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ABSTRACT. The method of images is applied to derive exact expressions for the
deflections of unlimited wedge-shaped plates the central parts of which are cut,
when the plate is simply supported on the radial edges, elastically restrained or
free along the circular edge and is acted upon by one of three types of normal load-
ing distributed over the surface of a circular domain. Formulae for the bending and
twisting moments along the circular edge are given. Limiting forms of the obtained

solutions are considered.
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1. INTRODUCTION.

The deflections of an infinite isotropic plate which has its outer edge free,
is elastically restrained along an inner circular boundary and is subject to certain
normal symmetrical or linearly varying loadings on a circular patch were obtained by
the author (1,2] , through the use of complex variable methods. When the inner
circular edge is free and the plate is under the same normal loadings and is supported
at any number of points the appropriate solutions were also derived by the author
[3,4] , references are to be found at the ends of these papers. The bending of a
thin plate bounded by two arcs of concentric circles and two radii, normally loaded
by an isolated force at any point, simply supported along the radial edges and subject
to various combinations of boundary conditions along the circular edges was invest-
igated by Bassali and Gorgui [5]. In a recent paper by the author [6] sectorial
plates bounded by two radii and a circular boundary are analysed when the radial
edges are simply supported, the circular edge is elastically restrained or free and
the plate is under one of three types of normal loading on a circular patch. In this

paper the foregoing solutions of the author [1-4] are used to establish the corres-
ponding solutions for unlimited wedge-shaped plates the central parts of which are

cut when the plates are simply supported along the radial edges, elastically
restrained or free along the circular edge and are acted upon by the same loadings

on a circular patch. As the radius of the loaded patch tends to zero these loadings
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reduce to a concentrated load or a concentrated couple acting at any point of the
plate. Solutions for complete wedge-shaped plates are obtained by letting the
radius of the removed part tend to zero. Expressions for the bending and twisting

moments along the circular boundary are provided.

2. FORMULATION OF THE PROBLEMS AND BOUNDARY CONDITIONS.

We consider a thin isotropic sectorial plate bounded by the infinite extensions
of the two radii OA, OB and the circular edge T of radius c. See Fig.l. Let
AOB = Yy = n/k where k 1is an integer > 1. It is assumed that the plate is simply
supporFed along the radial edges and elastically restrained or free along T. Let

z = re19 = c¢ be the complex variable of any point P 1in the mid-plane of the plate

referred to O as origin and Q, (zo = roeiB = cco) be the centre of a circle of
radius b = cq and boundary C. It is clear that b must be < the least of the

three quantities rosin B, rosin(Y-B) and r -c. Let pl(r,e) and Py = 0 be
the load intensities at points of regions 1 and 2 of the plate which lie inside and

outside C, respectively. It is known that the small deflections w, and LOYE

1
measured positively downwards, satisfy the two partial differential equations
V4 w, = pl(r,e)/D , (2.1a)
vt w, =0, (2.1b)

where D 1is the flexural rigidity of the plate. If (RO,OO) are the polar coord-
inates of P referred to Qo as pole and OQo as initial line then the three

cases of loading which we are going to discuss are defined by

_ s-2

P, = pORO (s 2 2) (Case I) , (2.2a)
_ s=3

P, = poR0 cos Oo (s 23) (Case 1II1) , (2.2b)
_ s=3 .

P, = poR0 sin Oo (s 23) (Case III). (2.2c)

We have now to find v, and v, which fulfil the following conditions:

(1) Wy satisfies (2.1la) ,

(ii) v, satisfies (2.1b) together with the boundary conditions along the radial
edges and T ,

(1ii) vy and v, must satisfy the necessary and sufficient conditions for the

physical continuity along C [1, p.2501].
Introducing the notations
lel = xle =y el =xple =0, d=23/30, da%=2/20, (2.3)

we assume in the first set of boundary conditions that the radial edges are simply

supported and the circular edge T 1is elastically restrained according to

wydpay = 1 ’ (2.4)

2
0, (d v, + vdwz)p= =0
where v o= 1 +0/aQ -2, (2.5)

A is the restraining parameter. It was shown that I is rigidly clamped if v = «

3
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A =1 and is simply supported if v =n, A= (n - 1)/ (n+ 1), n being Poisson's
ratio. In the general case we have

n>vz2-» and 22X 21 or (n=1)/(n+1) 2 2=, (2.6)

The boundary values of the bending and twisting moments along the elastically

restrained edge I are given by

M=) = M-y = @D @y (2.7a)

M= (- n)0/ct)daw

- (2.7b)

