutator determines which phase to be excited at any given
instant of time. The inputs to the electronic commutator are the turn-on angle 0,,, the
turn-off angle 6, and the rotor position 8; the output of the commutator is the phase to
be excited.

For speed control design purposes, the dynamic model of the VRM can be written as

{T. - T; — Dw} = a,

_1
! (2.6)
2.6
" (T,
Z(811><81]> ( j ‘””f)“”z 90 T“_D“}’

where T, = dT;/dt.
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Let x = (x) = (). The model of the VRM system can be written in a compact form
as
da _
dt = A2
dX2 2.7
ar T rew =0
)/ = X1,

where for a 3-phase VRM, u = v; (j = 1, or 2, or 3) depending on the output of the
commutator (i.e., the phase to be excited). The terms f and g are as follows:

BIEYCIAYEhS o " 9T,
7{;1(81])(31]) (_Rf" ) “’Za T”_D"‘}

—fi- ﬂ, (2.8)

LT\ ()
T dij J\ai; ) ° T ere

Assumption 2.2. The model of the VRM is known as it has been experimentally verified
(26, 28]. Therefore the terms f, and g in the above equations are known. The term T, in
f comprises the rate of change of the torque of the incoming phases and the load torque;
this term is considered as an uncertain quantity. Thus, the nonlinear term f is not known
exactly but can be written as f = f, + Af, where f, is the known nominal part of f and
Af is the uncertain part of f. It is assumed that Af is bounded by a known positive
function p such that

IAfl <p. (2.9)

Remark 2.3. The equation d0/dt = w is not included in model (2.7) of the VRM system
because the paper deals with speed control. Obviously, for a given w(t), one can easily
find 6(¢) such that 6(t) = 6(0) + Jy w(7)dT.

Note that at equilibrium, x1, = @ref, and x3. = atrer = 0, where w,ef is a constant refer-
ence speed command. Define the error e = (¢.) where e; and e, are such that

€] = X1 — Wref,»

€y = X3 — Oref = X2. (2.10)
Using (2.7) and (2.10), the model of the VRM system can be written as
é1=e, (2.11)
é = f+gu, (2.12)
¥y =X (2.13)

The system (2.12) and (2.13) will be used for the design of the control schemes.
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3. Design of the first robust control scheme for the VRM

In this section, we propose to use a Corless-/Leitmann-type controller [7] to control the
variable reluctance motor.
Define the matrix A and the vector B such that

0 1 0
[0 1] ) o

where the positive scalars k; and k; are chosen such that the polynomial s? + ks + k; is
Hurwitz.
Let P; and Q; be symmetric positive definite matrices such that

ATP +PA=-Q (3.2)
and let € be a small positive scalar. In addition, define y; such that
1 = pBTPye. (3.3)

Definition 3.1 [12]. The error e is said to be uniformly ultimately bounded if there exist
constants b and ¢, and for every r € (0,¢) there is a constant T = T(r) > 0 such that

lle(to)|| < r=>|le(t)|| <b, Vt>to+T. (3.4)

The following proposition gives the main result of this section.

ProposITION 3.2. The control law

1 1
u= —g(fn+k1€1+k262) +§uc1 (35)
with

‘ﬁ” if [ > €,
Ue, = #f“ (3.6)
B iflmll=e

when applied to the VRM system (2.12) and (2.13) guarantees the uniform ultimate bound-
edness of the closed loop system.
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Proof. Using (2.12), (3.1), and (3.4), the closed loop system can be written as
é=Ae+Bu, +BAf. (3.7)
Consider the following Lyapunov function candidate V;:
Vi=e'Pre. (3.8)

Note that Vi >0fore# 0and V; =0 fore = 0.

Equation (3.7) implies that A;|lel|?> < V| < A, ]lell?, where A; is the minimum eigen-
value of P; and A, is the maximum eigenvalue of P;.

Taking the derivative of V| with respect to time and using (3.6) and (3.2), it follows
that

Vi=¢'Pe+elPre

(Ae+Bu, +BAf) Pre+eT Py (Ae+ Buc, + BAf)
el (ATP, +P1A)e+2e"PiBu,, +2AfBTPre

= —eTQie+2e"PBu,, +2AfBTP1 e.

