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The study of the behavior of means under equal increments of their variables provides a
new approach to Ky Fan-type inequalities. Via this approach we are able to prove some
new results on Ky Fan-type inequalities. We also prove some inequalities involving the
symmetric means.

1. Introduction

Let M,,,(x) be the generalized weighted power means: M,,,(x) = (31, w;x})"", where
w;>0,1 <i<n,with>!, w0 =1andx= (x1,x,...,X,). Here M, o(x) denotes the limit
of M, ,(x) as r — 0. Unless specified otherwise, we always assume 0 < x; < x; - - - < Xy,.
We denote 0, = X1, wi(x; — A,)2.

To any given x, t = 0 we associate X’ = (1 —x1,1 —x2,...,1 —x,), X = (%1 + 1,..., X%, + ).
When there is no risk of confusion, we will write M,, , for M,, ,(x), M, ,.; for M,, ,(x;), and
M, , for M, -(x") if x, < 1. We also define A, = M, 1, G, = My, H, = M, and similarly
for A;,, G,,, H,, Ant> Gt Huy

To simplify expressions, we define

o o ! 7
A _ Pt Mn,s,t A = Mn,r B Mn,s (1.1)
rSha T > s .
Mg, — Mg, My, — M,

with A, 0 = (In(M,,,1/My,5¢))/(In(M,, ,/M,,5)). We also write A, s for A, ;1. In order

to include the case of equality for various inequalities in our discussions, for any given

inequality, we define 0/0 to be the number which makes the inequality an equality.
Recently, the author [14, Theorem 2.1] has proved the following result.

THEOREM 1.1. Forr > s, the following inequalities are equivalent:

r—=s r—=s
- O0p = Mn,r _Mns = —0p, (12)
2x1 ’ 2xn
xn / -xl
>N = —, 1.3
1-x, Tl —x (1.3)

where in (1.3) we require x, < 1.
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Cartwright and Field [9] first proved the validity of (1.2) for r = 1, s = 0. For other
extensions and refinements of (1.2), see [3, 13, 18, 19]. Inequality (1.3) is commonly
referred to as the additive Ky Fan’s inequality. We refer the reader to the survey article [2]
and the references therein for an account of Ky Fan’s inequality.

The study of the behavior of means under equal increments of their variables was
initiated by Hoehn and Niven [16]. Aczél and Pales [1] proved A, < 1 for any s # 1. We
can interpret their result as an assertion of the monotonicity of A, ; — M, as a function
of t. The asymptotic behavior of t(M,,,; — A,;) was studied by Brenner and Carlson [7].
The same idea of [14] can be used to show that both (1.2) and (1.3) are equivalent to

Xn X1

A
t4x PPk,

(1.4)

which holds for all t > 0,

In Section 3, we will study the monotonicities of (¢ + x,)(My,r¢ — My,) and (¢ +
x1)(Myrt — Mys¢) as functions of ¢ for r = 1 or s = 1 and then apply the result to in-
equalities of the type (1.2).

The study of the behavior of means under equal increments of their variables provides
us with a new approach of studying Ky Fan-type inequalities. In Section 4, we use this
approach to show that some of the inequalities we have studied are actually equivalent.

The following inequality connecting three classical means (with w; = 1/ here) is due
to W. L. Wang and P. F. Wang [24] (left-hand side inequality) and Alzer et al. [5] (right-

hand side inequality):
A n—lH G n H n—lA
on LS el > n - 1.
(&) &=(¢)=(%) % 43

The above inequality was refined in [14] and in Section 5 we will give another refine-
ment of the above inequality.

Alzer [4] has given a counterexample to show that AY — G% and A)* — G,* are not
comparable in general for a > 1. However, Pecari¢ and Alzer [22] (see also [2, Theorem
7.2] proved the following result.

THaEOREM 1.2. For w; = 1/n, x, < 1/2,
Al'-GI'= Al -G (1.6)

Theorem 1.2 suggests that A;* — G,% > A% — G% for a = 1/q with ¢ = min{w;}, a result
we will establish in Section 6. A similar result is also proved there.

Letr € {0,1,...,n}; the rth symmetric function E,, of x and its mean P,, are defined
by

E,,(x)= > ﬁxij, l<r<n, E.o=1, P L(x) = E"(’r(;(). (1.7)

n
1<ij<---<ir=<n j=1 r

The usage of E,. s, E,, ., Enr.ts Puyrs Py y» Puys is similar to the case for the power means.
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Many of the results we will obtain for power means also have their analogues for sym-
metric means, which we will spend the last section to explore. For example, the result
of W. L. Wang and P. F. Wang mentioned above is more general; they have shown the
following.

THEOREM 1.3. Forl1<r<n-1,x€(0,1/2],1 <i<mn,
InP,,—InP,,y; =InP,, —InP, .. (1.8)

We also note the following result of Bullen and Marcus [8].

THEOREM 1.4. For1 <k <r <wn,
(r+1)(InPyi1x —InPpy1 1) =2 r(InPyy —InP,,) (1.9)
with equality holding if and only if x; = - - - = Xp41.

In Section 7, we will provide a refinement of Theorems 1.3 and 1.4 for k = 1.

2. Lemmas

LemMA 2.1. Let ] (x) be the smallest closed interval that contains all of x; and let f(x),g(x) €
C%(J(x)) be two twice differentiable functions, then

Siwif (x) = f(S1L wix;) _f7© (2.1)
Sihiwigle) —g(Xhwixi) g (&) '
for some & € ](x), provided that the denominator of the left-hand side is nonzero.
Lemma 2.1 and the following consequence of it are due to Mercer [17].
LeMMA 2.2. Forw >u, w# v, u+ v,
uu=—v) | 1 _ (My, — M) uu-v) | 1 (22)
ww—v) | x| (M, —My,) w(w —v) | xp-u ’
with equality holding if and only if x; = - - - = x,,.

