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ABSTRACT. Two classes By, (1, x,A) and Py, (1, x,A) of analytic functions which are not
Bazilevic¢ type in the open unit disk U are introduced. The object of the present paper is to
consider the starlikeness of functions belonging to the classes By, (1, x,A) and Py, (4, &, A).
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1. Introduction. Let U= {z € C:|z| < 1} denote the open unit disk in the complex
plane C. For n 2 1, we define

Ap = {f:f(z) =z+ > a;z/ analytic in [U}. (1.1)

n+1

Also, we need the following notations and definitions. Let

9’*:{f6ﬂ1:Re{ZJ{£z)}>O,ZE[U} 1.2)

be the class of starlike functions (with respect to the origin) in U, and let

zf'(z) ‘ }
T\ = ed: -1 <A, 0<A=1,zeU 1.3
A {f YR z (1.3)
be the subclass of ¥*. Further we define
% B e (@
(A AD)=3fed :|f(z) e -1 <A, u>0,0<A=1,z€elU (1.4)

which is the subclass of Bazilevi¢ class of univalent functions (cf. [1]). Ponnusamy [8]
has considered the starlikeness and other properties of functions f(z) in the class
B (u,A). For negative y, thatis, for —1 < u < 0, which is better to write (with 0 < pu < 1)
in the form

~ z 1+u
%(u,)x)={f€du‘f’(z)<> -1 <?\,O<u<1,0<)\<1,ze[U}, (1.5)

f(2)
we obtain the class which was considered earlier by Obradovi¢ [3, 4], Obradovi¢ and
Owa [5], and Obradovi¢ and Tuneski [6].

For the limit case u = 0, this class becomes the class 9. When u = 1, this class
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becomes the class of univalent functions f(z) satisfying

22f'(2)

1‘ <A, (1.6)

which was studied by Ozaki and Nunokawa [7].

Next, for o = (&1, 2,...,&x) € R with «; € R, we define the operator Dy by
da d? dk
Da—1+(x12d—+(xzzzﬁ+ +cxkzkﬁ, (1.7)

and, by virtue of the operator D, the subclasses

—1|<A, O<u<1,0<A<1, ze[U},
(1.8)

] 1+u
%nw,“’)‘):{f@g" ‘D“(f @(7) )

] 1+p !
@n(u,a,i\>={f6&ﬁn:‘ [(f‘ )(f(2)> )]

of sd,,.

Samaris [9] has investigated the appropriate classes for the case (1.4), and has ob-
tained results which are stronger than those given earlier and in several cases sharp
ones. By using the method by Samaris [9], we will generalize some results given in
[3, 4], and we will obtain some new results. We also note that we cannot directly apply
some nice estimates given by Samaris [9].

For o = (&1, X3,...,&) € R¥, we define the polynomial Py(x) by

<A, O<u<l, 0<A<l, ze[U}
(1.9)

Py(x)=14+0gx+o0ox(x—-1)+---+opx(x—-1)---(x—k+1). (1.10)
In this paper, we will use the classes such that &« = 0(Py(x) = 1) or Py(x) has non-
positive real zeros given by p; (j =1,2,3,...,k). In this case, we can write

K
Py(x) = ok l_[ xX-p;) (1.11)
with
K
o [[(=pj) =1 (1.12)
=1

Further, for t = (t1,t2,...,tx) € (0,1)* such that tj € (0,1), we denote ty by

k
_ _1/p- _ —1/p;
ta=ty /00 g P = T (1.13)
i=1

If Py(x) = 1, then we define t, = 1. Also if n = 1,2,3,..., then we denote by W the
class of analytic functions w(z) in U for which [w(z)| = |z|" (z € U).

2. Starlikeness of the classes B, (i, «,A) and %, (1, ,A). Our first result is con-
tained in the following theorem.
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THEOREM 2.1. Let B, (u, x,A) be the class defined by (1.8) for which (n— u)Py(n) —
Am>0(mn=1,2,3,...),0<u<1.
(i) IfAn/((n—p)Py(n) —Ap) = v, then B (4, ,A) C Ty,
(ii) ifA=Px(n)((n—p)/(n+p)), then By (p, o,A) C T;.

PROOF. From

1+p 0
Da(f'(z)<f(zz)> )—1+Aw(z)—1+/\zwnz” (weWy), (2.1)
n=1
we obtain
( )( z )H 1+A i z
)| == =1+ w ,
f f(2) a1 " Pa(n)
(2.2)
z M had u zn
2V o1 aaYw ( )
<f(z)> El "\n—p/ Pu(n)
Since
1 J H J n/u-2
= th —_— = t"ht s 2.3
Pa) Jour '™ Pamyn—p)  Jjgapen bkt @3)
using (2.2), we have
z 1+u ( )
f'(z)(—) :1+2\J w(taz),
z k
;,f( ) [0,1] (2.4)
z 1 /H -2
From (2.4), we easily obtain that
zf'(z) L+A fjo c w(taz)
- Ty _ye—2 (2.3)
F(@) 1=Afgpn w(taty h2)te2
and from here
zf'(z) _1’ - /\I[O,llk | w(ta2) | + oy [w(tatith2) [y
f(2) 1-Afig et |w(tatih2) |62 oo
< Af[o,l]k t8+ froapen LREE _ An
1= Ao e LR (n—p)Pu(n) —Ap’
from which the conclusion of the theorem easily follows. O

REMARK 2.2. For n =1 and Py = 1 from Theorem 2.1, we have the result given by
Obradovic [3].