(3.9)

For the case when ||y 1| > €, we have u, = (—p1/Ilp1 ll)p. Hence, the above equation leads
to

. Tp\B
Vi = —ETQIE — 26||[57||[MP+2AfBTP1€
1

|IBTPye||®
|[BTPel|

< —e"Qie—2||BTPie||p+2|Af|||BTPie]
< —eTQle

< —Asllell,

= —eTQle—Z p+2AfBTP1€

(3.10)

where A3 is the minimum eigenvalue of Q;.
For the case when ||y || < €, we have u., = (—u1/€)p. Hence, (3.8) leads to

eTPlByl
€

Vi=-elQe-2 p+2AfBTPe

=—elQe-2

BTPe||
—H 61€|| p2+2AfBTP1€

||IBTPe||’
€

<-efQe-2 p?+2|Af|||BTPe| (3.11)
< —eTQie+2||BTPiellp
< —efQre+2¢

< —Asllell® +2e.
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Therefore, it can be concluded that for all ¢ and all x, we have
Vi < =Asllel]® + 2e. (3.12)
Let ¥ = A3/A,, it follows that
Vi < —«Vi+2e. (3.13)

Therefore, it can be concluded that V; decreases monotonically along any trajectory of
the closed loop system until it reaches the compact set

A= {e|v1 <V.- Zf} (3.14)

Hence the trajectories of the closed loop system of the VRM are uniformly ultimately
bounded with respect to the bound €. O

4. Design of the second robust control scheme for the VRM

The controller proposed in the previous section can only guarantee the uniform ultimate
boundedness of the closed loop system. In this section, a second nonlinear state feedback
controller is proposed. This controller is similar to the Corless-/Leitmann-type controller
in that it works well for a class of nonlinear uncertain systems that have matched uncer-
tainties which are bounded by some known continuous-time functions. However, this
control scheme, which is motivated by the work in [20], has the advantage of guarantee-
ing the exponential stability of the closed loop system.

Let P; and Q; be symmetric positive definite matrices which are solutions to the alge-
braic Riccati equation

ATP,+P,A-2P,BBTP, = -, (4.1)
and let
p2 = pBTPre (4.2)
and
2
ol )

ol + e exp (- 3p)
with ¢ and 3 being positive scalars.

Definition 4.1 [12]. The error e is said to be exponentially stable if

lle(to)|| < c=]le(t)|| < Blle(to)||exp (F(t—to)), Vt=ty=0, with >0,y >0.
(4.4)

The following proposition gives the result of this section.
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ProprosITION 4.2. The control law

1 1
u= —g (fn +k1€1 +k2€2) + gch (4.5)

with
u, = —BTPe—9 (4.6)

when applied to the VRM system guarantees the exponential stability of the closed loop sys-
tem.

Proof. The closed loop system can be written as
é=Ae+Bu, +BAf. (4.7)
Using (4.4) and (4.5), it follows that

¢TPye = (Ae+B(—BTPye—9) + BAf) Pre

(4.8)
= (eTAT —eTP,BBT — BT9+BTAf) Pse.
Consider the following Lyapunov function candidate V5:
V2 = ETP2€. (49)

Note that V,; >0fore# 0and V, =0 fore = 0.
Equation (4.7) implies that A [le||> < V3 < A} |lel|?, where A} is the minimum eigen-
value of P, and 1} is the maximum eigenvalue of P,.
Taking the derivative of V, with respect to time and using (4.6), (3.14), and (4.2), it
follows that
V2 = éTP2€ + eszé
= el (ATP,+P,A —2P,BBTP;)e — 2eTP,B9+2¢"P,BAf
= —eTQe—2¢TP,BI+ ZeszBAf

2" By |||

= —eTQe— p+2e"P,BAf
[l + % exp (= 381)
2||BTPyel[*p* (4.10)
< —eTQre— L' 2ll'p +2||BT Pye||p
||BTPse||”"p3 + €3 exp (— 3ft)
2||BTP 3 -
< —eTQue+ ||B” Pael|pe’ exp (- 3B1)

||BTPae||’p3 + e exp (— 3pBt)
< —eTQue+2eexp (- Bt)
< —Nllell* +2eexp (- Bt),
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Table 5.1. Parameters of the VRM.