LEmMA 2.3. Let t 20, q = (q1,...,qn) With qi = 1, 1 <i<n, then for n 22, f(x;q) <
f(xq), where

(Sfig) -1 1 1 ) (2.3)

X5 :x%< n 7 -
J/xq) 21 qii 'x%(Zi:Iqi/xi) X1
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and equality holds if and only if one of the following conditions holds: (i) t = 0; (i) n = 2,
q1 = q2 = 1; (iii) x, = x, = - - - = x,. Moreover, when (ii) or (iii) happens, it also holds that

f(xq) = f(x39) =0

Proof. Tt is routine to check f(x;q) = f(x:q) when t = 0 holds. So now we may assume
that ¢ > 0. Then one checks easily that

Glg)-1 1, 1
S gixi xixf (X qi/x)
_ 2 gi(x = xi) —x + 1 (2.4)

xl(Z?:lqixi) x%(Z?:1qi/xi)

_ (Z?:l%(xl —x;) —x1)x1 (2L 1‘11/xz)+zz 1‘11x1
X%(Z?:lqixi)(zz 1‘11“‘1)

Note that
(Zqi(xl %)= > (Z") +Zq,x,
=1 X i=1
n n . ' 5 B 2
= (Zqi(xl—xi)>xl<zqf)_zw 05
i=1 =X P X;
= i%(xl - Xi) ((ql -1+ > G 1)X1>
= L X X
Hence,
fxq) = 2im1qi (e = xi) ((q1 = 1) xu/x1 + 321 (qj%0/ %)) + (qi — 1) x/x1) <0. (2.6)

(201 qixi/xn) (212, gix1/xi)

Since x/y > (x+1)/(y +t) when x > y >0, f > 0, it follows from the above expression that
f(x:q) < f(x:q). The conditions for equality can be checked easily and this completes
the proof. O

LEmMMA 2.4. Let t =20, q = (q1,...,qn) With qi = 1, 1 <i < n, then for n =2, g(x;q) <
g(x¢;q), where

11 (gt ) (2.7)

cq) = o2 _
859} =1, (xl Sihgii xi (X qilxi)
and equality holds if and only if one of the following conditions holds: (i) t = 0; (i) n = 2,
Q1 = q2 = 1; (iii) x, = x, = - - - = x,. Moreover, when (ii) or (iii) happens, it also holds that
g(xq) =g(x139) = 0.
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Proof. Tt is routine to check g(x;q) = g(xt;q) when t = 0 holds. So now we may assume
that £ > 0. Then one checks easily that
1 (Xhig) -1 1
X1 x%(Z?:l‘Ji/xi) Z?=1qixi
i1 qi(x1 —xi)/xi+1
_ Z,_lg (x%1 xi)/xi+1 i 1 (2.8)
x1 (21 il xi) 2im1 qiXi
_ (X1 qila —xi)/xi+1) (S qixi) —x1 (20 qi/ ;)
x%(Z?:l qixi)(Z7=1 ‘Ji/xi) '

Note that
(Z qi(x1 — x;) + 1) (Zqle) _x%<z ﬂ)
o1 Xi i=1 =1t

_ & qi(x —xi) S ) - gi(xf - x7)

= (le;xi (i_zlq,x,> ; P (2.9)

_ - (xl xz)

=2 g | (@ —1x+ > g+ (g - Dxi

i=1 ! j#Li
Hence,
S qi((ar = x0) xa/x:) (g1 = 1) + X1, (qjxj/%1) + (qi — 1) xi/x1)
g(xq) = =0

(20 gixi/xn) (212, gixr/xi)
(2.10)

Since x/y > (x+1)/(y +t) when x > y >0, t > 0, it follows from the above expression that
g(x;q) < g(x4;q). The conditions for equality can be checked easily and this completes
the proof. O

LEMMA 2.5. ForO<g<1,when0<y<x<1,

f(q) =2q(x"8 = y¥1) (2.11)
is an increasing function of q. When 1 < y < x, f(q) is a decreasing function of q.
Proof. We have
£'(q) =2(x"1— yVa) —2(In (x"1)x"1 —1n (y"1) y1/1). (2.12)

So it is enough to show that u — ulnu increases for 0 < u < 1 and decreases for u > 1 and
this is easy to check. O

LEMMA 2.6. For0< g <1, (1—q)"4"! is an increasing function of q, in particular,

(1-gvat<]

5 (2.13)

when 0 < q < 1/2 and the above inequality reverses when 1/2 < q < 1. In either case, equality
holds if and only if ¢ = 1/2.
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Proof. Tt suffices to show that f(q) >0 for 0 < g < 1 with f(q) = (1/g — 1)In(1 — q). Now
f'(q) = —h(q)/q* with h(q) = g +1In(1 — q) < 0 for 0 < g < 1 and this completes the proof.

O

The following lemma is due to Wu et al. [25] (see also [2, pages 317-318]).
LEMMA 2.7. Let2 <t <#,X = (X1,...,Xy), X1 X3 < - -+ < X,.. There existsy = (y1,..., yr)
with x; < y1 < -+ < ¥y, < x,, such that P, ;(x) = P,;(y), 0 < i < r. Moreover, if x1,...,x,

are not all equal, then yi,...,y, are also not all equal.

3. Some monotonicity properties

THEOREM 3.1. Letr >s,t > 0.
() IfArsra <1 then Argip < 1forB<a IfArsra=1,then Arsyp>1 for = a.

(ii) Let « < 1. If Apsy < X0/ (t+X,), then Ay gpo < (xn/(E+%0))2 "% If Ay sy = x1/(E+x1),
then Arsta = (x1/(t+ xl))z“".

(iil) Ao < 1 fora<Oandforanys# 1, a <1, A0 < 1.

(iv) For any r # 1, min(((t + x,)/x,)" 72, ((t + x1)/x1)"72) < Ap1pr < max(((t +
%)/ %) 72, ((E+X1)/x1)772).

(v) For—-1<s#1<2,

X1
> A])S,[ >

3.1
t+xy t+x; (3.1)

with equality holding if and only if t =0 or x; = - - - = X,,.

Proof. (i) Let f(t) = My, — My ,|. Since x is arbitrary, A, s, < 1 is then equivalent to
f7(0) < 0 or the second inequality below:

-r a—r 1-r
Mn,r Mn,r Mn,rfl

Bs < s < T—s -
M,® My M

n,s—1

(3.2)

Now A, s+ < 1 follows from the first inequality above. This proves the first assertion and
the second assertion follows similarly.

