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A topological space has calibre w; (resp., calibre (w1, w)) if every point-countable (resp.,
point-finite) collection of nonempty open sets is countable. It has compact-calibre w;
(resp., compact-calibre (w1, w)) if, for every family of uncountably many nonempty open
sets, there is some compact set which meets uncountably many (resp., infinitely many) of
them. It has CCC (resp., DCCC) if every disjoint (resp., discrete) collection of nonempty
open sets is countable. The relative strengths of these six conditions are determined for
Moore spaces, regular first countable spaces, linearly-ordered spaces, and arbitrary regular
spaces. It is shown that the relative strengths for spaces with point-countable bases are
the same as those for Moore spaces, and the relative strengths for linearly-ordered spaces
are the same as those for arbitrary monotonically normal spaces.

2000 Mathematics Subject Classification: 54A25.

1. Introduction and basic results. Let X be a topological space. If every uncount-
able collection of nonempty open sets is point-countable (resp., point-finite) then X is
said to have calibre w; (resp., calibre (w1, w)). If for every uncountable collection of
nonempty open sets there is a compact subset of X meeting uncountably many (resp.,
infinitely many) of the open sets then X is said to have compact-calibre w; (resp.,
compact-calibre (wi,w)). If every disjoint (resp., discrete) collection of nonempty
open sets is countable, then X is said to have the countable chain condition (CCC)
(resp., the discrete countable chain condition (DCCC)). Clearly, calibre w; implies cal-
ibre (wq,w), calibre (w;,w) implies CCC, and CCC implies DCCC. Also, calibre w;
implies compact-calibre w1, and either compact-calibre w; or calibre (w;, w) implies
compact-calibre (w1, w).

PROPOSITION 1.1. Every space with compact-calibre (w,w) has DCCC.

PROOF. Let (X,J) beaspacewhichhas adiscrete family {Uy : @ € w1} of nonempty
open sets. Suppose K < X meets Uy for infinitely many &« € w;. Put A = {xx € w; :
KnUy #= @}. Then {KNU,: @ € A} is an infinite discrete collection of closed subsets
of K, so K is not compact. |

These simple relations are summarized in Figure 1.1.

In general, none of the implications in Figure 1.1 can be reversed, and no other
implications hold between the conditions. However, in the presence of extra assump-
tions about the space, some of these conditions become equivalent. For example, all of
these conditions hold in separable spaces, so since DCCC metrizable spaces are sepa-
rable, these conditions are all equivalent for metrizable spaces. Similarly, if Souslin’s
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FIGURE 1.1. Relative strengths of the conditions for arbitrary spaces.

Hypothesis (SH) holds then any CCC linearly-ordered space is separable and so CCC
implies each of the other conditions under that assumption. We will discuss what
happens when we weaken metrizability, and what happens when SH fails.

The classic weakening of metrizability is to Moore spaces. In the next section, we
will see that for Moore spaces calibre w1, calibre (w1, w), CCC, and DCCC are distinct,
while compact-calibre w; is equivalent to calibre w; and compact-calibre (wi,w) is
equivalent to DCCC. For normal Moore spaces, DCCC is equivalent to CCC, which may
or may not be equivalent to calibre w;.

In Section 3, we will see that for linearly-ordered spaces calibre w{, compact-calibre
w1, compact-calibre (w1, w), and DCCC are distinct, while calibre (w;,w) and CCC
are equivalent. Depending on whether or not SH holds, CCC is either equivalent to
calibre w; or does not even imply compact-calibre w;. As so often occurs, we can
replace “linearly ordered” by “monotonically normal” in these statements.

In Section 4, we will show that for arbitrary regular spaces, no implications, other
than those in Figure 1.1, hold between the conditions.

2. Moore spaces. First we will show that, for Moore spaces, compact-calibre w; is
equivalent to calibre w;, and DCCC is equivalent to compact-calibre (w1, w).

PROPOSITION 2.1. Any Moore space with compact-calibre w1 has calibre w.