Parameter Value
Output power 20 kW
Rated speed 492 rad/s
Number of phases (m) 3
Number of stator poles 6
Number of rotor poles 4
Aligned phase inductance (L,) 19.0mH
Unaligned phase inductance (L,) 0.67 mH
Rotor inertia (J) 0.02 Nm s°
Damping factor (D) 0.3301 X 107> Nm s
Phase resistance (R) 0.069 Q
DC voltage supply 230V

where the fact that 0 < ab®/(a® + b®) < b for a,b = 0 and a® + b® # 0 was used; and 1} is
the minimum eigenvalue of Q,.
Let " = A3/A), it follows that

V) < —k'Vy +2eexp (— ft). (4.11)

Thus, it can be concluded that the error e(t) is globally exponentially stable. Moreover,
the convergence rate of the errors is such that

’ 1/2
[%He(O)Hzexp(—K't)+/2\—?texp(—K't)] ifg=x«,
e[ <1 7, 12
Ay 2 (e 2 CRE) v (! - :
[M [le(0)]|" exp(—«'t) + N =P (exp(—pt) —exp(—x« t))] 1fﬁ(1é lxz)
O

5. Simulation results of the proposed controllers

The VRM system is simulated using the Matlab software. The VRM model discussed in
Section 2 is adopted; the model takes magnetic saturation into account.

The parameters of the motor are given in Table 5.1.

The excitation angles (8on and Oo5) are kept fixed throughout the simulation stud-
ies at 45° and 79°, respectively, (where 0° and 90° correspond to aligned and unaligned
positions). Only one phase is allowed to be excited at one time.

Simulations are performed when the proposed controllers are applied to the VRM
system. The results are presented in the following subsections.

5.1. Performance of the VRM system when the first controller is used. The control
scheme given by (3.4) and (3.5) is applied to the VRM system. The desired speed is
100 rad/s for 0 < t < 0.1 seconds, and it is 200 rad/s for 0.1 < t < 0.2 seconds. The load
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Figure 5.1. Speed response of the VRM when the first controller is used.

torque is taken to be 25 Nm. Figure 5.1 shows the speed response of the motor. It can
be seen from the figure that the motor speed converges to the desired speeds. It should
be mentioned that the ripples in the speed response are due to the sequential switching
between the phases and they are not caused by the controller.

5.2. Performance of the VRM system when the second controller is used. The control
law described by (4.3) and (4.4) is applied to the VRM system. Figure 5.7 shows the speed
response of the motor when it is commanded to accelerate from rest to a reference speed
of 100 rad/s then to 200 rad/s, with a load torque of 25 Nm. It can be seen that the motor
speed converges to the desired speeds. The ripples in the speed response are due to the
motor operational characteristics and limits of the electronic commutator; the ripples are
not due to the proposed controller.

Remark 5.1. The VRM used for simulation studies is a 3-phase 6/4 motor. The low num-
ber of poles will have a negative impact on the produced torque of the motor. As a result,
the speed will be affected and hence the response of the speed will have more ripples.

5.3. Robustness of the proposed control schemes. Simulation studies are undertaken to
test the robustness of the proposed controllers to variations in the parameters. Changes
in the phase resistance R, the rotor inertia J, the damping factor D, and the a,;, asj,
and as; (j = 1,2,...,m) coefficients (which are used to model the phase flux-linkage) are
investigated. The simulations are carried out by step changing one parameter at a time
while keeping the other parameters unchanged. The step change occurs at time ¢ = 0.1
seconds and at time ¢ = 0.15 seconds. The motor is commanded to accelerate from rest
to a reference speed of 200 rad/s with a load torque of 25 Nm.

Figures 5.2-5.5 and 5.8-5.11 show the motor responses when there are changes in the
parameters of the VRM system. Figure 5.2 (first controller) and Figure 5.8 (second con-
troller) show the responses of the motor when the phase resistance is increased to 200%
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Figure 5.2. Speed response of the VRM when the first controller is used with changes in R.

200 ¢
180
160 ¢
140
120 ¢
100
80
60 -
40+

Speed (rad/s)

20 T VOR D P P . CE
: J=002 ) J'=0.95x0.02]

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
Time (s)

Figure 5.3. Speed response of the VRM when the first controller is used with changes in J.

of its original value and then decreased to 80% of its original value. Figure 5.3 (first con-
troller) and Figure 5.9 (second controller) show the responses of the motor when the
rotor inertia is varied by up to 10 times its original value. Figure 5.4 (first controller)
and Figure 5.10 (second controller) show the responses of the motor when the damp-
ing factor is varied by up to 10 times its original value. Figure 5.5 (first controller) and
Figure 5.11 (second controller) show the responses of the motor when the a;;, a;, and
asj (j = 1,2,...,m) coefficients are increased to 110% of their original values and then de-
creased to 90% of their original values; the change in the coefficients is only 10% because
these coefficients are usually known quite accurately from experimental studies. Hence,
it can be concluded from the simulation results that the proposed controllers are robust
to changes in the parameters of the system.
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Figure 5.4. Speed response of the VRM when the first controller is used with changes in D.
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Figure 5.5. Speed response of the VRM when the first controller is used with changes in the aj;s
coefficients.