(i1) We will prove the first assertion for 0 < a < 1 and the other proofs are similar. Let
f) = (t+x,) (M5, — M5 ;), then it suffices to show f'(0) < 0, or equivalently,

I=s 1-r
_ Mn,s a— Mn,r
(2—a) (M, — M2,) < ax, (M;ﬁsl (—) —Mnf(—) ) (3.3)
We also have

Ml—tx M 1-s M 1-r
(Mg, — M3) < My, — My sx,,((M ) - (—)  (4)




Peng Gao 3557

where the first inequality above follows from the mean value theorem and the second
inequality follows from A, < x,/(t + x,). Similarly, by using the mean value theorem,
we get

Mzr - Mftts o M, , o
: —— < M,, < n > , 3.5
Mgl -Msgl T 11—« —a (Mn,rfl ) (3:5)
where the last inequality follows from M, = > wix] < XL  wixx] ' = x,M} ;1. Now
(ii) follows by rewriting (3.4) and (3.5) as
N . 1 Mn,s 1-s Mn,r 1-r
Mn,r _Mn,s < “Mn,s Xn m — m 5
(3.6)

1-r

M
(1= o) (M, = M) < owxn (M3 = M3, ()
’ ’ ’ ’ Mn,r—l

and adding the above two inequalities.

(iii) Aysrq < 1, for s # 1, a < 1, follows from the result of Aczél and Pales [1] and
(i). Again by (i), in order to show A, ;4 < 1 for a < 0, it suffices to show A, < 1. Let
f(t) =InM,,; — InM,,, it then suffices to show f’(0) <0 or R,s < R,,, where R,,, :=
M, /ML . The last inequality holds by a result of Beckenbach [6, Theorem 1].

(iv) This follows by applying Lemma 2.1 to f(x) = (t+x)",g(x) =x",r # 0and f(x) =
In(t+x), g(x) = Inx when r = 0.

(v) We will prove the left-hand side inequality of (3.1) and the other proofs are similar.
For0 <s<1,let

Dn(X’ t) =Xn (An - Mn,s) - (t+xn) (An,t - Mn,s,t)- (37)

We want to show D,, = 0 here. We can assume x; < x, < - - - < x,, and prove by induction
that the case n = 1 is clear, so we will start with n > 1 variables assuming the inequality
holds for n — 1 variables. Then

oD,,
0x,,

= (An - Mn,s) - (An,t - Mn,s,t) + wn((An - Mi;SxZ) - (An,t - Mrln,;,st(t"'xn)s))
= wn((An - Mn,s) - (An,t - Mn,s,t) + (An - Mi,?xi) - (An,t - Mrll,;,st(t""xn)s))
= Wy (M5 (t+%0)" + My — 2t — Mg — M) 55,

1,8t

(3.8)
where the inequality follows from A, ;; < 1. Now we consider

g(t) = MY S(t+x,)" + Mg, — 2t (3.9)

n,8,t
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and we have

- s M 1-s M 1-s M 1-s

’ Xn 1,5t 1,S,t 1,8,F

ol ) (i) )

& Myt M1, t+xy, Mys-1,0 (3.10)

> (1 _S)ys_{_sysfl 1> y(l—s)s-%—s(sfl) —1= 0’

where y = (t+x,)/M,; > 1 and the first inequality above follows from (M, s,/Ms—1,1) '~
> 1. The last inequality above follows from the arithmetic-geometric mean inequality.
Thus g'(t) = 0, hence g(t) = g(0) = My, + M} *x;, and it follows 0D,/dx, > 0 and by let-
ting x, tend to x,_;, we have D, > D,_; (with weights wi,...,ws—2,w,—1 + w,) and thus
the right-hand side inequality of (3.1) holds by induction. It is easy to see that the equality

holdsifand onlyift =0o0rx; = - - - = x,,.
For —1 < s <0, we have
1 9D M\ Moo\
— =t B () [ ) =t : 3.11
w1 axl ! xn( X1 ) ( xn)(t+x1) f(XI) ( )
Consider
1-2s 1-2s s
n M ) XX (M St) (t+x0) (£ +x;)) )
") =-(1-9) D wi| | — . - <0.
f( 1) ( )]gz ](( X xsl+1 t+x; (t+x1)s+1
(3.12)
The last inequality holds, since when —1 <5< 0,2 < j < n, we have
s 1+s 1+s
I ) . i > [ (3.13)
t+x, \t+x;) — \t+x; T\ t+x ’ ’
and xj/x; = (t+x;)/(t+x1) so that
M 1-2s M 1-2s
<_) . <—f> . (3.14)
X1 t+x1
Thus by a similar argument as above, we deduce that f(x;) = —t and dD,/0x; <0,
which further implies D,, > 0 with equality holding if and only if t =0 or x; = - - - = x;,.
For 1 < s < 2, it suffices to show dD,/dt < 0 or, equivalently,
Ml (M - ML
1, < ( n,$ 1,8 1) (315)

Xn (Mn,s - An)

The above inequality certainly holds for s = 2, otherwise it follows from M !/x, < x5 2
and Lemma 22 withu=s—-1,v=s,w=1. ]
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We remark here that one cannot compare M,,,; — My, s; and M,,, — M, in general. For
example, let f(t) = G, — Hy¢. Then f'(0) = G,/H, — H,E/Mﬁ,,z. By a change of variables

— 1/Xu_i+1, we can rewrite this as f'(0) = (A} — G,M3,)/(A2G,) and by considering
the case n = 2 with q; = g2 = 1/2, x, = 1, it is easy to see that f'(0) <0 if x; = 1/2 and
f(0)>0ifx; =

CoROLLARY 3.2. Inequality (1.2) holds forr =1, -1 <s<land1<r<2,s=1.
Proof. This follows from Theorem 3.1 (v) and that (1.2) and (1.4) are equivalent. O

The above result was first proved by the author in [14, Theorem 3.2]; in fact it was
shown there that those are the only cases (1.2) can hold for » = 1 or s = 1. Thus by notic-
ing the equivalence of (1.2) and (1.4), we obtain the following.

COROLLARY 3.3. Inequality (3.1) holds for all t > 0 if and only if -1 <s# 1< 2.

COROLLARY 3.4. For —1 <s<1,

Xn > (An M, s) > X1

Mns 1 (M%,;S Mns 1) Mns 1.

(3.16)

Proof. Theorem 3.1(v) implies f(t) = (t +x,)(An: — M,5;) is a decreasing function of ¢
and f'(0) < 0 implies the left-hand side inequality of (3.16). The proof of the right-hand
side inequality of (3.16) is similar. O

By a change of variables x; — 1/x,_;+1, the left-hand side inequality of (3.16) when
s= —1 gives

H,
A,-H, <0, (3.17)
X14,

a refinement of the left-hand side inequality of (1.2) forr = 1,s = —1.

4. Some equivalent inequalities

THEOREM 4.1. The following inequalities are equivalent:
(1) A, — Gu = 0,/2x,;
(i) A, G < 0,/2x1;
(iii) A < (xs/Hy)(G, — Hp);
(iv) A Gn > (x1/H,)(Gy — Hp);
) G > H,0,/2x%;
(vi) Gn H,, < H,0,/2x3.
In particular, inequalities (1)—(vi) are all valid since (i) holds by Corollary 3.2.