2001
Along a clamped boundary we have

_ 2 2 -
Mr = Me/n = (D/c™)d w?_)p=1 > Mg =0. (2.7¢)

In the second set of boundary conditions the radial edges are simply supported and

I' is free. Along the free boundary we have [7, p.283] ,

MO - - %2 @+ na+nadu,) o= 0, (2.82)
(Me)r=c = - gz [(nd2 +d + d'z)w2]p=1
G 22 @y - (”2—;21)3 [+ a?w, ), (2.8b)
M) - ‘(l_;zﬂ la'@-1w,] (2.8¢)
(Qr -1 ar;ge ) =0 (2.9)
rec

3. SECTORIAL PLATE UNDER THE FIRST TYPE OF NORMAL LOADING.

In this section we treat the case of the infinite plate bcunded by the two
infinite simply supported radial edges 6 = 0, 6 =y (2 2r >c) and the circular
arc T which is either elastically restrained or free (Fig.l), the plate being
normally loaded by the pressure (2.2a) on the circular patch of centre Qo and radius
b. The deflected form of the infinite sectorial plate is the same as that of an

infinitely large plate having an inner circular boundary with the same boundary

s-2

t

on the circular domains with centres Q (zt = cpoelat) and equal radii b, where

t
R = PQ and

conditions along T and subject to normal loadings of intensities (-l)tpoR

t t
a, = ty+8 (t=0,2,...,2k-2), a, = (t+1)y-8 (t=1,3,...,2k-1). 3.1)
If n is a positive integer then it is easily proved that
2k-1 N
X (-1) sin no = 2% sin nB if n is a multiple of Kk,
t=0 } (3.2a)
= 0 otherwise;
2k-1
I cos no, = 2k cos nB if n is a multiple of k,
t=0 } (3.2b)
= 0 otherwise;
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2k-1 2k-1 N
Y sinna, = 0O, T (-1) cos ne = 0. (3.2¢)
t=0 t=0

Assuming that Gt =6 - o and applying equations (3.2) we find

2k-1
T (-l)tcos nod = 2k sin n® sin nB (n=k,2k,3k,...)
£=0 t } (3.3a)
= 0 otherwise;
2k-1
¥ sin n@t = 2k sin nb cos nB (n=k,2k,3k,...)}
t=0
= 0 otherwise . (3.3b)
_ . . - . h
If Qé (zé = cgé) is the inverse of Qt (zt cct) with respect to T then
Z;C; = 1. Introducing the notation
= - = TC - = = A
u = C- g v T Bl lu | =vug, vl =V, (3.4)
it is easily seen that
Coyn2. 2
Rt = PQt = Clutl = cUt-cV(p + o 2900 cos et), (3.5a)
"= pg' = & - Sy - Sy 2,2 _ 0 3.5b
R = PQ/ 5 v, SV, = SV +pp" - 200 cos 6), (3.5b)
o o o
— 22 2 2
Re(l/vt)+ 3 = Re(CtC/vt)— i = (oop -1)c /2p§R£ , (3.5¢)
2 2, 2 2
Re(ct/ut)+ } = Re(C/ut)- ;o= (- oo)c /2Rt , (3.5d)
_ 2y 22 24 bk _ 22 2 2 3.5
Re@oivD) = 2p2- D% 200R1" - (ogp” + Dhe 1207R% (3.5e)
— 2 . 2
= = = 6 ! 3.5f
Im(l/vt) Im(CtC/vt) pp c” sin t/ogRt , ( )
m(/u) = Im(Z./u.) = - op c’ sin 6 /R? (3. 58)
t t Tt o t't
- 20 22 o 4 . 3,4
Im(ctg/vt) = p (p 3 1)c sin et/poRt . (3.5h)

The two cases of the different boundary conditions along T will now be dealt

with separately.

CASE (a). THE CIRCULAR EDGE T IS ELASTICALLY RESTRAINED.