PROOF. Let (X,7) be a Moore space with compact-calibre w1, and let {Uy: @ € w1}
be a collection of nonempty open subsets of X. Let K be a compact subset of X and
I' an uncountable subset of w; such that, for every « € I, KN Uy + &. Then K is
a compact Moore space, and hence separable and metrizable. Moreover, the family
{UxNK :x €T} is an uncountable family of nonempty open subsets of K, and hence
not point-countable. Thus, the original family is not point-countable. O

PROPOSITION 2.2. Let (X,9) be a regular first countable space with DCCC. Then
(X,9) has compact-calibre (w;,w).
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PROOF. In a regular DCCC space, any locally finite collection of nonempty open
sets is countable [19]. Thus, if {Uy : @ € w} is a collection of nonempty open subsets
of X, then there is some x € X such that every neighbourhood of x meets Uy for
infinitely many « € w;. Let {B,,(x) : m € w} be a local basis at x such that, for every
n e w, Byi1(x) € By(x). We define sequences (Xy)new in Wi and (X, )new in X as
follows: pick &g € w; such that By(x) N Uy, * &, and pick xo € By(x) N Uy,. Now
let n € w, and suppose that we have already chosen «,, € w; and x,, € X for every
m < n. Choose «;, such that, for every m < n, o, # &, and B, (x) NUy, = @, and
choose x,, € By (x)NUg,.PutK = {x}U{x,:n € w}. Then K is a compact subset of X
which meets Uy for infinitely many o« € w;. Thus, (X,J) has compact-calibre (w1, w).

O

The hypothesis that X is first countable is needed in Proposition 2.2, as is shown
by Example 4.1. On the other hand, the hypothesis of regularity is only needed in
order to invoke Wiscamb’s result that DCCC spaces have what might be termed the
“locally finite countable chain condition” or LFCCC: every locally finite collection of
nonempty open sets is countable. As far as the author is aware, no other results have
been published on this property. The most natural question to ask is the following.

QUESTION 2.3. For which classes of spaces does DCCC imply LFCCC?

The author knows of a T; space with DCCC but not LFCCC, but no Hausdorff exam-
ple.

Let (X,7) be a regular first countable space. For each x € X, fix a local basis
{B(x,n) : n € w} at x such that, for each n € w, B(x,n+1) < B(x,n). Let M =
X X <@, and for p = (x, f) € M and n € w define

Gn(p)={p}ul{y,f 9):(@*2)A(g(0)=n)A(y €B(x,n+g(0)))}, (2.1

where f~g denotes the concatenation of the functions f and g. Then {G,(p) :p €
M, n € w} forms a basis for a topology ¥ on M. The space (M,¥) is a Moore space,
called the Reed space over X. A number of chain conditions are preserved between
(X,7) and (M,¥), including DCCC, CCC, calibre (w1, w), calibre w, and separability
(see Reed [11] and McIntyre [5]). The construction was introduced in the case where
X is w;, with its order topology, in order to construct a Moore space with DCCC
but without CCC (see Reed [10]). A variation of this construction was used in [12] to
construct a Moore space with calibre (w1, w) but without calibre w;. The set of finite
subsets of R, with the Pixley-Roy topology, is a Moore space with CCC but without
calibre (w1, w) [5]. Thus the relationships between the six conditions are as shown in
Figure 2.1.

In proving that Moore spaces with compact-calibre w; have calibre w;, what we
needed was the fact that compact subsets are metrizable. This is not true in regular
first-countable spaces, as will be shown by Example 3.3. However, it does hold for
spaces with a point-countable base [7], and thus spaces with compact-calibre (w1, w)
and a point-countable base have calibre w;. The Moore space with calibre (w1, w)
but without calibre w; in [12] and the Moore space with CCC but without calibre
(w1, w) (Pixley-Roy space) both have point-countable bases. Finally, we consider DCCC
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calibre w; —————— compact-calibre w;
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FIGURE 2.1. Relative strengths of the conditions for Moore spaces and for
spaces with point-countable bases.

versus CCC for spaces with a point-countable base. Shakhmatov has shown that there
exist pseudocompact (and hence DCCC) zero-dimensional spaces with point-countable
bases containing closed discrete subsets of arbitrary cardinality [13]. In particular,
there is a pseudocompact space with a point-countable base with cardinality greater
than 2%, whereas any CCC first-countable space has cardinality at most 2. Thus, the
relative strengths of the conditions for spaces with a point-countable base are the
same as the strengths for Moore spaces.

Metrizability can be thought of as having two factors, developability and separation.
What happens when we add some extra separation? In normal Moore spaces, DCCC
and CCC are equivalent. This follows from results in [10], where Reed shows that a
Moore space has CCC if and only if it has DCCC and is wd-normal (in other words,
if for every open set U there is a sequence (D )new Of open sets such that for each
new,D, cUandU < U,c,Dn)- Since normal Moore spaces are perfectly normal,
they are wd-normal.

