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ABSTRACT. The generalized S2-transform of a member of f of a ertain space of

generalized functions is defined as

/
F(x) i f (t)’

K(x t; O)

K(x, t; 0) where

(x + y) 0(y + t) 0
p >1/2

o < x < and o < t <

An inversion theorem for the transform is established interpreting the oonvergene in

the weak distributional sense.
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1. INTRODUCTION.

Neoently, extensions of classical integral transformations to generalized

ftmctions have cmprised an active and interesting area of research. In this paper an

iterated Stieltjes transform (S2-transform) is exte to generalized functions by so

called direct approach, and an inversion formula is established. Note that, for

simplicity, throughout the paper the transform of a function or generalized function

is denoted by F (x), and the actual transform is made evident by the ntext.

The Stieltjes transform of (t) e L (o, ) is defined as

F(x) I (t) at x > o (i.i)(x + t)

Widder [i0, p. 3253 studied various properties of the transform (i.i) and pro=d

the inversion formula

lim , x IF(x)] #(x)

for almost all x > o, where the differential operator , x is defined as

k-i
[x2k_l

(k-l)

L, x (k -’):

Benedetto [13, Zemanian [ii, p. 2443 and Pandey [73 have given the distributional

extensions of the transform (i I)folling different approaches.

The transform ([.i) is generalized as
(t)

F (x) f (x + t) 0
dt for > o (x > o) (1.2)
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Pollard [83 defir the operator

(k-l)
(F (x)) (-i) k-i 20-1_ (2k-l) .’) [x2k+0-2 F (x), x; 0 k.’ (k-2).’F (2k+0-i)

](k) (1.3)

and proed the inversion formula

lim (F (x)) (x)k/’ x; 0
for almost all x > o

Pathak [8 and Erd41yi [63 extended the transform (1.2) independently and

differently to generalized fnctions.

To generalized iterated Stieltjes transform of (t) L (o, ) is defined as

Fx) aM (t)
(x+Y) 0 (-%-)0 dt for 0 > (x > o) (1.4)

Tne d%ange in order of integration in (1.4) leads to so called generalized

F(x) I (t) dt / 1
dy

(x+y) 0(y+t)0--- I K(x, t; 0) (t) dt 0 > 1/2.

Boas and Widder [2] hae studied transforms (1.4) and (1.4)’ in great detail for

(1.4)

the case 0 i and hae given corresponding inversion formulas. Neently the author

[5] considered the classical transfozms (1.4) and (1.4)’ for the general 0 > 1/2 and

proved the inversion formula

lim Hu, x; ’0 (F(x))o (x) for almost all x > o (1.5)
k/

where , x; p p p

The distributional extension of (1.4)’ for p 1 was given by the author [43.
Our main objective in this paper is to extend the transform (1.4)’ to generalized

functions, and to prove the inversion formula (1.5) in the distributional sense.

The notation and the terminology of this wzk will foll that of [33 and [i13.

I denotes the open interval (o, ) and all testing functions herein are defined on I.

Throughout the work x, t and y are variables over I. D(I) represents the space of

infinity differentiable functions defird on I having compact spport. The topology

of D(I) is that which makes its dual the space D’ (I) of the Sc/Twartz distributions.

2. THE TESTING ON SPACE S (I) AND ITS DUAL S’(I).

We define S (I) as the collection of all infinitely differentiable functions (t)

defined on I such that

Yk () sup (t) (t d)k (t) <
o<t<

for each k o, i, 2 where

tO o< t_< 1(t)
1 t > 1

0 being a fixed real number greater than 1/2.
We assign to S

O
(I) the topology generated by semi-norms {yk thereby making it a

countably multi-normed space.

(2.1)

A sequence {#n (x)} where each n (x) S
O
(I) converges



ITERATED STIELTJES TRANSFORM OF GENERALIZED FUNCTIONS 427

in S0(I) to #(x) if yk(#n-#) tends to zero as n for each k o, i, 2 A

sequence {n (x)} is said to be a Cauchy sequence if Yk (m-n) tends to zero as m and

n approach to independently of each other for each k o, i, 2 It can be

seen that S (I) is a Frchet space, i.e., a complete oDuntably multi-nozmed space.

The dual space S’ (I) onsists of all continuous linear functionals on S (I) and is

equipped with the usual weak topology.

It can be checked that the space D(I) is contained in S (I), and the topology of

D(I) is stronger than that induced on it by S (I). Hence the restriction of any

f e S’(I) to D(I) is in D’ (I).

It can also be checked that if f(t) is a function defined on I such that

(t)

then f (t) generates a regular generalized function on S (I) by

<f, > I f(t) (t) dt; S (I)

3. R’HE GENERALIZED S2 TRANSFORM OF GqERALIZED ONS.

Let 1
dy _= K (x, t; 0), for x, t > o (0 > 1/2).