Proof. We first show (ii)= (iii)=(i) and similarly one can show (i)= (iv)=(ii).

(iii)=(i). Let f(t) = (x4 + t)(Ayr — Gpy), t = 0. It is easy to see that lim—.. f () = 0,,/2.
Thus it suffices to show f(¢) is a decreasing function of ¢ in order to prove (i). Since x is
arbitrary, it suffices to have f’ 0)=A,— G, +x,(1 — G,/H,) < 0, which is just (iii).

(i)= (111 Let f(t) = — Gut + (xn + 1)(1 = Gpi/Hpy), t = 0. It is easy to see that
lim;_ f(t) =0,s0it sufﬁces to show f’(t) = 0 in order to prove (iii). Since x is arbitrary,
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it suffices to show f(0) > 0. Calculation yields

f'<o>:2(i_i>+xn<;_i)_ (4.1)

Gy G, H, M, H}

By a change of variables x; — 1/x,_;;1, the right-hand side inequality of (4.1) becomes
1
2(Gu—An) + 0220 (4.2)

by (ii).

Now we show that (i) and (v) are equivalent; similarly one can show that (i) and (vi)
are equivalent.

(i)=(v). We have shown that (i) and (iii) are equivalent, and hence (v) follows.

(v)=@). Let f(t) = — Gt — 04/2(x, + ). It is easy to see that lim;.. f(t) =0, so
it suffices to show f’ (t ) < 0 in order to prove (i). Since X is arbitrary, it suffices to show
f'(0) <0, which is just (v). O

THEOREM 4.2. The following inequalities are equivalent:
(i) Ay — Hy = (Hy/x,A0) 0p;
(i) A, — H, < 0,/x1.
In particular, A, — H, = 0,/x, implies A, — H, < 0,/x1. Moreover, it also holds that

M?, —2A,H, + H?
A, — H, > — x” noon (4.3)
n

with equality holding if and only if x, = - - - = x,,, which implies (3.17), and (3.17) further
implies A, — Hy < 0,4/x1.

Proof. We first show that inequality (i) is equivalent to (ii). Let f(t) = (x; +£)(Ap: —
Hn,t)> g(t) = (%, + t)An,t(An,t - Hn,t)/Hn,t-
(i)=(ii). By using similar arguments as in the proof of Theorem 4.1, (ii) holds if f'(0)
> 0; by a change of variables x; — 1/x,_;.1, one checks that f'(0) > 0 is equivalent to (i).
(i1)=(i). Similarly, (i) holds if g’(0) < 0. By a change of variables x; — 1/x,_;+1, one
checks that ¢'(0) < 0 is equivalent to

2 2 _ 2
Ay —Hy < Mo2 = 24 Hat By _ 0y (An = Hn) H)” (4.4)
X1 X1 X1

Thus (ii) implies (4.4), hence (i).
Similarly, one can show that (4.3) implies (3.17), and hence A, — H, < 0,/x;. It now
remains to show (4.3). In fact, both (4.3) and (3.17) follow from the following identity:

n 2 n 2
Ap—Hy= Y @b Ha)_ Hi il = An) (4.5)

i=1 ni=1
[l
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We note here that it follows from (4.5) that for ¢ > 0,

(4.6)

Upon integration of both sides above from 0 to co, we obtain an identity of Dinghas [12
(9.9)]:

_ 0 1 w,-(xi—An)z
_Jo (Aﬁ_z xi+t )dt (4.7)

where, as given in [12, (9.8)],

ada

J(x,y) = JO m. (4.8)

We note here that (4.5) also improves Mercer’s proposition [20, Proposition 4], as one
checks directly. To end this section, we give a refinement of (1.2) based on the results in
[20].

THEOREM 4.3. The following inequality
n 2 n 2
S ek (i = G) =3 ol A) (4.9)
= x+min (x;,G,) = x;+max (x;,A,)
holds with equality holding if and only if x; = - - - = x,,.
Proof. The second inequality is [20, Proposition 1] and the first inequality follows from
" wi(xi—An)’

A,—Gy=exp(InA,)—exp(InG,) <A,(InA,-InG,) SZ

_—, 4.10
& xi + min (x:,A1) ( )

where the first inequality above follows from the mean value theorem and the second
inequality follows from [20, Proposition 2]. O
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5. A sharpening of Sierpinski’s inequality

THEOREM 5.1. Fort =0, ¢ = min{w;} >0,

( X )2>(1—q)lnAn,t+qlnH,,,t—lnGn,t ( X1 )2 (5.1)
Xy +t (1-¢)InA,+gqlnH, - 1InG, x1+t)’ )

%

v

( X )2>lnGn,t—qlnAn,,—(l—q)lan,, ( X1 )2

X, +t InG, —qlnA,—(1-¢q)InH, x;+t (5.2)

with equality holding if and only if t =0, q = 1/2, or x; = + =+ = X,

Proof. The proof uses the ideas in [5]. We will prove the left-hand side inequality of
(5.1) and the proofs for other inequalities are similar, we only point out that one needs
Lemma 2.4 in order to prove (5.2). We may assume ¢ > 0 to be fixed and define

fu(xnq) =x2((1—q)InA,+qlnH, —InG,) 53)
_ (xn+t)2((1 —q)InA,;+qInH,; —InG,,), ’

where we regard A,,, Gy, Hy, Ayyt, Guyts Hyy as functions of x, = (x1,...,%,). Then

1 9f,

Eaxl
=xﬁ<l_q+q1§n—i>—(xn+t)2<l_q+ an’tz— ! )
1 X1 An,t (xl + t) X1+t
(5.4)

(X2, s x0m1) =

By setting w;/q = g, it follows from Lemma 2.3 that g, = (1/w1)(dfu/0x1) < 0 with
equality holding if and only if n = 1 or n = 2,9 = 1/2. By letting x; tend to x,, we have

fn(xn’Q) = fnfl(xnfl)Q) > fu (anl’q,)) (5.5)

where x,,_; = (x2,...,%,) with weights w; + w,,...,w,-1,0, and ' = min(w; + w,,...,w,).
Here the second inequality above follows from A; _; o < (x,,/(¢ + x,))?, which is a conse-
quence of Theorem 3.1 (v) and (ii).