We assume that wlt and wzr denote the deflections in regions 1 and 2 of the
entire infinite plate with an inner circular edge and subject to the normal loading
(2.2a) over the circular domain with centre QO and radius b. With the notations

adopted here and measuring the deflection positively downwards it was proved by the

author [1, p.253] that

2 Po

w = —— R 2 2 2
er 87D

2..,2 o ' 2c2
(R0+b )1!1 .DT. + {ro + b - c - —; }1n po In p
[olNe)

+ 4 -5~ In o+ (c®-r2m'b ' P)Re Sm(Zgg)}} , (3.6)
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1 ]
P 4@®S -b° )
1 _ o _1 2 _ .2 o 2.,2 b
[w]2 ~ 8mD [(1 s) (Ro bo) + 2. + (R°+b )1n R ] , (3.7)
ss'’b o
where P° = 2np0b5/s is the total load on the plate and
s' = s + 2, b'2 = st/s', q'2 = b’2/c2, m = (1-x)'1, m' = m-1, (3.8a)
X
> X" m Eﬂn
Sm(x) = nflﬁ = X j ﬁ dg (|X| < 1). (3.8b)
0

The corresponding solution wés for the sectorial plate is obtained by summing

for all the loads on the 2k circular domains in the figure. Thus we get

P 2k-1 R
2 - _9o° _1,E 2 ,2 t
er  8mD § =D [(Rt+b )n PR
t=0 ot
© (pp ) "
+ (1 - 02)(c2 - r2 + m’b'z) r 2 cos nf }. 3.9)
o n-m t
n=1
For a clamped boundary we have the closed form
P 2k-1 u 2 2
2 o t 2 2 t (p"=1)b"'
w!'' o= -1 Re[(R +b')In — + —S— . (3.10)

cl 87D £=0 t Ve Ve

Subtracting (3.10) form (3.9) gives
2 2 -n
Pc"(1-07) 2k-1 © (pp_) cos nb
' 2 _ a2 - o _13\¢t - 2 — 12 __° t
vl wcl s E (-1) bX {1 po+(n 1)q — . (3.11)
+=0 n=1
Applying (3.3a) we get
kP cz(l-pz) ' 1-02+(n-1)q'2
22 . o r —2° (00 ) Psin n6 sin n8 (3.12)
er cl 4™ n-m o ’ )

where the accent on I means that the summation is taken only over integral mult-

iples of k. Using (3.5c) we find

N T L T G G S A S
Wi T ogm I DT R I o ¢ ) . 3.13)
c £=0 Poe 2p°R!
ot
Yt -1
By expanding 1n 5~ and Ve in (3.10) in powers of ¢, taking the real parts and
t
using (3.3a) we obtain
2 k]?oc2 '
W::l = —41T_D— z fn(o, Oo)sin nb sin nB N (3.14a)
2 kPOCZ 1
v - o s .
Ver = I b2 gn(D,Do)51n nd sin nB , (3.14b)
where
o), 2
— — -] - - 1
A CHUO IS N CH (-1 -1-(a-1)q" "} , (3.15a)
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£ (0 ) = [tnﬂ(p)wzoitn_l(o)—(02+o§)tn(o)+{02-1-tn(o)}q’2](090)m
(o <o) (3.15b)
£ (0,0,) = [tn+1(oo)+pzo§tn_1(oo)-(oz+o§)tn(po)+{02-1-tn(oo)}q'2](ooo)-n
(e > p.) (3.15¢)
e @ = M-, (3.16)
Setting q' = 0 in (3.15a,b) we obtain expressionsn which agree with equations (75)

and (77) derived by Bassali and Gorgui [5] , on noting the difference in notation
and that the deflection there is measured positively upwards. Equations (3.6) and

(3.7) show that at any point of region 1 the deflection wé:‘ is given by

P 2%k-1 R
1 _ o [,p2.4200 b 10 E (r 212 t 1,522
vl g5 [Rotb' Il 5 gr v T CLI R DN o+ (=R D)
oo t=1 ot
S’ ' -
4R-H ) oo )"

+ + 2kc2(02—1)(p§-1-m'q'2) bX sin n6 sin nB}. (3.17)

e

The boundary values of the bending and twisting moments along the circular edge
I are determined by substituting from (3.14b), (3.15a,b) and (3.16) in (2.7a,b).
This leads to

-n

M Mg kPo ' P 2 V25 . .

Feviill el z — {1—p°+ (n-1)q'“}sin n@ sin ng, (3.18a)
M kP np
r6 o' "o 2. . .y ,2 .
o =3 T o ie,~1-(m-1)q" "}cos né sin nB . (3.18b)

For a clamped circular edge T we have

Me kPo ' 2 2, -n .
= — = e—— - - ' 1 1
M - - T {1 ot (n-1)q }po sin nd sin nB . 3.19)

CASE (b). THE CIRCULAR EDGE T IS FREE.

