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ABSTRACT. A family C of filters on a set X is uniformizable if there
is a uniformity on X such that C is its collection of Cauchy filters.
Using the theory of completions and Cauchy continuous maps for Cauchy
spaces, we obtain characterizations of uniformizable Cauchy spaces.

In particular, given a Ceuchy structure C on X we investigate under
what conditions the filter u(C) = Fg F x F is a uniformity and C is
its collection of Cauchy filters. Thgs problem is treated using Cauchy

covering systems,
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1. INTRODUCTION.

As background for reading this paper, the mathematician unfami-
liar with Cauchy spaces might consult the paper "Completions of uni-
form convergence spaces” by E. Reed [4].

A Cauchy structure C on a set X is a collection of filters on X

satisfying the conditions that for every point x of X the filter gene-
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rated ty {x} belongs to C. If a filter belongs to C, then so does
every finer filter and, if two filters in C have a supremum, their
intersection belongs to C. In [2] Keller has shown that these proper-
ties are necessary and suffiéient in order to have a uniform conver-
gence structure on X in the sensé of l3].such thet C is exactly the
collection of its Cauchy filters. If there exists a uniform structure
in the sense of [4] with C as its family of Cauchy filters, C is said

to be uniformizable. This notion was introduced in [5]. The main pur-

pose of this paper is to find supplementary conditions on a Cauchy
space in order to characterize the uniformizability. When C is the
collection of convergent filters of a topological space, the problem
reduces to the complete uniformizability of the topology. Two diffe-
rent attempts will be made in studying the uniforrizability. The first
method uses Cauchy continuous maps. Barring measurable cardinals, we
obtain that & Cauchy space (X,C) is uniformizable if and only if there
exists a collection of realvalued Cauchy continuous maps such that C
is the family of all filters having a Cauchy image on IR for every

map in the collection.

A second method uses completions. We show that (X,C) is uniformi-
zable if and only if there is a dense Cauchy embedding in the collec-
tion of convergent filters of a8 completely uniformizable topological
space, more specifically if and only if its Kowalsky or ultrafilter
completion [1] is a completely uniformizable topological space.
Barring measurable cardinals the previous condition is equivalent to
the realcompactness of the completion. From this property some condi-
tions on C can be derived.

Any uniformity on X having C as its family of Cauchy filters is
coarser than the filter u(C) = 2 F x F. When C is the collection of
convergent filters of a topologzcgl space, then ul(C) is the neighbor-

hood filter of the diagonal. In the second part of the paper we shall
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investigate if u(C) is a uniformity and if so, under what conditions
C is its collection of Cauchy Ffilters. A very useful notion to treat
these problems i1s that of a Cauchy covering system, a notion intro-
duced in [ 6] and extending the definition of covering system of a
convergence space [7]. Us;ng Cauchy covering systems we characterize
the property of u(C) being a uniformity. We show that u(C) has C as
its family of Cauchy filters if and only if C is uniformizable. Exten-
ding the notion of paracompactness we introduce Cauchy paracompactness
for Cauchy spaces. We show that for every Cauchy space with minimum
elements in its equivalence classes, which is Cauchy paracompact and
round, u(C) is a uniformity with C as its family of Cauchy filters.
In the final section we treat the special case of a totally bounded
Cauchy space.
2. PRELIMINARIES

We recall some of the fundemental definitions on Cauchy spaces
needed in the paper. For additional information, we refer to [1] [2]
[e] [8] [8] or [10). Let X be a set and F(X) the collection of fil-

ters on X. A subset C € F(X) is a Cauchy structure if

(i) For every x € X the filter x generated by {x} belongs to C
(ii) If FE€ C and G O F then G € C
(ii1) If F € C and G € C and FvG exists then F N G € C

The filters in C are Cauchy filters and the space (X,() a Cauchy space.