It then follows by induction that f, = f,-1 = -+ = f, =0 when g = 1/2 in f, or else
fa= fuo1 = -+ = fi = 0 and this completes the proof. O

By letting t — o0 in (5.1) and (5.2), we recover the following result of the author [14,
Theorem 5.1], which can be regarded as a sharpening of Sierpinski’s inequality [23] for
the weighted cases.
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COROLLARY 5.2. For g = min{w;} >0,

1-2q 1-2q

oy 0,2 (1-¢q)lnA,+gqlnH, -InG, = 2 O, (5.6)
1 n
1-2 1-2
TZqUn >InG,-qlnA, - (1-¢q)InH, > 2x2q0" (5.7)
1 n
with equality holding if and only if g = 1/2 or x) = - - - = X,
COROLLARY 5.3. For g = min{w;} >0,
qAH,+ (1= q)Mp, = A} = (1 - q)AuH, +qM3 5, (5.8)

with equality holding if and only if g = 1/2 or x = - - - = x,.

Proof. We will prove the right-hand side inequality of (5.8) and the other proof is similar.
Theorem 5.1 implies that f(¢) = (t+x,)*((1 —q)InA,;+gInH,; — InG,,) is a decreas-
ing function of f and f(0) < 0 gives

1- q an 1
2 A T - —
x;, ( A + M Hn> +2x,((1-q)InA, +qlnH, —InG,) <0. (5.9)

Since (1 — g)InA, +gqlnH, — InG, = 0 by Corollary 5.2, we must have (1 — gq)/A, +
qH,/M; _, —1/H, < 0 and (5.8) follows by a change of variables x; — 1/x,_i1. O

COROLLARY 5.4. For g = min{w;}, t>0, Ajgra <1 fora<(1—q) ' and Aoty > 1 for
a>q .

Proof. We will show the first assertion and the proof for the other one is similar. By
Theorem 3.1(i), it suffices to prove the above result for ap = (1 —g)~ 1. Let f(t) = A} —
G,y; by similar argument as in the proof of Theorem 3.1(i), it suffices to show f'(0) <0,
which is equivalent to A? » 1 < G, and this last inequality follows from (5.7) and this
completes the proof. O
6. Some refinements of Ky Fan-type inequalities

Theorem 1.2 and Corollary 5.4 motivate the following two results.

THEOREM 6.1. For 0 < g < min{w;},
O, 5 20— (A GO 2 0, ()

with equality holding if and only if n =2, q=1/2, orx; = x, = - -+ = Xp.

Proof. We prove the right-hand side inequality of (6.1) first. By homogeneity, we may
assume 0 < x; <x; < --- <x, = 1 here and define

Dy(x1,eerxm1) = 2(1 = ) (477 = 6/"7) — . (6.2)
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We want to show D, > 0. Let a = (ay,...,a,-1) € [0,1]""! be the point in which the
absolute minimum of D,, is reached.

We may assume a; < d; < - -+ <a,_; andleta, = 1.Ifa; = a4 forsome 1l <i<n-—1,
by combining a; with a;;; and w; with w;;;, while noticing that increasing g will decrease
the value of (1 — q)(Ai,/(lfq) — Gi,/(lfq)) by Lemma 2.5, we can reduce the determination
of the absolute minimum of D, to that of D,_; with different weights. Thus without loss
of generality, we may assume a; <a; < - - - < a,_; < 1.Ifa; >0, then a is an interior point
of [0,1]""1, and we obtain

VD,,(al,...,an,l) =0 (63)
such that ay,...,a,-; solve the equation
2= (Ay+ AT )2+ 6/ <, (6.4)

The above equation has at most two roots (regarding A,, G, as constants), so we are
reduced to the case n = 3. But if a; < a; < 1 both satisfy (6.4), we will have
aa; = G;/(lfq) = a(f”/(lfq)a;m(lfq), (6.5)

which is impossible since w; +¢q < 1, w; +¢q < 1 and the two equalities cannot hold at the
same time. Thus if a; > 0, we only need to prove D, > 0. In this case, by letting x = a; >0,
we get

Dy(x) =2(1—- q)((w1x+w2)l/(l_q) - x“"/“*q)> —wwy(x—1)% (6.6)

It is easy to check D,(1) = D}(1) = 0 and

D/I x w _ _ w
GO RN m__( ! _1)xw¢u—@-z_ah

20, 1-¢q 1-¢g 6.7)
Zﬂ-l'l— @1 —wy =0,
l-q l-q

with equality holding if and only if x = 1 or g = 1/2. Hence, by the Taylor expansion at 1,
D;(x) = 0 with equality holding if and only if x = 1 or g = 1/2.
If a is a boundary point of [0,1]""}, then a; = 0 and (6.2) is reduced to

En(x1=0,...,00-1) =2(1 - )AY "™ —g,. (6.8)

We now show E, > 0. Let (ay,...,a,-1) € [0,1]"2 be the point in which the absolute
minimum of E, is reached. Similar to the argument above, we may assume 0 = a; < a, <
-+- <ay-1 <1 and it is easy to show by using the method above that we only need to
consider the case n = 3. When n =3 and 0 < a, < 1, we have

E;(a2)

=AY (4 -As) =0 .
20, 3 (a2—A3)=0 (6.9)
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Using this, we get

1—q)A; _, B
%Es (a2) = quAY"™ — (1 - q) (1 - w2) As

=qwy (a2 — A3) = (1 - q)(1 — @) A3 (6.10)
=qwy((1-wy)ar — w3) — (1= q)(1 — w2) (w202 + w3)
=w(1 - w)(2q—1)a; — quaws — (1 —q)(1 — w2) w3 < 0.

This implies that E5(x) takes its local maximum at g, so in order to show E3 > 0, we only
need to show it for the cases a, = 0 or a; = 1 and we are then back to the case n = 2. In this
case, E; > 0 is equivalent to ¢"/1=? > g/2 and g(q) = (1 — q)V"9 — g/2 > 0. The first
inequality follows from Lemma 2.6 and one checks that g(q) is a decreasing function of g,
hence g(gq) = g(1/2) = 0. This now completes the proof for the right-hand side inequality
of (6.1).

For the left-hand side inequality of (6.1), we may assume 1 = x; < x; < - -+ < x, and
define

Fu(x25..05%,) = 0 — 2(1 — q)(Ai/(l_q) - G}l/(l_q)). (6.11)

We want to show F, > 0. Let a = (ay,...,a,) € [1,0)""! be the point in which the
absolute minimum of F,, is reached.