Let w;r and wgr denote the deflections in regions 1 and 2 of the infinite

perforated plate having free inner circular boundary, subject to the normal loading
(2.2a) on the circular domain with centre Q0 and supported at the N points

z5 = ch (j=1,2,...,N). It was shown by the author [3, p.749] that

2 c:2 N 2 Ei 2
Ver T Beed [jzo Pj{UJ. (¢ 1n Rj -1n z ) = x(1+)In p 1In pj} + (1-x")Re IN(g)

9 R' u
+ P q' {K InR -1n =2 + Re
o [} r

- }]+le+vzy+v3 , (3.20)
cv
o o
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where Pj (j=1,2,...,N) are the concentrated reactions, measured positively down-

wards at the N points of support, Yl’ YZ’ y3 are real constants and

k = G+n)/(h-1), (3.21)
N 1
@ = P.L.(z) , L.(c) = ] (1-2.;) 1af1 - L ) g . (3.22)
jo0 33 j \g \ e

It must be noticed that only the real part in the coefficient of 1ln ¢ in

equation (2.36b), p.749 is taken. See the footnote p.113 of Bassali [4].

2

1

fr

of the sectorial plate. The vanishing of the deflection on the radial edges yields

We now proceed to obtain the appropriate expression for the deflection w

Yy =Y, = Yy = 0. Putting Pj =0 (j=1,2,...,N) and summing for all the loadings

on the 2k circular patches we get

2_
P 2k-1 b'"u
w? oo % % (-1)tRe[(R2+b'2XK InR_ - In R') + ¢
fr 8mkD =0 L t t t ZV
t= tt
v a- Kz)cht(C)]. (3.23)
Noting that
u, ) p2 -1 p2
- v -
Ctvt t th
and subtracting (3.10) from (3.23) we find
2
P (k-1)c” 2k-1
2 _ 42 _ o 7% vtell 2, 42 _ L
wfr wcl - 8mxD E L ReL(Ut+q )in vt (1+x) t(C)
t=0
‘ (02-1)q'2v;1] . (3.24)
Expanding 1ln Voo Lt(g), V:l in powers of ¢, taking the real parts and using
(3.3a), we obtain, after some algebraic manipulation
2 kPoc2 ' (3.25)
s —— i i 3.
LI ZD z hn(p,po) sin n6 sin nB,
where
-n
4(pp_) [
_ o _2_1,(1_"o 2\ _ K ] 3.26
h (p,p ) = £ (psp )+ 3+n [(1 Py (n =t ) _nz(n+1) . (3.26)

For q' = O this is in agreement with equation (80), p.93 of Bassali and Gorgui
[s5].
Substitution from (3.15b) and (3.26) in (2.8b,c) yields

kP _(1+n) ,
> p " [% + (n—l){l—p§+(n—1)q'2}} sin n6 sin nB, (3.27)

(Me)p=1 = m(3+n) o
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kP
o1 = :;? o p;n[1-p§- 5%1 +(n—1)q'2] cos nb sin nB . (3.28)

™_.)

rf

The solution of the problem of a wedge-shaped plate simply supported along the

radial edges and carrying the lateral load (2.2a) on a circular domain is found by

. 2 2 2
letting c¢ tend to O in any of the solutioms wél R wér and w;r . We there-
fore find
P 2%k-1 R
w? o 2 s e ) m L, (3.29)
81D t b
t=0
s' . s'
P 2k-1 R LR -b )
1 _ o it a2 42 Tt 1,22 o
w = & [ z (-1) (Rt+b ) 1n 5 + (1 S)(Ro b7) + __—Ti_g__ . (3.30)
t=1 ss'"b
The solution (3.29) can be expanded in the forms
2 kP " r \“ / 2 1'2 2
L. 0 L (L r __° _p i i .
w = 7D b3 o (r / \n—l v} b ) sin n® sin nB (r> ro), (3.31a)
2 kPo 'l <r " o r2 2
2. 0o 2 (E IR S i i ) .31b
w 77D T o ro) (n—l Pve ] b ) sin nd sin nR (r< ro) (3.31b)

4. SECTORIAL PLATE UNDER THE SECOND TYPE OF NORMAL LOADING.

We now consider the infinite sectorial plate bounded by the circular arc T
and the infinite extensions of the two radii O0A, OB when it is under the same sets
of boundary conditions but subject to the normal loading (2.2b) on the circular
patch with centre Qo and radius b.

CASE (a). THE CIRCULAR EDGE ' IS ELASTICALLY RESTRAINED.