(x + y)0(y + t)0
The generalized S2-transform of f e S’ (I) is defined as a function F (x) obtained

by applying f(t) on the kernel K(x, t; 0), i.e.,

F(x) <f(t), K(x, t; 0)> x > o. (3.1)

In order that (3.1) be meaningful, we need shc that for a fixed x > o, K(x, t; 0)

is a member of the testing function space S
O
(I). We prow this as follcing theorem.

THeOReM i. For fixed x > o and 0 > 1/2, K(x, t; 0) belongs to S (I).

PROOF. Tnat K(x, t; 0) is infinitely differentiable function of t for x > o and

0 > 1/2, is obvious. N we shc that Yk(K(x, t; 0)) is finite for any k o, i, 2,

A simple cmputation shcs that

Pk(t, Y; P)
(td)k[K(x, t; 0)] I where

(x + y)0(y + t)0+k

?,\ (t, y; 0) Ek-l,i=o ciY-i.k-it C
i being certain constants depending on 0.

Nc for any i such that o -< i -< k-l,

yitk-i (y+) i(yt k-i

(y+t) 0+k

1

(y+t (y+t) 0

Therefore,

l(td)k[K(x, t; 0)31 < A 1

where A Ik-I
i=o ICil"

O < t < (x + y) 0(y + t) 0

(x+y) 0(y+t)0

dy _< sup I
o<t_<l

1

(x+y) 0 (y+t) 0

+ sup I
l<t< (x+y) 0 (y+t) P
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1
sup + I-3 (x+y)

o < t -< 1
(y+t)

1 < t < (x+y) 0 (y+t) 0

sup
o<t_<l

1
E--l-l, , supI dY3
xPt0 1 < t <

t thx, t; 31 < s tO ----3+
o < t < o < t -< 1 x0tp 2-i

1 < t < XtO 20-1

20-1
whid is bounded for fied x > o and p > 1/2.

Lis cpletes the proof of the theorem.

be next theorem gies the differentiability of the transform.

THEOREM 2. let f e S’ (I) and let F (x) denote the generalized S2-transfom of f

as defired by (3. i). Tnen F(x) is infinitely differentiable function for x > o, and

that

F(x) f(t),
xk

K(x, t; 0) k o, i, 2,

he proof follcws from the standard technique [ii, p. 146], and is therefore

omitted.

In order to proe an inversion theorem for the transform (3.1), we need prove

following lenmas.

LEMMA i. Let , x; denote the second iterate of , x; 0
whid is defined

by (1.3). Then

x; p
( i ) -i(_i :3 xk+_3 t

(x+y) 0 (y+t) p Uk.’ (k-2)
(x+y) 2k+0-1 (y+t) 2k+0-1

dy

that

PROOF. In view of successive differentiation and simple computation it follows

F(0)[x2k+0_2 -i
dxk-i

1
p) q(k)

(x+y)

k+0-2 k
(-l)k-iF(2k+o-l) x y

(x+y) 2k+0-1
so that

,x;p -(-) xk/-2
(x+y) k.’ (k-2)

(x+y) 2k+0-1

k+o-2 k
_-dkX Y

(x+y)
2k+p-i

(3.2)

Therefore,

(x+y) p(y+t) 0
dy dk

k+p-2 kx y
(x+y) 2k+0-1 (y+t)

p dy (3.3)
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Note that the differentiation under the integral sign in aboe integral is permissible.

Next w want to sh( that

(x+y) 2k+0-1 (y+t) 0 (x+y) y;

The substitution y xu in the right hand side of the abo equality leads to the

integral
k+l-0

I U I l---l---- du
(l+u) k+0-1 K, XU; 0 (XU+t)

uk+l-0 u0_1 i 0) du

k

Lk, x; 0 10 (i+u) 2k+’-i (xu+t)
(3.5)

as the differentiation under the integral sign is permissible.

substitution xu y in the last integral, (3.5) equals to

.k+0-2 k

L,x; .. y

(x+y) 2k+P-i (-’)yu 0

Taking the

which is the left hand side of (3.4), establishing the equality (3.4).

Now applying the result (3.2) in the right hand side of (3.4) e get,, x, 0 (, x; 0
I i

(x+y) 0 (y+t) 0
dy)

2k-i
xk+20-3 t

k i Y
(x+y) 2k+0-1 (y+t)k+o-i

dy.

This ccmpletes the proof of the lemmm.

(3.6)

If n > m >= i, then

m-i F(m) F (n-.m)I Y dy
tn-m(t+y)

n
F(n)

This is the familiar fomm/la for the beta function.

for all t > o.

Let the expression (3.6) be derted by Fk

I Fk(t x; 0) dx 1 as k

(t, x; 0). Then

2k-i
Fk(t x; 0) dx /0 tkxk+2-3 dx / Y

(x+y) 2k+’-i (y+t) 2k+0-i
dy

2k-i xk+2-3

.20-1 (2k-l)
Fk.’ (k-2) .’"