Again by Lemma 2.5 we may assume a; = 1 <a; <az < --- <day,. Ifa, < oo, then ais
an interior point of [1,00)"~!, and we obtain

VF,(ay,...,a,) =0 (6.12)

such that ay,...,a, solve (6.4), which has at most two roots (regarding A,, G, as con-
stants), so we are reduced to the case n = 3. But if 1 < a, < a3, then we will have (6.5),
which is again impossible.

Thus we only need to consider the case n = 2 and F, > 0 can be proved similarly to our
treatment of D, > 0. One checks easily here F>(x;) = 0 if and only if x, = 1 or g = 1/2.

So now we only need to consider the case a, — co. In this case, it is easy to see that if
q=1/2,thenn=2and F, = 0.If g < 1/2, then 1/(1 — q) < 2, hence

lim F, = lim a2 - lim 2 >0. (6.13)
ay— 0

ay— 0 ay— 0 a%t

This now completes the proof for the left-hand side inequality of (6.1) with the conditions
for equality readily checked. O

THEOREM 6.2. For 0 < q < min{w;},
00,2 29(4 - GI7) = "0, (6.14)

with equality holding if and only if n =2, g =1/2, orx; = x = - - - = X,
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Proof. We prove the left-hand side inequality first. By homogeneity, we may assume 0 <
X1 <x3 < --+ <x, = 1here and define

Dy (X150 3Xn-1) =0n—2q<Ai,/q—Gi/q). (6.15)

We want to show D, > 0. Let a = (ay,...,a,-1) € [0,1]""! be the point in which the
absolute minimum of D,, is reached. As in the proof of Theorem 6.1 and again using
Lemma 2.5, we may assume a; < dy < * * - < dp_1 < d, = 1. If a; >0, then a is an interior
point of [0,1]""!, and we obtain

VDn(al,...,an_l) =0 (616)
such that ay,...,a,-; solve the equation
2= (An+ A2+ G/ =0, (6.17)

The above equation has at most two roots (regarding A,, G, as constants), so we are
reduced to the case n = 3. But if a; < a; < 1 both satisfy (6.17), we will have

1/ w1/q W/
aa; =Gy 1 =a"a5", (6.18)

which is impossible since w; > ¢, w, = g and the two equalities cannot hold at the same
time. Thus if a; > 0, we only need to prove D, > 0. In this case, set x =a; >0 and consider
first the case w1 = 1 — g, w, = q. Define

Gl/q
gu):=u+ % (6.19)
We first observe that by (6.17),
g(x) =AY 4 4, (6.20)
Note for u > x, g < 1/3,
1/q 1/q
g'(u)=l—ﬁzl—%20, (6.21)

since 0 <x < 1 and G, = x179. As x < A, in our case, we then have g(x) < g(A;) = Ay +

G;/q/Az, a contradiction.
Now suppose g > 1/3, then

2(1-q)

Dé,(X) _ <q2 _ (1 _ q)zAgl—Zq)/q + (1 _ zq)x(173q)/q)

(6.22)
2(1 -
> A p L (¢ -(1-9°+(1-29) =0,
with equality holding if and only if g = 1/2. As D,(1) = D5(1) = 0, this shows D,(x) > 0
by considering the Taylor expansion of D, at 1.
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Now consider the case w; = ¢, w, = 1 — g, then Dy (x) = 2g(1 — g)(1 — AS*Z‘M) >0
with equality holding if and only if g = 1/2. As we also have D,(1) = D5(1) = 0, this shows
D, (X) > 0.

Finally, we consider the case when D,, reaches its absolute minimum at a with a; = 0.
Define

Ep(x1 = 0,sXp-1) = 0, — 2qAN . (6.23)
We show now E, = 0. Let a = (as,...,a,-1) € [0,1]" 2, 0<ay < --- <a,_1 <1, be the
point in which the absolute minimum of E, is reached. Similar to the argument in the
proof of Theorem 6.1, we may assume 0 = a; < a, < - - - <a,_1 < 1 and it is easy to show
by using the method there that we only need to consider the case n = 3. When n = 3 and
0 < ay < 1, then we have

E’ _
92) _ 4 ay— A0 _ g, (6.24)
2(4)2
Hence,
iV
E;(ay) = Mg,z - A% —2qA; i

v /
= M§,2 +(1-29)A;3 - (A3 +A; 1)

R g (6.25)
= M3,2 +(1- Zq)A3 —aAs
= ws(1—a) +(1-29)A7 > 0.
So we only need to consider the case n = 2 and E, = 0 is equivalent to g(gq) = (1 -
q)/2—q"1>0and (1 —¢q)/2—(1—q)"1 > 0, the second inequality follows from Lemma
2.6 and one checks that g(g) is a decreasing function of g so that g(q) = g(1/2) = 0 with
equality holding if and only if g = 1/2. This completes the proof for the left-hand side
inequality of (6.14).
For the right-hand side inequality of (6.14), we may assume 1 <x; <x; < -+ < X,
and define

Fu(x2r..0%) = 2q(AYT = GY9) = a,. (6.26)

We want to show F, > 0. Let a = (ay,...,a,) € [1,00)""! be the point in which the
absolute minimum of F,, is reached.

Again by Lemma 2.5 we may assume 1 =a; <ay < -+ - < a,. If a, < o, then a is an
interior point of [0,1]""!, and we obtain

VF,(ay,...,a,) =0 (6.27)

such that a,,...,a, solve (6.17), which has at most two roots (regarding A,, G, as con-
stants), so we are reduced to the case n = 3. But if 1 < a, < a3, then we will have (6.18),
which is again impossible.

Thus we only need to consider the case n = 2 and F, > 0 follows similarly to our treat-
ment of D, > 0. One checks easily here F5(x;) = 0 if and only if x, = 1 or g = 1/2.
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So now we only need to consider the case a, — co. In this case it is easy to see that if
q=1/2,thenn=2and F, = 0. If g < 1/2, then 1/q > 2, hence

1/q
2gA
lim F, = lim a,lfq - lim ql/g > 0. (6.28)

n

This now completes the proof for the right-hand side inequality of (6.1) with the condi-
tions for equality readily checked. O

7. Results on symmetric means

Our key tool in studying the symmetric means is Lemma 2.7. We remark here that it
follows from the proof of the lemma (see, e.g., [2, pages 317-318]) that for any ¢ > 0,
P, i(x¢) = P, ;(y:). For an application of the lemma, we note the following result (see [15,
Theorems 51 and 52], but be aware of the changes in notation).