Every uniform space (X,U) in the sense of [4] induces a Cauchy struc-
ture c(U) which is its collection of Cauchy filters. A Cauchy struc-
ture induces a convergence structure : F = x if and only if F N x € C.
The Hausdorff property, closure operation, and continuity for a
Cauchy space are defined in the induced convergence space. Throughout

the paper the Cauchy space (X,C) used in the formulation of the theo-

rems is supposed to be Hausdorff. A map f between two Cauchy spaces

(x,C) and (Y,D) is Cauchy continuous if the image f(F) of every F in C
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belongs to D. Here f(F) is the filter generated ty {(f(F) | F € F}.
Cauchy continuous maps are continuous. Cauchy subspaces, Cauchy embed-
dings, and Cauchy homeomorphisms are defined in the obvious way. For
Cauchy continuity of maps between uniform spaces, we use the induced
Cauchy spaces. When C and D are Cauchy structures on the same set X,
then ¢ € D (C is coarser, D is finer) if and only if the identity from
(x,D) to (X,C) is Cauchy continuous. A Cauchy structure is totally

bounded if every ultrafilter is Cauchy ; it is co Elete if every

Cauchy filter converges. For every convergence space the collection
of its convergent filters is a complete Cauchy space. A completion
(Y,D,k) of a Cauchy space (X,() consists of a complete Cauchy space
(v,D) and a Cauchy embedding k : X * Y such that k(X) is dense in Y.
Two filters in C are equivalent if their intersection belongs to C.
For a filter F in C, 1let <F> be its equivalence class. x¥ 1s the set
of all equivalence classes and j : X * Xx maps x to <;>. in [1], [s],

[B], [8], [9], {10], methods are given to construct completions. The

Kowalsky completion will be used explicitely in the text. Let X be

the collection of all maps O : xX + F(X) such that olp) € p for p € X

x
and let L = {0 € I* | 0(j(x)) = x for x € x}. For each 0 € I and

AC x, let A% - {p € x* | A€ o(p)}. For a filter F on X, let F be
the filter on x* generated ty {F0 | FE€F}, A corvergence structure on
X* is defined as follows : A filter Y on x* converges to sore p € Xx
if and only if, for every o € I, there is a filter F € p such that
FSn 6 C ¢. Finelly €* is the collection of all convergent filters on

X

x*. (x*

,Cx.j] is the Kowalsky completion of (X,C). For o € Zx and A
and B subsets of X, we have the relation A <c B if and only if A C B
and, for every p € Xx, either B or X]A belongs to o(p). For F € F(X]),
let ro(F] be the filter {A | F <g A for some F € F}. A Cauchy space
(X,C) is called round if it is closed for the operation ro for every

o € X,
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3. WEAK CAUCHY STRUCTURES

Let ¢ = {fi | i € 1} be a collection of maps where £y X*[Yi,Di]
for i € I. Let F € C if and only if fi(F) € Di for every i € I.
This cefines a Cauchy structure on X, (not necessarily Hausdorff),

called the weak Cauchy structqre of ¢, It is the coarsest Cauchy

structure on X making all the maps in ¢ Ceuchy continuous. For a
Cauchy space (X,C), 1et PU(X,C) be the collection of all Cauchy con-
tinuous maps from (X,C) to uniform spaces and FR (X,C) the cpllection
of all realvalued Cauchy continuous maps on (X,C].

THEOREM 3,1. A Cauchy space (X,C) is unifermizable if and only if
one of the following equivalent conditiprs are fulfilled :

(1) There exists a nonempty collectien ¢ € FU(X,C) such that C is the
weak structure of ¢,
(2) C is the weak structure of FU(X,C).

PFOOF. If C is uniformizable and U is a uniformity on X such theat
c(U)y = C, consider i the identity from (X,€) to (X,U) and let ¢ = {i}.
Hence (1) is satisfied.

To shew that (1) implies (2), let ¢ € FU(X,C] such tﬁat C is the weak
Cauchy structure of ¢. Then C is fimer than the weak stricture of
FU(X,C] and the latter is fimer than the weak structure of ¢ which

is C, Hence, they all coincide and (2) is fulfilled,

To complete the proef, suppose C is the weak Cauchy structure of
FU(X,C). Let U be the weak unifermity of PU(X.C], which is the coar-
sest uniformity on X making all the maps in Fu[X.C] uniformly can-
tinuous. Then we have c(U) = C and C is uniformizable.