The deflections wzr and wlr of the infinitely large plate which is elas-
tically restrained along an inner circular boundary and is acted upon normally by
the loading (2.2b) on the circular domain with centre Q0 and radius b (Fig.l)
were found by Bassali [2]. Measuring the deflection positively downwards and making

obvious changes in notation we have

2 Mc [~ . - Yo (%% | %0\ ,2 2 -1
Yer = Temp d Re2(obt e 5 T (T e ) Q'+ 4l mh Dln o
o o [o] o
+ 2(1-02) ;{m( 2 1y-202- L } (ZLC)-—H 4.1)
e 1 °o Pom n-m > -

where M = npobs/s is the moment of the loading (2.2b) about the diameter perpen-

dicular to OQO. Taking the real part of the expression between the square brackets

gives
o R! 2 p(cos 8 —pp )b’2
w2 = L ( cos 0 = p )4 1n 00 _ b_'__ + __#__
er 16mp D |[P0'P € o o R 2 0 2
o o R o R
o oo
_ © (pp )"
+ A(DZ-A 1)ln [ 2(02-1) r —2 (m(pz-l)-202-J;m’nq'2}vos no0 } . (46.2)
o n=1 n-m o o 2 o
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The formula for wlr is obtained by adding (4.2) to the expression

2 s
R 2 R 16 (R /b)
1 _  Mc _ [ o, 4 b7 o o
[wl, = Femp (@ cos O -p )[4 In g+ o+ = 7t } (4.3a)
R b s(s"-4)
o 1
where
2 2
b1 = (s - 2)»/s . (4.3b)
The corresponding solution for the sectorial plate is
Mc  2k-1 _ _ v . Tt
w'z = 16mp D X (—l)tRe[Z(Q u +Z u )ln . (—E + —E—X q'2
er o tt tt u u v /
t=0 t t t
= @ o™
_ 2_ 2. ,2 1, ,2} t ]
2(p“-1) f {m(po 1) 290 5 m'ng remal R (4.4)
n=1
Letting m tend to « in (4.4) yields
2%k-1 v 4 T,z
2 Mc t — - t t t 2
wiis =S _ T (1) Re[Z(cu+Cu)1n—- (—+— q'
cl IGWQOD =0 tt tt u u, A )
s 20%1) £ eE1-iagttH@ o™ . 4.5)
o 2 t |
n=1
Summing the infinite series we obtain
2k-1 ! 2
2 Mc e [ ( t _b'
w' = —— % (-1) Re;p (pcos 6,-p N2 1ln — - — )
cl 8mo D o "o t Po’\ R ZRi
2 3
. {(oz-l)(oz—l) - 1(1 . 2 1) q'z}—t— ] . .6)
o 2 v v
t t
Subtracting (4.5) from (4.4) we get
2 . %k-1 © (pp ) "
W2 _ 42 _ Mc(p-1) 18t [¢) 2 2_ 1 _ 2
wer wil o= B D I (-1) % Ee— ZQO—n(po 1)+ 3 n(n-1)q os net.
o t=0 n=1
(4.7)
Applying (3.3a) leads to
2 oo )"
2,2 _ RMc(pml) o' PP 2 2.1 2] . )
wiLT v 4“00D z — 2po n(po 1)+2 n(n-1)q sin n6 sin nB .

(4.8)
Expanding all the terms in (4.6) in powers of ¢, taking the real parts and using

(3.3a) we arrive at

w,2 _ kMc

1
ol T Z?E;B. z fn(p,po) sin n6 sin nB, (4.9a)
2 _ kMc ' . .
Vi T Z?B;ﬁ z gn(p,po) sin n6 sin nB, (4.9b)
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where

2 -n
(o -1)(000)

n—m

2
gn(O,DO) = fn(p,oo) + {293—n(o§-1)+%»n(n-l)q' }, (4.10a)

£ (P ) = [tn+1(o)+ozo§tn_1(o)-20§tn(o)+(92-1)(og-l)+%—nq'2{1-02+tn(p)}](ooo)—n
(o < oo), (4.10b)
£ @n00) = [e, om0l )20 60 07D 62D Frar P )
-q'z](ono)—n (>0, (4.10c)