THEOREM 7.1. Forn=>1,

Pn,IZPn,ZZ"'ZPn,nflzpn,m (71)
and, forn >r >0,
Py =Pl Pt (7.2)

In [15], it shows that (7.2) implies (7.1). We now use Lemma 2.7 to show that the two
are equivalent.

THEOREM 7.2. Inequalities (7.1), (7.2), and P, = P, , are equivalent.

Proof. Plainly (7.1) implies P, ; > P, , and via a change of variables x; — 1/x,_i41, Pn1 =
P, is equivalent to P, ,_; = P,, and then Lemma 2.7 gives (7.1). To show (7.2) im-
plies (7.1), we let f(¢) = In(P,,,(x¢)/Ppr+1(X;)) and note that f'(¢) < 0 implies (7.1) since
lim;_ f(¢) = 0. As x is arbitrary, it suffices to show f'(0) < 0, which is equivalent to
(7.2). Now we show that (7.2) follows from (7.1). For a given x = (x,...,%,), we define
x ' = (1/xy,...,1/x,). Note Pﬂl,j (x 1) = PZ;,J_]-(X)/P;LH(X). Hence, (7.1) implies P, (x 1) >

P.o(x7!) or Pﬁf:ll__ll) > P2, P! . This combined with Lemma 2.7 gives (7.2). O
Our next result generalizes (1.8).

THEOREM 7.3. Fort=0,n>r =2,

On On

———>InP,,1—InP,, > ————, 7.3
2n— l)xf NEyr—1 — My, 2(n—1)x2 (7.3)
T0n r/(r=1) _ pr/(r-1) "0
——7ap =P -P zZ (7.4)
2(1’1 _ I)X% r/(r—1) n,1 n,r 2(1’1 _ 1)36%1 r/(r—1)

x r=2 X1 r=2
(7)) @Phd =P Pz () Bu-Pi) 09)

r(r—1)x2
0n=P, — P, > (r = Dxi

r(r—1)xi72 "
nre2(n-1) "

20— 1) (7.8)
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Proof. We note first 0, = (n — 1)(Pﬁ,1 - Pﬁ)z). By Lemma 2.7, there exists y = (y1,..., ¥r)
with x; < y; < --- <y, < x, such that P,;(x) = P,;(y), 0 <i < r. Further note that
P,,(y) =Gy, Py (y) = e AY) & A . By a result of the author [13, (3.5)] and using
the same method that shows that (1.2) and (1.3) are equivalent, one can show that

PZ _ P2 PZ _ P2
7,1 (Y) 7,2 (Y) > lnPr,r_1(Y) _ ln Pr,r (Y) > 7,1 (Y) r,2 (Y) .

7.7
2y7 2y? (7.7)

Inequality (7.3) then follows from this and Lemma 2.7. Similarly, (7.4) follows from
Theorem 6.1 and Lemma 2.7. To show (7.5), we use an identity of Dinghas [11, (3.3)]:

£ Ax)’ K
Z Z l_ 1)75‘; 22r Z2 (Ak I)Ak)karlr )xn): (78)

nr:
( )k:21=2

where E,, 2 , Z(Ak 13 Ak Xk+15- - -, Xn) denotes the (r — 2)th symmetric function of the n —
2 numbers Ar_; (i — 2 times), Ay (k —i times) and Xgi1,...,Xp.

Now use (7.8) for (A}, — P )/x;, % and (A},; — P},.;)/(x, +1)"* and consider their
differences, the left-hand side inequality of (7.5) follows from this and the observation

LV

Xi+t X Ai+t A
2> 1<i<n, L— >~ i=k- 1k (7.9)
Xptt  Xp X+t Xy

The right-hand side inequality of (7.5) can be shown similarly. Now (7.6) follows from
(7.5). This can be seen by noticing limy— (x1 + £)> " (A} ; — P}, 1) = limy—. (x4 + 1)* 7 (A},
— P, ;) =r(r—1)0,/2(n— 1) and this completes the proof. O

We note that (7.6) is a result of Dinghas [11, page 156], originally written as

r(r—1)x"2 & 1 2
=y 2 (175 )

Lo r(r=1x? 8 1 2
= 4, Pm—m_n;(l‘k)(xk“‘“)-

(7.10)

By using the relation (k — 1)Ak_; + x¢ = kA, one shows easily by induction that >';_, (1 —
1/k) (xx — Ax—1)? = no, and (7.6) then follows.

COROLLARY 7.4. Forn>r > 2,
(AL = Prly) = (r=2)(A - P,) = rxa (A =Pl (7.11)

Proof. Let f(t) = (x, +1)> " (A — Pj,.;). By (7.5), f is an increasing function of t and
f'(0) = 0 gives the left-hand inequality of (7.11) and the right-hand inequality of (7.11)
follows similarly. O



3570 A new approach to Ky Fan-type inequalities

THEOREM 7.5. Fort>0,n—1>r=>1,

2r-2 2r r+1 2r-2
( Xn ) < P Pnr lpnr+1 >( X1 )

> > 7.12
t+xn P%,rr,t Pnr 1tPrrl,+r£r1,t t+x ( )

Proof. The proof is similar to the proof of Theorem 7.3, once we note the following iden-
tity of Muirhead [21] (see also [15, Theorem 54]):

P, — Pzrlleth:(r(r+1)(’:)(rfl)) Z( )E:’l (7.13)

where (r,i) = >3+« - X2, Xp—i* * * Xp1i-1 (Xr+i — Xr4i+1)%, the summation extending over
all products formed from the x and of the type shown. O

We note here that by taking the limit as t — oo in Theorem 7.5, we obtain

2r—2 5 . . x%r 2
n r r— r+
o,z P, —P, . P >
(Vl— 1) n n,r—1+ n,r+l (Vl— 1)

0. (7.14)

We leave the proof of the following corollary to the reader since it is similar to the proof
of Corollary 7.4.