THEOREM 3.2, If a Cauchy spaee (X,C) is uniformizable, the weak
uniformity of Fu[X.C) is the finest uniformity with C as its family
of Cauchy filters and ameng the uniformities with C as family of
Cauchy filters it is the only unifermity making all maps in FU(X.C)

uniformly continuous.
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PROOF. Let U be the weak uniformity of I, (x,C). In the proof of
the previous theorem, it is shown that c(U) = C. Let W be another
uniformity on X such that c(W) = C. Then the identity from (X,C) to
(x,W) belongs to FU(x,C). Hence W € U. If W in addition is supposed
to make all the maps in FU(X.C] uniformly continuous, then W = U
since U is the coarsest such structure.

In the next theorem, we suppose X has non measurable cardinality,
which is a very light restriction to make since no measurable cardi-
nals ere known. With this restriction complete uniformizetility of
a topological space is equivalent to realcompactness [14].

THEOREM 3.3, A Cauchy space (X,C) is uniforrizable if and only if
one of the following equivalent conditions is fulfilled :

(1) There exists a nonempty collection ¢ C FHQ(X,C) such that C is
the weak Cauchy structure of ¢.
(2) C is the weak Cauchy structure of FR (x,C).

PROOF. Let U be a uniformity on X such that c(U) = C. Suppose F
is a filter on X such that for every f € FB?(X,C] we have f(F) is
IR -Cauchy. Let (X*,U*) be the completion of (X,U), j the embedding
of X 1in x*, and CD?(Xx.Ux) the collection of all real valued conti-
nuous maps on (Xx.Ux]. It follows that hej(F) is IR-Cauchy for every
h € CD?[X*,U*]. But then j(F) is a Cauchy filter for the weak unifor-
mity of CIR[Xx.U*) on x*. Since we are barring measurable cardinals,
this uniformity is complete and so j(F) converges. Hence F € C. The
other implications in the theorem follow trivially from (3.2).

4. COMPLETIONS

In this paragraph we investigate the relation between the unifor-
mizability of (X,C) and properties of its completions.

THEOREM 4.1. A Cauchy space (X,C) is uniformizable if and only if
it is embedded in a (dense) Cauchy subspace of a completely uniformi-

zable topological space.
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PROOF. If (X,C) is uniformizable by U, then the completion [Xx,Ux)
provides a completely uniformizable topological space in which (X,C)
is densely Cauchy embedded.

If there is a Cauchy embedding j of (X,C) into a topological space Y

1 x 3-1(WJ is a uniformity on

having a complete uniformity W, then j-
X for which C is the collection of Cauchy filters.

In [ 1] several methods are given to construct completions of a
given Cauchy space. Some of them preserve uniformizability, for
example the Kowalsky completion and the ultrafilter completion. In
fact, when (X,C} is uniformizable, these completions are Cauchy
homeomorphic to the Cauchy structure.of the Bourbaki completion. From
the previous theorem, we now immediately have the following property.

THEOREM 4.2. A Cauchy space is uniformizable if and only if its
Kowalsky completion (ultrafilter completion) is & completely unifor-
mizable topological space.

We will apply this theorem for the case of the Kowalsky completion

in order to find explicit conditions for uniformizability. A fundamen-

tal property that will be needed is the regular extension property

[1]1. It means that every Cauchy continuous map from & Cauchy space
(X,C) to a complete and regular Cauchy space has a unique (Cauchy)
continuous extension to the Kowalsky completion. In the special case
of IR this implies that there is a bijection x from FDQ(X,C) to
FIR(x*,C*) mapping f to its extension %, This bijection, in fact,

is a ring isomorphism and a lattice isomorphism. For f € rB?(x‘c) and
p € Xx, the value of f* in p is the 1imit of f(F) where F is & Cauchy
filter arbitrarily chosen in p. This 1limit is unique and equals

N f(F). We shortly write 1im f(F).
FEF

THEOREM 4.3. For nonmeasurable cardinals, a Cauchy space (X,C) is
uniformizable if and only if each of the following conditions (1],

(2), (3) and (4) hold. Condition (4) can be replaced by the equivalent
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condition (4'),

(1) Every equivalence class in C has a minimum element.

(2) The minimal Cauchy filters have an open base.