It is desirable for high-performance applications that the proposed control schemes
be robust to variations in the load torque. Simulation studies are carried out to demon-
strate the robustness of the proposed controllers to changes in the load torque. The
motor is commanded to accelerate from rest to 200 rad/s. Figure 5.6 (first controller)
and Figure 5.12 (second controller) show the motor responses when the load torque
changes from 25Nm to 50 Nm and back to 25 Nm. It can be seen from these two fig-
ures that the motor responses have a dip in speed when the load is suddenly changed,
but both controllers are able to keep the motor speed close to the desired speed. There-

fore, it can be concluded that the proposed controllers are robust to changes in the
load.
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Figure 5.6. Speed response of the VRM when the first controller is used with changes in the load
torque.
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Figure 5.7. Speed response of the VRM when the second controller is used.

5.4. Comparison of the proposed control schemes with a PI controller and a feedback
linearization controller. The performance of the closed loop system is compared to the
performance of the system when (1) a proportional plus integral (PI) controller is used,
and (2) a feedback linearization controller is used. The choice of the PI controller is mo-
tivated by the fact that the PI controller is usually used in industrial VRMs. The choice of
the feedback linearization controller is due to the simplicity of the design of this type of
controllers.
The equation of the PI controller is as follows:

u=Kp(w— wrer) +KIJ (W — wrer)dt = Kpey + Ky Jeldt. (5.1)

The gains K, and K are tuned using the trial and error method.
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Figure 5.8. Speed response of the VRM when the second controller is used with changes in R.
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Figure 5.9. Speed response of the VRM when the second controller is used with changes in J.

The control scheme given by (5.1) is applied to the VRM system. The desired speed
is 100 rad/s for 0 < t < 0.1 seconds, and it is 200 rad/s for 0.1 < ¢ < 0.2 seconds; the load
torque is taken to be 25 Nm. Figure 5.13 shows the speed response of the motor. It can be
seen from the figure that the motor speed converges to the desired speeds.

Recall that the model of the VRM system can be written as

€ = ey,
ér = f+gu, (5.2)
Yy =X1.
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Figure 5.10. Speed response of the VRM when the second controller is used with changes in D.
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Figure 5.11. Speed response of the VRM when the second controller is used with changes in the aj;s
coefficients.

A feedback linearization controller for the above system can be written as
1
u= —g(f+k1€1+k262), (53)

where k; and k, are properly designed gains. The value of f is taken to be the nominal
value.

The control scheme given by (5.3) is applied to the VRM system. Figure 5.14 shows
the speed response of the motor. It can be seen from the figure that the motor speed
converges to the desired speeds.

Figures 5.13 and 5.14 show the responses of the VRM system when the PI controller,
the feedback linearization controller, and the two proposed controllers are used. It can
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Figure 5.12. Speed response of the VRM when the second controller is used with changes in the load
torque.
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Figure 5.13. Speed response of the VRM when the PI controller is used.

be seen that the four controllers force the speed of the motor to converge to the desired
speeds. However, it can be seen from the figures that the proposed controllers gave better
results than the PI controller or the feedback linearization controller. This is an expected
result as the PI controller is a simple controller to design and to implement. The design
of the feedback linearization controller did not take the uncertainties of the VRM system
into account and hence it did not perform as well as the two proposed controllers. In
addition, the second controller gave slightly better results than the first controller (as
can be seen from Figure 5.14) since the first controller guarantees the uniform ultimate
boundedness of the system and the second controller guarantees the exponential stability
of the system.
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Figure 5.14. Speed response of the VRM when the feedback linearization controller, the first con-
troller, and the second controller are used.

6. Conclusion

In this paper, two control schemes are designed for the speed control of variable reluc-
tance motors. The first proposed controller guarantees the uniform ultimate bounded-
ness of the closed loop system; the second controller guarantees the exponential stability
of the closed loop system. A highly nonlinear model is adopted for the design of the con-
trollers, this model takes magnetic saturation into account. The proposed controllers are
based on varying the terminal voltage of the motor using a DC-DC chopper. The inputs
to the controllers are the phase currents, the rotor position, and the speed of the motor.
The performances of the controllers are illustrated through simulations. The results indi-
cate that the proposed control schemes are able to bring the motor speed to the desired
speed. Moreover, the simulation results show the robustness of the proposed controllers
to changes in the parameters of a motor and to changes in the load. Future work will
address the implementation of the proposed control schemes using a DSP-based digital
controller board.
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