(By changing the order of integration

which is obviously permissible).

F (k+20-2) F (k-o+l) F (k+0-1) F (k)
[F (2k+0-)

By Ienm 2, for k > 2).
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Using Stirling’s approximation formula, it follows that the last expression

converges to 1 as k + .
u. t 0k ’x; 0 o

and

lim (y) o for o <- y < 1 (3.7)
k/

lira (y) 1 for y > i. (3.8)
k/

PRDOF. The proof follows along the lines of [2, Lenm 8.2], and is therefore

Now w prou the inversion theorem for the transform (3.1) which will be the main

result of the paper.

THBORM 3 (Inversion). Let f e S’ (I) and let F(x) be the generalized S2 transform

of f as defined by (3.1). Then for any
k/

where , x; p (F(x)) , x; p (, x; (F(x)).

20-I (2k-l) .’F (0)
tk’. -2) .’F (2k+o-l)

2 [x2k+o-2 {x2k+0- (x)(k-1) (2k-l) (k)

the differentiation _rein referring to distributional differentiation.

PRDC. A simple computation shows that the operator , x; p can be represented

as x2-2 (x) whereP4k-2;
(x) 7.4k-2 a

i
() (x) i, ai () being certain constants depending on p.P4k-2; 0 i=o

Now the theorem is proved by justifying the following steps:

I x20-2 [p (xO-.) F(x)] (x) dx (3.9)

I’[P(x) F(x)] x2-2 (x) dx (3.9)’

I" F(x) [P(-xd--. -i) x20-2 (x)] dx (3.10)

(3.10)’

<f(t), I’0 K(x, t; p,[P(-x -i) x20-2 ,(x)] (3.11)

The step (3.9) is obvious in view of Theorem 2 and the fact that

x2-2 P(x) F (x)

generates a regular distribution in D’ (I). The step (3.9)’ is actually the same as

(3.9). The step (3.10) is obtained by applying integration by parts in (3.9)’

successively and using the fact that the limit terms in the integral vanish. The step

(3.10)’ is the same as (3.10) in view of definition of F(x). That (3.10)’ equals to
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(3.111 can be proved b,, the technique of Riemann sums [Ii, ianm 5.6.2, p. 148]. In

order to show that (3. [I) (3.12) as k , need to prove that for any non-negative

inteter n

(t) (t )n[j K(x, t; 0) P(-x -i) (x20-2 (x)) dx (t)]

o as k uniformly for all t > o, where (t) is defined by (2.1).

f

(tt) [K(x, t; 0)] P(-x-i) (x20-2 (x)) dx

(-x + 1-201 [K(x, t; 01] P(-xa -i) (x20-2 x

K(x, t; 0) (x + 2-20) [P(-x -i) (x22-2 (x))]

(By integration by parts)

x, t; ) (-x-- -i)(x-- + - x-2

,, t; -x-i Ix2- x x]

Hence applying (tt) successively on the integral in (3.13), w get for any non-

negative integer n,

(t )n /o K(x, t; 0) P(-x-l)(x2-2 (x)) dx

fo K(x, t; 0)P(-X-i) [x20-2 (xd) n (x) dx

I P(X) [K(x, t; 0)] X
20-2 (x)n

(x)] dx

(By integration by parts)

df x20-2 P(x) [K(x, t; 0)] (x)n (x) dx

fHk, x; 0
[Mix, t; 0)](x)n (x) dx

f Fklt, x; 01 (x)n (x) dx (By Lena 11

Hence by 3, as k , it follows that

(t )n[f Klx, t; 01 PI-x-lllx20-2 (xl) dx- (tl]

f Fk{t, x; ) [(x)n (x) (td) n {t)] dx.

Denote (x)n (x) by (x) E D(I). Now it suffices to prove that

(t) f Fklt, x; 1 [(x)- @(t)] dx

converges to zero as k uniformly for all t > o.

Frcm the definition of Fk(t, x; O) as given by (3.6), it is easy to check that

Fk(t x; 0) is a hcmogeneous function of t and x of degree-l. The hcmogeneity of

Fk(t, x; 0) and the substitution x ty in the integral in (3.141 lead to

(t) f Fk(l x; 01 [(xt)- (tl] dx 13 151

Now breaking the integration in 13.15) into the intervals (0, l-m), (l-rl, i+) and

(3.14)
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(I+D, ), where n is a fixed positive number less than 1/2, one can easily prove in view

of 4 and [i0, Lema 5, p. 287], that (3.15) approaches to zero as k

uniformly for all t > o.

This completes the proof of the theorem.. In the present %Drk, % have developed the entire theory for the

transform defined by (1.4)’. The extension of the transform defined by (1.4) to

generalized functions is still open. The difficulty faced in such an extension has

been indicated in [4, p. 384] for the case 0 i.
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