(3) For every minimal Cauchy filter M and for every M € M there
exlsts a Cauchy continuous map f such that 1lim f(M) = 1 and
1im f(F) = 0 for evary Cauchy filter containing X\M.

(4) In the collection C(X,C) = {g(f) | ¢ € Tr (X,C)} where Z(f) is
the subset of x* consisting of those p for which there exists an
F € p with 1im f(F) = 0, every subcollection, maximal for the
finite intersection property and with the countable intersection
property, has a nonempty intersection.

(4') Let (rf) be & collection of real numbers indexed by

fETR (x, Q)
Frztx,C). If for every finite subset I, C rn?(X.C) and for every
€ > 0 there is an x € X such that |f(x) - re| < e for every
f €1I,, then thers is a Cauchy filter F such that r o = lim f(F)
for every f € FR (x,C).

PROOF. Suppose (X,C) is uniformizable by a uniformity U. Then

(1) and (2) hold. Let u be the map on x* to F(X) which maps j(x) to

x and p € x*\J(X) to the minimum element in p. Then, for p € X*.

the neighborhoodfilter in the topology T* of the completion is the

filter MY where M is the minimum in p. Condition (3) then follows

immediately from the complete regularity of this topology. For

**1(0), so g(Xx,C) is the collection of

f € FF?(X,C]. we have g(f) = f
zerosets for CDQ(x*,T*). the collection of realvelued continuous maps
on [Xx.T*). Condition (4) is nothing but the reselcompactness of T*,
In order to prove (4'), let Il be the product of real lines indexed by
Tm (x,C), let p : (X,C) + 11 be the map plx) = (f(XJ]fEFFQ(X,C] for

x € x, and let g : (x*,C*) + Il be the map g(p) = (fX(p))

fer:|P (x,0)

for p € Xx. Then o is the extension of p. Since (X*,T*) is realcom-

pact, the map o is a homesomorphism onto o(x”l which is closed in .
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Henca 0(x*) D FTXJ. Condition (4') follows.

Suppose conditions (1), (2), (3), (4) are fulfilled. We show that
the Kowalsky completion is a completely regular realcompact topolo-
gical space. Lat M be the map as defined above. Then u belongs to I.
It is clear that a filter converges to p for the Kowalsky structure
1f and only 1f it is finer than M" where M is the minimum of p. If M
is open, 80 is Mu. It follows that the Kowalsky completion is topo-
logical and (3) and (4) clearly imply that it is completely regular
and realcompact. If (4') is fulfilled instead of (4), then, since
(X*.C’) is completely regular, we have that the map 0 defined above
is a homeomorphism onto o(x*). It follows from (4') and from the
continuity of O that o(x¥) = BTXJ. So 0 is closed and (x*,C*) is
redlcompact.

5. CAUCHY COVERING SYSTEMS AND THE FILTER u((C)

For a Cauchy space (X,C), let ulC) = N{F x F | F € C}.
ulC) clearly is a filter with a symmetric base and whose elaments all
contain the diagonal. In this section, we investigate under what con-
ditions u(C) 1s a uniformity and, if so, whether C is its collection
of Cauchy filters, i.e. clu(C)) = C.

When C is the collection of convergant filters of a topological
space, u(C) is the neighborhood filter of the diagonal in X x X.
There exist completely uniformizable topological spaces which are not
normal [11). The neighborhood filter of the diagonal in such spaces
is not & uniformity. Hence the uniformizability of C does not imply
that u(C) is a uniformity.

Conversely for the open ordinal space [0.,Q) f.i., the neighborhood
filter of the diagonal is a unique uniformity and 1t is non complete
[12). Hence if u(C) is & uniformity C need not bte uniformizable. It
is svident that when u(C) is a uniformity we always have C C cl(u((C)).

THEUREM 5.1, ul(C) is a uniformity if and only if it is the wseak
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uniformity of Pu(x,C).

Proof. The if part is trivial. For the only if part, suppose
u(C) is a uniformity. Then the identity from (X,C) to (X,u(C)) is
Cauchy continuous. So ul(C) is coarser than the weak uniformity of
FU(X,C). On the other hand, let f be a Cauchy continuous map from
(X,C) to a uniform space (Y,W). For W € W and F € C, choose F € F
such that f(F) x f(F) € W. Then, for V = z F x F, we have
f x f(V) C W, It follows that u(C) makes i sniformly continuous and
so u(C) equals the weak uniformity of Fu(X,C).