and tn(p) is defined by (3.16). Equations (4.2) and (4.3a) show that wéi is

given by
o R RZ 4@ /b)° (1-020%)b"?
wl o Mo [o (p cos 6 -p ){ln °co,l_ o ,_ 29 } + =
er 4mo D "o o ‘o b S 42 s(sz-b) szR'z
1 oo
2 2
2k-1 o R 20 (a2t
t ot b o
+ I (-1) {oo(p cos et~ po)(ln R - _—E) + ———f—rf———
t=1 t 4Rt SDORt
(o )"
o2 ot PP 2 2.1, 2] . ,
k(1) £ = {m(p0 1) 20 -5m'nq in n6 sin nB|. (4.11)
Introducing (4.9b) in (2.7a,b) yields
-n
M M (o]
r 0 _ kM 'L 2_ .\ 2_l _ 20 . .
= S Tow - 2nro z p— {n(po 1) Zpo 3 n(n-1)q }51n nd sin nB, (4.12a)
M no_
S S 20,2 1 2 .
i - 2ﬂr0 T {n(l po)+200 *s n(n-1)q }cos nd sin nB, (4.12b)
and for a clamped boundary we have
Mo ' -nf 2 21 21 . . i
Mr = - = 5 oo {n(oo-l)—Zpo—i-n(n-l)q } sin n6 sin nB. (4.13)

o

CASE (b). THE CIRCULAR EDGE TI IS FREE.

The problem of an infinite thin elastic plate with an outer free edge and an
inner free circular edge was solved by the author [4] when the plate is subject to
a general loading including (2.2b), (2.2c) on a circular domain and is supported at
any number N of points. The deflection wgr corresponding to the loading (2.2b)

on the circular patch with centre QO and radius b 1is obtained by putting

o= et -

in the solution given by equations (20) and (41) of Bassali [4] . Thus we get
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2 C2 N 2 R! 2
Vi T T [ jfl PJ.{Uj (x 1n Rj -1In —-J-r )-x(1+k)In p 1n pj+(l-o< )Re LJ.(E)}
R' 2 v
+ L Re 2Zu In[-2-xInR - <’ %) +(K2—1)v In —2 -k (1+x)In p
cp oo r o 2 ) o =
o 4R [Na
o o
u 2 =42
oo (2 97 _za'" 1]
(1 °t 27v) IRt T Y)Yt Yy (4.14)
[9RY o T v
0 o oo

where Pj is the concentrated reaction, measured positively downwards at the points
of support zj = cl;j (j=1,2,...,N) and Y5 Y5 Yy are real constants.

The expression for w%i corresponding to the sectorial plate can now be found

by putting Y S Yy =Yg = o, Pj =0 (j=1,2,...,N) and summing for all pressures

on the 2k circular domains. We therefore get

2k-1

2 v
2 Mc t = kb '\ 2 t
w! = — ¥ (-1) Re[ZQ ui{ln R'-x1ln R - + (x™-1)v_ In —
fr 8mco D tt\ t t g2/ t T
t t
u V2 -2
. (1“’(2)* gT) - ] . (4.15a)
beVe t SeVe
Noting that
— - 2 —
St U ok ol 2 r 2
—t -2 £, et e (4.15b)
“eVe t Cet Ve Vi BT “tVe R
we easily see that
2k-1 2 v
2 Mc t — <b '\ 2 t
' = —— -— — - — -— —
Wil Sico D T (-1) Re[2§tut(ln Rl-«1ln R 7) + (x l)thn —
o t=0 4R c.c
t t
2 [
2y 20y 11, 71 2
+ {(po 1) (2-1) 2(1+ o )q }"c } ) (4.16)
Subtracting (4.6) from (4.16) we arrive at
2k-1 v
2 _ 42 Mc(l-k) ot [~ t
we o wCl = B D r (-1) Rel_thut 1n RE- (1+'<)vt In —
o t=0 cc
t
2 [
2 o2 1( . %1\ 2] Gt
+ {(oo (1) f\l’f v )q Tt . (4.17)

Expanding in powers of ¢, taking the real parts and using (3.3a) we get

2 kMc ! . .
f'r = W b hn(p,po) sin n6 sin nB, (4.18)
where _
4op )"
) o 2. 1., _n2 2.1 2\, «
hn(p,oo) fn(o,oo)+———~3+n [(o 1+;)(1 -1 Po* 7 na’ >+n(n+1)] (1=ps=). (4.19)
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Applying equations (2.8b,c), we obtain the boundary values

Jkden) gt ol { —(n-2)p% Ln(m-1 '2}—4}sin né sin nd (4.20)
(MO)D=1 - Tr(3+n)ro = o L(l m - (n )po 2 n(n=1)q
M™_.) = — Z' o K-n+1+(n-2)pz—l-n(n—l)q'chos nd sin ngB. (4.21)
r6’p=1 ﬂKro o o 2

The deflection at any point of a complete wedge-shaped plate under the normal
loading (2.2b) on any circular domain can now be found by letting c tend to O

in (4.6). Thus we get

k-1
w2 oo MY ) e 1 cos 9.){1n
47D =0 o t’\

+ 2 ) (4.22a)
2 s
n M R0 4(R0/b)