We do not require the full strength of developability for normal DCCC spaces to
have CCC. Recall that a o-space is a space with a o-discrete network, and that Moore
spaces are o-spaces (see [1, Section 4]). Suppose that a normal o-space X has an
uncountable disjoint collection of nonempty open sets. By the o-space property, these
can be shrunk to a o-discrete collection of closed nonempty sets which are separated
by the original open sets. Since in a normal space any discrete family of closed sets,
which can be separated by disjoint open sets, can be separated by a discrete family
of open sets, we can find an uncountable discrete family of open sets in X. Thus, if X
is a normal o-space with DCCC, then X has CCC.

In particular, stratifiable DCCC spaces have CCC.

What about the other conditions for normal Moore spaces? Przymusinski and Tall
showed in [9] that it is consistent and independent that CCC normal Moore spaces are
separable. Indeed, they show that under Martin’s Axiom together with the negation of
the Continuum Hypothesis (MA + —CH), if S = Rwith w < |S| < 2% then the set of finite
subsets of S with the Pixley-Roy topology is a metacompact normal nonseparable CCC
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Moore space (see [17] for details). This space does not have calibre (w;,w). On the
other hand, Shapirovskij proved in [15] that if 2¢ < 2®1 then every CCC normal Moore
space is metrizable.

The author is unaware of any (consistent) example of a normal Moore space with
calibre (wi, w) but without calibre w;.

3. Linearly-ordered spaces and monotonically normal spaces. We have seen that
in Moore spaces, DCCC and the calibres are all distinct, whereas the compact-calibres
are all equivalent to one of those conditions. We will see that in linearly-ordered spaces
the situation is reversed: the calibres collapse together while the compact-calibres
become distinct.

EXAMPLE 3.1. A linearly-ordered space with DCCC but without compact-calibre
(w1, w).
Let X = (w1 x(0,1)) U {(w1,0)}, ordered lexicographically, that is, by defining

(o, x) <(B,y) = (x<P)V((x=P)A(x <Y)). (3.1)

Suppose {Uy : @ € w1} is a discrete collection of nonempty open sets. For each & €
w1, pick some B, € w; and some x, € (0,1) such that (B, V«) € Uy (note that
we can do this, because (w1,0) is not an isolated point of X). By discreteness, there
is a neighbourhood of (w;,0) containing at most one (S«, YV«), SO {Bx: X € w1} is
bounded. But then, there is some y such that 8, = y for uncountably many « € w,
so by separability of {y} x (0, 1) the collection is not disjoint and hence is not discrete.
Thus, X has DCCC.

On the other hand, for each & € w,, put V4 = {&} X (0,1). Then each V, is open
in X. Let K be a subset of X, and letT = {&x € w; : KNV, += @}. If T is infinite, then
let A be a countably infinite subset of I'. For each « € A, pick x4 € (0,1) such that
(,x«) € K. Then {{(x,xy) : @ € A} is an infinite closed discrete subset of K, so K
cannot be compact. Thus, X does not have compact-calibre (w1, w).

A linearly-ordered space with CCC is hereditarily Lindelof [4], and hence has cal-
ibre (w1, w) [5]. If Souslin’s hypothesis holds, then it is also separable, and hence
has calibre w;. However, the square of any Souslin space (i.e., any linearly-ordered
CCC nonseparable space) does not have CCC [3], whereas calibre w; is preserved by
products [14]. Thus, no Souslin space has calibre w;.

ExAMPLE 3.2. If Souslin’s hypothesis fails, then there is a linearly-ordered space
with CCC but without compact-calibre w;.

If there is a Souslin space, then there is one in which the interval between any two
of its elements is nonseparable. One can easily adapt the proofs of the corresponding
theorems about the real line to show that such a space S has exactly 2 many open
sets, and each closed uncountable set has cardinality 2%, and to deduce that there
exist disjoint subsets X and Y of S such that, if K is an uncountable subset of S, then
KnX+@=+KnY.Put Z=S\Y.Then Z is (order) dense in S, so it is a Souslin space.
However, any uncountable subset K of Z is not closed in S, and is hence not compact.
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Thus, Z does not have any uncountable compact sets, and it does not have calibre w1,
so it does not have compact-calibre w;.

EXAMPLE 3.3. A first countable linearly-ordered space with compact-calibre w; but
without CCC.