COROLLARY 7.6. Forn—1=r =2,

(Pr P:zrll Pnr ZPZJ;LI)ZZ(PH P;rllp;:rrh—l)

7.15
le(P Pnr 1 Pnr ZP:IJ;LI) ( )
We now look at the following inequalities in the unweighted case (w; = 1/n, n = 2):
1
(n=1) (M3, - A}) = A7 - G = m(Mﬁ,z—Ai), (7.16)
1
(n—1)(M;,-A}) = A} —AH, = ?(MZ —A?%). (7.17)

Inequality (7.16) is due to Diananda [10]. Inequality (7.17) follows from Corollary 5.3.
We note that the two left-hand side inequalities of (7.16) and (7.17) give refinements
of (7.2). Since M2, — A2 = (n— 1)(P}, — P},), the left-hand side inequality of (7.16) is
equivalent to (n — 1)2P3, < n(n—2)P;, + P2 ,,. By a change of variables x; — 1/x,,_;.1, this
is
(n—1)*Py 2, Pt < n(n—2)Py 3+ P2, (7.18)

t’li’l_

It follows then from Lemma 2.7 that for 2 < r < n,

(r=12Pi 2, P, <r(r—2)P2 2 + P22 < (r — 1)2PX2. (7.19)
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Similarly, the left-hand side inequality of (7.17) gives for 2 < r < n,

(r—1)*Py 2P, <r(r—2)P2 3 + P P /Py < (r—1)2PE AL (7.20)

The two right-hand inequalities of (7.16) and (7.17) are relatively easy. For example,
the right-hand side inequality of (7.16) is equivalent to P, > P, ,. We now give a uniform
treatment of the two right-hand side inequalities.

THEOREM 7.7. Fort =0, n=r =2, f(t;a) = Py, — Py, is a decreasing function of t for
a<r/(r—1)and Py, — Py, is an increasing function for o > r. In particular, for n = 3,
w; = 1/n, one has

Gz/(n—z)Aszn—3)/(n72) ]\/[22
n,
Hl/(n—Z)

n

(1-1/n) < A2, (7.21)

n

Proof. The first assertion of the theorem follows from Corollary 5.4 and Lemma 2.7. Ap-
ply thisto r = n — 1 so that f'(0;(n—1)/(n—2)) < 0; (7.21) follows from this by a change
of variables x; — 1/x,_i11. O

Note that when 7 > 3 and by the well-known Sierpinski inequality A,H"! < GZ,

Gz/(nfz)A;nfﬁ/(an)

max (G2, A,H,) < (7.22)

Hi/(n—Z)

Hence, (7.21) gives a refinement of the right-hand side inequalities of (7.16) and (7.17).
Our next result generalizes Theorem 1.4 for k = 1.

THEOREM 7.8. For n >r = 1, inequality

Pn+11) (Pn+1r+1)> < (Pnl) (Pnr>>
r+1){In| —— | -In{——— )| =r(In — | —In| =—— 7.23
( )< (Pn+l,1,t Pn+1,r+l,t Pn,l,t Pn,r,t ( )

holds with equality holding if and only if x; = - - - = x,, when r # n and x,.1 = A, when
r=n.

Proof. We use the idea in [8] and we may assume # > r. In this case, (7.23) is equivalent

to
r r+1
( P/ Py, ) < Py, ) - ( Pui1 > (7.24)
P;:i,r#—l,t/P;,r,t Pn>1)t B Pn+1)1>t . .
Using the relation
n—r r+1
P = mpfril + P (7.25)

we can express the first factor on the left-hand side of (7.24) as

(n = )Pk /Pr + (r 4 D
(n— T)P;Trhl,t/P;,r,z +(r+1) (xn+1 + t) ’

(7.26)
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Similarly, by Theorem 7.7 with a = 0,

r+l r+l
(Pn+1,1 ) _ ( P11 (%p41,Ptse s Put) >
Pn+l,1,t Pn+1,l (xn+1 + tapn,l +1,... >Pn,1 + t)
r+1
> ( Pn+1,r+l (xn+lypn,1)-- . >Pn,l) ) (727)
Puiiri t(xnﬂ +4,Pu1+ 6. Pt t)
(n—r)Ppi' + (r+ D)xp1 Py
(n=7)Ppil + (r+ 1) (xpur + ) Py,

Thus our conclusion will follow provided that

(n—r)Pth /P4 (r + DX - (n—1)Pp1+ (r+1)xp41

< . (7.28)
(= 1)Py /Pt (r+ 1) (tner +1) — (n=1)Pype+ (r+1) (ne1 +£)
If x; = - -+ = x,, then equality holds above, otherwise little calculation shows that the
above is equivalent to
Py — P:ﬁil/P —t(n+1) (7.29)

> .
P — +T+1t/Pnrt (n_r)Pn,l,t"'(r"'l)(xnﬂ +t)

In order for the above inequality to hold, it suffices to show that the left-hand side above
> 0 and this last inequality follows by using the method in the proof of Theorem 7.3
combined with the case s = —1 in Corollary 3.3 and Lemma 2.7. O

COROLLARY 7.9. Forn=r =1,

Py 1 P 1
+1 ntlr L > Snr—1 r 14 ) 7.30
(r )<Pr+l An+l =7 Pr, An ( )

n+1,r+1

Proof. It follows from Theorem 7.8 that the function f() = (r + 1)(InA, 41, —InPpyy r41¢)
—r(InA,; —InP,,;)isa decreasing function of t and the conclusion follows from f(0) <
0. O

Our last result is analogous to Theorem 1.4 and the classical Rado inequality.

THaeEOREM 7.10. Forn=>r > 2,
n(Pn,l_Pn,r) = (n_l)(Pnfl,l _Pn—l,rfl) (731)

with equality holding in and only if r = nand x; = Pp_1,4-1(X1,...,Xi—1,Xit1>- .., Xn) for some
l<i<n

Proof. We assume here that x; >0, 1 < i < n, and they satisfy no other relations. Now fix
X1,...,%,—1 and by using (7.25), consider

1/r
f(x4) := n(Pn1 — Pyy) :xn+(n—1)Pn_1,1—n< P; Lt x,,P,Z Lo 1) )
(7.32)
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On setting f'(x,) = 0, we obtain

(1-r)/
n—r r B B
(lpp, 4 tupicd,n) =P (7.33)

From this we solve that

n n—r P,
x, = —P, el T T > 0. (734)
Lot roPi

Since one checks easily that f”(x,) > 0 at the above point, it follows that for any x, > 0,

n n—r P,_
flx) = f(rpnl,rl - ,f1”>

r

n—1,r—1
n n—r Py
=—Py iy 11— — 52—+ n—1)Py_11 —nPy_1,1
r n—1,r—1 (735)

n—r P
(n=1)(Pp-1,1 — Ppo1y1) + (Pn—l,r—l -5 b )
r Pn—l,r—l

> (n— 1)(Pn—1,1 _Pn—l,rfl),

where the last inequality above follows from (7.1) and this proves the assertion of the
lemma. One also checks the conditions for equality easily. O
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