‘ E |
w =— i(rcos 8 -r )=~ —5 + —5—
4md | o etk st

-1 R 2
+ 0z (-1)t(ro-r cos et)<1n BE'* b ) }. (4.22b)

t=1

The expansions of (4.22a) are

2
2 M YT\ [ _ n+2 2_1 .2} . R 4.23
v - AnroD z (;—) [n-l n(n+l) o 2 b sin n sin ng (v ro). (4.23a)
2 L M Z' r\° r—Ei -2 r2 + l-b’2 sin n® sin nB (r < r ) (4.23b)
V' T Zmrop ;') [+l n(n-1) o 2 o
o o
Setting q' =0 (b' = 0) 1in the results of this section yields the solutions

corresponding to a couple nucleus M operating at Q0 in a plane normal to the

plate through OQo .

5. SECTORIAL PLATE UNDER THE THIRD TYPE OF NORMAL LOADING.

Finally we deal with the infinite sectorial plate under the two sets of boundary
conditions and the normal loading (2.2c) on the circular patch with centre Q0 and
radius b. For this type of loading the deflected form of the sectorial plate is
the same as that of the infinite plate with a circular hole when this plate is acted
upon by the normal pressures of intensities P, Ri~3 sin 0, on the 2k circular
patches.

CASE (a). THE CIRCULAR EDGE T IS ELASTICALLY RESTRAINED.

Putting o = m/2 1in equation(3.23), p.124 of Bassali [2) and measuring the
deflection positively downwards we find that the deflections wlr and wgr of
the infinite perforated plate which is elastically restrained along the inner circular
edge and is acted upon by the loading (2.2c) on the circular patch with centre Qo

are furnished by
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v 4
2 M — -, o 1 o 1 2
i - gt m G 2 H(2- e
o - o o o
o c.o™
2 2
+ (pz-l) b {m(1-po)+-§-m'nq' } n?mm } s
n=1
Mr sin 6 R 2 R: 4R /D)
1 frosin 9, [¢) 1 b' o [
Wy = =2 "% *s* 72 3% 5| -
4R 4b s(s™=4)
o 1
Letting m tend to « in (5.1) gives
4
2 _  Mc - = Yo .1 o _ 1 ' 2
Yel T B b 1‘“[(%5 Lol )ln u "2 (u‘ vo) q

+ (92-1) T (pz -1- %nq'z)(zol)_n} >
n=1

which can be written in the closed form

z
2 _ Mc f- - Vo 1 o _ 1 2
Vel T 8npoD Im [(Col Co(’)ln ug * fr(ﬁs V‘) q

Subtracting (5.3) from (5.1) yields

(RN
4%%+%m&mﬂ}—£~ .

n-m

2
wl - Wl oo McbT-l) s
er cl 8np D
o n=1

The corresponding results for the sectorial plate are

2k-1 v g
2 Mc -~ — t 1 ("t 1 2
w't o= z Im[(; 44 c)ln~+~(—--)q'
cl 8npoD =0 t t up 2 u, v,
e O U B L
v °o 2v_ 9 ’
t
2, %-1 oo )"
w'2 - w'2 = Mcl -1 T ba n{l - p2 + l(n—l)q'2 o sin ng_ ,
er cl 8mp D = o 2 n-m t
o t=0 n=1
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(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

where the imaginary parts of the terms in (5.6) are given by equations (3.5f,g,h).

Expanding these terms in powers of ¢, taking the imaginary parts and using (3.3b)

we obtain

2 kMc

1
wilo= Z?E;ﬁr ba fn(p,po) sin n® cos nB,

(5.8a)
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2 kMc ! : (5.8b)
wip = Z?Egﬁ‘ T gn(p,po) sin n6 cos nB,
where
2 -n
n(p =1) (pp_)
o 2 1 _ 2
gn(o,oo) = fn(p,po) M {1 =Pt 5»(n 1)q' }, (5.9a)
22 2 2 1 .2 ,2] -n
£ (o) = [ooo tqg @)=t @)=(p -1) (0 -1)-5nll-p ™+t (0)1q'" | (op,)
(<o), (5.9b)
22 2 2_ 1 .2 ,2] -n
£ (0,0,) = [ooo € (P )t (0 )=(p -1) (0" -1)-5 n{l-p AN CIDRT R (CLIS)

(o >0 (5.9¢)
The boundary values of the bending and twisting moments along the circular

edge T are determined by

-
M M np
Sroo_ 8 kMY .kg_{pz-l—l.(n-l)q'z} sin né cos nB, (5.10a)
n-v 1-nv 2nr0 n-m o 2
M n20-n
_x® = M Z' _.° {1-02+ 1—(n—l)q'z}'cos nb cos nB, (5.10b)
1-n 21|r0 n-m o 2

and for a clamped boundary we have

6 kM

_ _ ' -n) 2_._ E _ .2 .
Mr = 5 = ;?o z np {po 1 3 (n-1)q } sin n® cos nAB. (5.11)

CASE (b). THE CIRCULAR EDGE I IS FREE.