From (3.2) and (5.1) we now have the following property.

COROLLARY 5.2. If (X,C) is a Cauchy space and if ul(C) is a uni-
formity, then we have c(u(C)) = C 1f and only if C is uniformizable.

If the Kowalsky completion (X*.C*] of (X,C) is divisible, which
means that the neighborhood filter V(A*) of the diegonal in x* x x*
is a uniformity, and if (Xx.Cx) is completely uniformizable, then
ulC) is the trace of V(A®) on X x X, and so it is a uniformity on X
with c(ul(C)) = C. In order to prove the converse of this statement,
we make a preliminary assumption on (X*.Cx], namely ‘that the neigh-
borhoods of the diggonal in X* x..X* have a closed base. In [13] this
property is called A-normality and the precise position of pA-normae-
lity with regard to normality conditions and other separation axioms
is settled there.

THEOREM 5.3. If u(C) is a uniformity and C is uniformizable, then
(x*,c*) 1s divisible 1f and only if (x*,C*) 1s A-normal.

PROOF. If (x*,€*) 1s divisible then it clearly is p-normal. To
prove the converse suppose (Xx,Cx) is A-normal, u(C) is a uniformity,
and C is uniformizable. Let V be a closed neighborhood of the diago-

x. From theorem 4.3 1t follows that for every p € x* we

nal of x* x X
can choose an "p € Mp such that, (with the notations of 4.3),

M x MY C V. Then we have U M x M € u(C) and so
P P pexx P P
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L3 — v L P Mp] C v. But then V(AX) 1s the uniformity (u(C))*
X xX" p€X
of the completion of (X,u(C)).
DEFINITION 5.4. A collection of subsets of & Cauchy space (X,(C)

is a Cauchy covering system if every filter in C contains a member of

the collection : it is a basic Cauchy covering system if for every

filter in C there are a finite number of members of the collection
whose union belongs to the filter.

The first notion was introduced in [6]. Both definitions in (5.3)
extend the notions of covering system and basic covering system of
a convergence space introduced in [7]. The condition in the following
theorem extends the characterization by means of open covers given in
[14] of the property that the neighborhood filter of the diagonal of
X x X is a uniformity. The proof is straightforward.

THEOREM 5.5. u(C) is a uniformity if and only if, for every
Cauchy covering system A = {A1 | 1+ € 1}, there exists a Cauchy cove-
ring system B = {BJ | 3§ € 3} such that, 1if BJ NE F ¢ and if x and
y belong to BJ ) Bk' there is an 1 € I such that x and y both belong
to Ai'

In order to prove an extension of the theorem that every para-
compact space is completely uniformizable by the neighborhood filter
of the diagonal, we need some preliminary definitions.

DEFINITION 5.6. A Cauchy covering system of a Cauchy space 1is
Cauchy finite if every Cauchy filter contains a set intersecting only
finitely many members of the system.

DEFINITION 5.7. A Cauchy space (X,C) is (basic) Cauchy paracompact

if for every Cauchy covering system, there is a (basic) Cauchy cove-
ring Cauchy finite refinement.

THEOREM 5.8. If (X,C) is a (basic) Cauchy paracompact space which
is round and has a minimum Cauchy filter in each equivelence class,

then u(C) is a uniformity and c(u(C)) = C.
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PROOF. Let U € y(C). Fer every minimal Cauchy filter M we choose
an A € M sych that A x A C U. Let A be the collection of sets A
constructed in this way. Let A be the map en x* te F(X) which maps
P to i1ts minimum element A(p). Sinee C is round, we have r (M) = M
for every minimal element M in C. We make a new Cauchy cover A' in
the fellewing way. For every minimal Cauchy filter M and for
A€ ANDM, wa choose A' € M such that A' <y A. This Cauchy covering
system has a (basie) Cauchy covering Cauchy finite refinement B,