REMARK 2.3. From (2.5), similar to the proof of Theorem 2.1, for the class
By (U, x,A) we have

zf'(z)
f(z)

An
t‘ S1-tl+ 0P g (t>0). (2.7)
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IfA; =An/((m—u)Py(n)—Au) <landt = (1+A1)/2, then we have

Bn (1, %, A) C (F%),, (2.8)
where
(Ef*)t={fe%1:‘z}c(éz))—t‘ <t,zetu}. (2.9)
Especially, for n = 1 and « = 0, we have
B, A) C (%), (2.10)

for A/(1-pu—A) <land t = 1/2+A/(2(1—p—2)).

In the next theorem for the class B(u,A) Nty = B (1,0,A), we will prove that the
appropriate results are the best possible.

THEOREM 2.4. Let B(u,A) Nsdy, be the class for whichmn —p—Au > 0. Then
1) B(u,A) Ny, €T, if and only if An/(n—p—Au) v and
i) B, Ny, cF* ifandonly if A< (m—p)/(n—p)2 + 2.

PROOF. For t; € R and t, € R, with the lemma by Fournier [2], there exists a se-
quence of functions ¢ (z) analytic in the closed unit disk U such that |¢px(2)] = |z],
limy - o i (2) = zel'1, limy .o P (1) = ei2 uniformly on compact subsets of U. If wy (z) =
z"1¢r(z), then we consider the sequence fi(z) € B(u,A) N, which is given by

, z 1+u
2| —— =1+Awg(z), 2.11
ful >(fk(z)) «(2) .11)
or ,
zfi(2) _ l1+)\wk(z) . 2.12)
Si(z) 1A fy wi(tVHz)e-2dt
Since limy_ o wi(2) = 2" and limy_.. wi (1) = ei2, we see that
o zf,;(z) B 1+ Aeltt
Em e @) T T A (e (&13)
For t; =0 and t, = 0, we get
| 2fi(2) ‘ An
lim lim -1 =——. 2.14
PR Si(2) n—u—Au (2.14)

Let0<A<1landqg; €[0,11/2], g2 € [0,11/2] such that sing; = A, singy, = Au/(n—pu).
If we choose t; = q1 +71/2, t, = 1T/2 — g2, then we obtain

arg (1+2Ae) = gy, arg(l—n)\—ue“?) = —qo, (2.15)

and therefore

lim lim
k—ocoz—1

zfi(2) 3
arg<fk(z) )‘ =q1+q>. (2.16)
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From cos(q; +qz) 2 0 or sin’q; +sing, — 1 = 0, we have the statement (ii) (one
part) of the theorem. We note that the “if” part of the theorem follows from the result
of Theorem 2.1 and from the result given by Obradovi¢ and Owa [5]. O

THEOREM 2.5. Let®, (i, x,A) be the class defined by (1.9) such that n(n—pu)Py(n—1)
-An>0(n=1,2,3,...),0<u<1.1If

An
nmn-u)Py(n—1)-Au

IIA

v, (2.17)

then
P (U, 4, A) C T, (2.18)

PROOF. The proof of this theorem is similar to that of Theorem 2.1. By virtue of

1+u\
Da{(f’(z)(f(zz)> u) }:Aw(z) (W eWn_1), (2.19)

we have

{f,(z)<f(zz)>1+u}, _ )\LO’ka(tfo),

(2.20)
Z 1+p
f’(z)(m> = 1+AJ[011]k+1w(t“tk“Z)z'
From the last relation, we see that
z \* Vi _y -2
<m> = 1_AJ[O‘I]k+2w(tatk+1tk+zz)tk+zz= (2.21)
and so
zf'(z) 1+A fjo 1k w(tatri12) 2
f@ T 1A fg e w(taten B 2) %2 (2:22)
By using (2.22), as in the proof of Theorem 2.1, we easily obtain that
Z}C(;Z)) B ’ = n(n—u)Pi\Zm—l)—?\u' @23
The statement of this theorem follows from the above inequality. O
Finally we give the following example of the theorem.
EXAMPLE 2.6. For Py=1+tandO<pu<1,0<A<1,if f(z) € o, satisfies
N 1+u\ P 1+u\ "’
‘(f’(z)(f(z)) ) +z<f’(z)<f(z)) > <A (2.24)
implies that
2fz) ‘ <A (2.25)

f(2) Tn2n-p)-Ap’
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