The deflection w?r of the infinite plate having a free inner circular edge,
supported at the N points zj = ccj (3j=1,2,...,N) and subject to the normal
loading (2.2c) on the circular patch with centre Q0 is now obtained by setting

_ i@+ n/2) _ . i _ .
X o= e = ie = 1(0/00

in the general solution given by equations (20) and (41) of Bassali [4]. This yields

2 S 2 R\ 2
Ve = & [ jzl Pj{Uj(K 1n Rj - 1n :?/ -« (1+x)ln p 1n oj+(1-K )Re Lj(c)}
R' 2 v
+ —g—AIm{ZZ L(ln 2 _klnR - L \ +(K2—1)v 1In —2
cp o r o 2) o =
o 4R (N4
[ o
u 2y =2
o0 (1% 20\ et
2 (1ol £) - B e v vy ey (5.12)
v o v
o o oo

Setting Yy T Yy =Yg = 0, Pj =0 (j=1,2,...,N), summing for all the loadings on
the 2k circular patches and using (4.15b) we arrive at the following solution for

the sectorial plate under consideration:
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2k-1 2 2 Ve
w? oo oy ent Im[ZEtc(ln R! -xln R - 2 ) +(c*-1)v,1n £
fr T™Po” t=0 ARt [
2 2 2 2,— 2 .
2(p7-1 -1)- 1-p7)z g
. oy )2(0 )-q . 2t ] ) (5.13)
v
t th
Subtracting (5.6) from (5.13) gives
2 2
2 2 Me (1-) XL ¢ Ve 2(02-1)(0 -’
R TS L S Ll >z (-1 Im|:2?, 7 In V_ - (1#4x)v 1ln — + ——p————
Wer T Vo1 SHKDOD =0 t t t Z;C th
— '2
(l-pz)cth
+ —3 ] . (5.14)

2vt

When this expression is expanded in powers of ¢ , the imaginary parts are taken and

equation (3.3b) is used,the following formula is obtained:
w,2 kMc

A
fr = 5%5;5 T hn(p,po) sin nd cos nB, (5.15)
where
- 2
4 (pp )n[ np
- o7 o2y o, L h2) Lk
b)) = £ (0 )% 57 [ (e n)(1 gt ;™ ) n(n+1)] . (5.16)

Applying equations (2.8a,b) yields

= M) ol ai1-0% L (ae1)q 2} ] si

(Me)p=1 ﬂ(3+n)ro o, [4+(n 1)n{1 p,*5 (n-1)q"' "} sin né cos nB, (5.17)
_ kM ''"enf o0 201 iy 12

(Mre)p=l = ;;;; z I [n k=1 np _+ E-n(n 1)q }cos né cos nB. (5.18)

The solution for a complete wedge-shaped plate which is simply supported along
the radial edges and normally loaded by the pressure (2.2c) on a circular domain is
now derived by letting c¢ tend to O in (5.6) and adding the result to (5.2). We

therefore obtain

2k~-1 R 2
2o L (m L P_2> sine, (5.19a)
t=0 4R
t
L owme [f1 B 4R /b)° -1, R 2
w'' = m [{ ;--—7 + -—2—-—} sin 60 - X (ln F + ‘—E') sin et ] . (5.19‘))
AH s(s"=4) t=1 4%
Expanding (5.19a) and using (3.3b) give
r n 2 r2
2 _ kM ' o r o _1.,2 .
w'® = Z;;;E-Z (;—- = mi E-b sin n6 cos nB (r > ro), (5.20a)
\n 1‘2 2
2 _ kM ! r o_ _r _1.,2 .
w'® = Z;;;BA z r) a1 T w2 b sin n® cos nB (r < ro). (5.20b)
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Putting -q' = O in the results of this section we obtain the solutions when
the sectorial plate is acted upon at any point Qo by .an isolated couple M with

axis along 0Q_ .

OP=r,AOP=0,
0Q:=c.ADQp,
PQ=R.PQ] =R
ABB=500P=q,

FI1G.1
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