For B € B, we chopae Ag € A such that B <) Ag and we let

Vg = Ag x Ag Y t(x|@) x (x|B). Then V, balengs to u(C). Let
Vo= 28 Vg 8nd let M be a minimal Cauchy filter. There exists an
B

M € M intersecting only finitely many members of B. We have
MxhnCNy, | BE€B, 8NM=- @} It follows that vV E ul€). For

x € X, the filter x € C and so there exists a B € B containing x.
But then V(x) G vg(x) € Ag and 8o V(x) x V(x) C uU. Since V is symme-
trie we have Vev C U,

It remaina ta be shown that c(u(€)) © C. Let F € c(u(C)). Suppose
F 7 M for avery minimal Cauchy filter M in C, For every M, choase
ME€M, M¥F, and let A be the Cauchy covering system consiating of
the sets M constructed in this way. In the first part of the preof,
it is shown that a V € y(C) exists such that (V(x)) e, refines A,
Chaose Fg € F such that Fy x Fa C Vv and choose x5 € Fy. There 1s an
My, and an Mo € Mg N A with Vixg) C M, and Fy # My, A contradiction
follows.

THEOREM 5.8. A Cauchy space (X,C) has minimum elements in each
equivalaeance class, is roaund, and Cauchy paracompact if and enly 1if
the Kowalsky completion is a paracompact topological space.

PROOF. Fram (4.2) and (5.8), it follows that when C has minima,
is round, and Cauchy paracompact, Xx is a topological space. Let u

be the map as in (4.3) ; then {D“ | 0 € x, open} is a base for the
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open sets of X . Let {0, | £ € I} be an open cover of x* with 0, €x
open. Then (0i | 1 € I} 18 a Cauchy cover of X. Let {Uj I j € J} be

a Cauchy finite refinement. This collection can be chosen open (4.3).
Then {0J | j € J} is an open locally finite refinement of the given
collection.

Suppose x* is a paracompact topological space. Then (X,C) has
minima (4.3). If A is a Cauchy cover of X which may be chosen to be
open, then {Au | A € A} is an open cover of X*. Let B be a locally
finite open refinement. Then the collection {ji1lB] | B € B} 18 a
Cauchy cover of X which is a Cauchy finite refinement of the given
collection. Since Xx is paracompact and Hausdorff, it is regular.

It follows from a corollary in [ 9] that the Kowalsky completion
coincides with the completion constructed there. Therefore every
minimal Cauchy filter M satisfies MY = IM where IM = {IM | M € M}
and M = {p € x* | M € F for some F € p}.

On the other hand since M has an open base, we have Mu = MA where

A op e x* | mertp)}

MA is the filter generated by {MA | M € M} and M
for the map A introduced in (5.8). Finally it is easily‘checked that
Mx = IM if and only if rAM = M. It follows that X is round.

REMARK 5.10. If u(C) is a uniformity and cl(u(C)) = C, then
clearly C has minima in its equivalence classes and C is round. But
C need not be Cauchy paracompact. This follows from a result of
Corson [ 15] , that a completely uniformizable topological space for
which the neighborhbodfilter of the diagonal is a uniformity need
not be paracompact.

In the final section we treat the special case of a totally
bounded Cauchy space.

THEOREM 5.11. A totally bounded Cauchy space is basic Cauchy

paracompact.

PROOF. Let A be a Cauchy cover in a totally bounded Cauchy 8space
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(X,C). For every ultrafilter on X, there is an A € A N U, It follows
n
U =
g ree AL iR A such that o1 Ay X. Let

B = {A1 s An} ; then this is a basic covering Cauchy finite refine-

that there exist A

ment.
THEOREM 5.12. For a totally bounded Cauchy space the following
properties are equivalent.
(1) C is uniformizable
(2) Xx is a compact Hausdorff topological space
(3) C is round and has a minimum in each equivalence class
(4) u(C) is a uniformity and c(u(C)) = C
(5) There is exactly one uniformity with C as its collection of
Cauchy filters
PROOF. (1) = (2) [1] ; (2) = (3) (5.9) ; (3) = (4) (5.8) and

(5.11) ; (4) = (5) From (4) it follows that x* 1s compact Hausdorff

and so it has a unique uniformity ; (5) = (1) trivial.
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