Let X =[0,1]x[0,1], ordered lexicographically. This space is compact (and hence
has compact-calibre w;), and is first countable, but does not have CCC (see Steen and
Seebach [16]).

It is a standard observation that most results about linearly-ordered spaces are
“really” results about monotonically normal spaces. The observation applies in this
case, as the results we have just stated for linearly-ordered spaces all hold for
monotonically normal spaces. Monotonically normal spaces with CCC are hereditarily
Lindelof [8], Souslin’s hypothesis is equivalent to the assertion that every CCC mono-
tonically normal space is separable [18], and the square of any CCC nonseparable
monotonically normal space does not have CCC (see Proposition 3.4).

We take the following definition of monotone normality: a T; space (X, ) is mono-
tonically normal, provided that there is a function V : X xJ — J satisfying the follow-
ing conditions:

1) ifxeUcU withU,U € J thenx eV(x,U) cV(x,U") cU’; and

(2) if x,¥ € X with x # y then V(x, X\ {y}) nV(y,X\ {x}) = @.
Such a function V is called an MN operator. All linearly-ordered spaces are monoton-
ically normal [2].

PROPOSITION 3.4. Let X be a CCC nonseparable monotonically normal space. Then
X2 does not have CCC.

PROOF. Let V be an MN operator on X. Let W be the set of isolated points of X.
Since X has CCC, W is countable. We now define, for « € w;, points ay, by, and cy
as follows. Suppose « € w1, and ag, bg, and cg have been chosen for all < «. Let
Sx=Wuiag:B <ajuibg: B < «}. Since Sy is countable, it is not dense, so there is
some point cy € X \ Sy. Choose distinct points aq,bx € V(co, X \ S«), and define

PO( = V(COUX\E)!

Uy =V(aun,V(ag,Pa\{bs})),
Va= V(bmv(b(xapa N {a(x}));
Wy =Ug X Vy.

(3.2)

Notice that, for any open set U, x e U and z € X, if V(z, X\ {x}) nV(x,U) = & then
zeU. Thusif B < x and PynUpg #= & then cx € V(ag,Pg\ {bg}), and if PuNVpg + &
then cx € V(bg,Pg\{ag}). Since V(ag,Pg\ {bg}) and V (bg,Pg\ {ag}) are disjoint, Py
can meet at most one of Ug and V. Hence, since Uy, Vx S Py, either UxNnUp = & or
VN Vg = & (or both). In either case, WoNnWpg = &, so {Wx: & € w;} is an uncount-
able disjoint collection of nonempty open subsets of X2. Hence X? does not have CCC.

O

We summarize these results in Figure 3.1. In this figure, dotted arrows indicate that
the implication is consistent with, and independent of, ZFC.
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FIGURE 3.1. Relative strengths of the conditions for linearly-ordered and for
monotonically normal spaces.

calibre (w1, w)

4. Other classes of spaces. The results above determine all the relations between
the six conditions for linearly-ordered spaces, monotonically normal spaces, and
Moore spaces. What about arbitrary regular spaces? Of course, all the implications in
Figure 1.1 hold. If we consider all the other possible implications, we have mentioned a
counterexample, either in the class of linearly-ordered spaces or in the class of Moore
spaces, for every implication except that from CCC to compact-calibre (w1, w). This
implication holds for first countable regular spaces, but does not hold for arbitrary
regular spaces, as shown by Example 4.1 below. Thus, the implications in Figure 1.1
are the only ones that hold for arbitrary regular spaces.

EXAMPLE 4.1. A CCC regular space without compact-calibre (wi, w).

Let R denote the set of real numbers with the topology whose base consists of
all sets of the form U \ C, where U is an open interval and C consists of the points
of a nontrivial convergent sequence (without its limit). Let X denote the set of finite
subsets of R, with the Pixley-Roy topology. Then X has CCC but does not have any
infinite compact subsets. Since X does not have calibre (w;,w), it does not have
compact-calibre (w1, w). See [6] for details.

If regularity alone is not enough to make any of these conditions equivalent, then
what more is needed? First-countability is enough to make DCCC equivalent to com-
pact-calibre (w1,w), but it is not enough to make DCCC equivalent to CCC nor to
make compact-calibre w; equivalent to calibre w1, even if we strengthen regularity
to monotone normality. The first of these is shown by w; with the order topology,
the second by Example 3.3. The examples in Section 2 show that CCC, calibre (w1, w),
and calibre v, are distinct for first-countable regular spaces.
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