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Let f(z) be an arbitrary entire function and M( f,r) = max; -, | f(z)|. For a polynomial
P(z) of degree n, having no zeros in |z| < k, k = 1, Bidkham and Dewan (1992) proved
maxi, -, |P'(2)| < (n(r +k)""'/(1 + k)") max ;=1 |P(z)| for 1 <r < k. In this paper, we
generalize as well as improve upon the above inequality.

1. Introduction and statement of results

Let P(z) be a polynomial of degree n and M(P,r) = max|,—, |P(z)|, then according to
Bernstein’s inequality
max |P'(z)| <nmax|P(z)]|. (1.1)
lz|=1 lz]=1
The result is best possible and equality in (1.1) is obtained for P(z) = az", « # 0.

If we restrict ourselves to the class of polynomials not vanishing in |z| < 1, then Erdos
conjectured and Lax [4] proved

max |P'(2)] < ggl‘gc |P(2)]. (1.2)

Inequality (1.2) is best possible and the extremal polynomial is P(z) = a + 2" with |a| =

IBI.

As an extension of (1.2), Malik [5] proved the following.

TaeoreM 1.1. If P(z) is a polynomial of degree n which does not vanish in |z| <k, k = 1,
then

/ _n
max |P'(2)| < - max |P(2)]. (1.3)

The result is best possible and equality holds for P(z) = (z+ k)".

Further, as a generalization of (1.3), Bidkham and Dewan [1] proved the following
theorem.
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TueoreM 1.2. If P(z) = >.)_ya,z" is a polynomial of degree n having no zeros in |z| < k,
k=1, then for1 <p <k,

k n—1
%g}g |P(2)]. (1.4)

max | P'(z)| <
lzl=p
The result is best possible and equality in (1.4) holds for P(z) = (z+k)".

In this paper, we obtain the following result which is a generalization as well as an
improvement of Theorem 1.2.

TueoreMm 1.3. If P(z) = >.,_,a,2" is a polynomial of degree n having no zeros in |z| <k,
k=1,thenfor0O<r=<p<k,

max | P'(z) |

lzl=p
_nlp k)" k(k=p)(n]ao| —k|a)n (p—r (ktr\""
(ke {1_(k2+P2)”|ao|+2k2p|a1|<k+p><k+p) X M(P,r).

(1.5)

Remark 1.4. Since it is well known that if P(z) = ZLO a,2", P(z) #0in |z| < k, k > 1,
then |a;|/|ag| < n/k, the above theorem with r = 1 gives a bound that is much better
than obtainable from Theorem 1.2.

If we assume P’(0) = 0 in the above theorem, we get the following result.

CoroLLARY 1.5. IfP(z) = >.)_,a,z" is a polynomial of degree n having no zeros in |z| < k,
k=1and P'(0) =0, thenfor0<r <p <k,

, n(p+k)r! k(k—p)(p—r)n (k+r\"""
Ella:,);|P(z)|s ktry {1— (k2 p?) (kv p) <k+P) }M(P,r). (1.6)

2. Lemmas

We require the following lemmas for the proof of the theorem. The first lemma is due to
Govil et al. [2].

Lemma 2.1. IfP(z) = >.)_,a,z" is a polynomial of degree n having all its zeros in |z| > k >
1, then

, nlao| +k*|a |
PO = e n a2k ar] B PO e

Lemma 2.2. IfP(z) = >_,a,z" is a polynomial of degree n having no zeros in |z| <k, k >0,
thenfor0 <r<p <k,

r+k
pt+k

MP,r) > ( )nM(P,p). (2.2)

There is equality in (2.2) for P(z) = (z+k)".
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The above lemma is due to Jain [3].

Lemma 2.3. If P(z) = 3)_ya,2" is a polynomial of degree n having no zeros in |z| <k,
k=1, thenfor0<r<p<k,

-1

_(ktry” k(k—p)(n|ao| —klai|)n (p—r\[k+r\""
M(P’r)_(k+p) {1_ (k2+p2)n|ao| +2k?p|ay| <k+p><k+p) XM(P.p).
(2.3)

Proof. Since P(z) has no zeros in |z| < k, k = 1, therefore, the polynomial T(z) = P(tz)
where 0 < t < k has no zeros in |z| < k/t, where k/t = 1. Using Lemma 2.1 with the poly-
nomial T'(z), we get

, nlao| +k%*/t* |ta |
max | T'(2)] Sn{(1+k2/t2)n|ao| F20e/0) ] I T@L 28
which implies
, nlaog|t+k*|a|
max | P'(2)| Sn{(t2+k2)n|ao|+2k2t|a1| max | P(@). (2:3)

Now for 0 <7 <p <k and 0 < 0 < 27, we have

| P(pe®) — P(rei) | < Jp P (te®) | dt

r

sjpn{( nlao|t+k|a| }max|P(z)|dt (by (2.5)),

r t2+k2)n|ag| +2k2t|ar| ) 1z1=t
(2.6)
which implies on using inequality (2.2) of Lemma 2.2,
, . P nlao|t+k*|a| (k-l—t)"
0y _ i0
IPlpe”) P(re)|Sjr”{(t2+k2)n|a0|+2k2t|a1| kop) MBI .
7

_ nM(P,r) J”{ nlag|t+k*|ai | }(k+t)ndt
= ( bl

(k+r)m Jp | (2+k2)n|ao| +2k2t|a; |



2644  On the maximum modulus of a polynomial and its derivatives

which gives, for0 <r < p <k,

M(P,p)
[ n P nlag|t+k*|ay| ;
= _1+ (k+r)n J; {(t2+k2)n|a0| +2k2t|ay | (k+ )"t | M(P,r)

[ n(k+p) nlag|p+k*|ai| p .
_1+(k+r)"{(P2+k2)n|ao|+2k2p|a1| L(k”) dt | M(P,r)

IA

(k+P)(7’l|a0|p+k2|a1|) (k+P)(”|ao|p+k2|a1|) ktp\”
= I _{(P2+k2)n\ao|+2k2p|a1|} {(P2+k2)”|ao\+2k2p|a1| }(m) ]M(P,r)

_k(k P nlag| - k|ﬂ1| k(k—p)(nlao| —k|ai]) ) (k+p\"

k+p (nlao| —klai]) <k+r)"
k+r [1 k2+p n|a0|+2k2p|a1| ! k+p M(P,r)

k+p - (nlao| —klai]) " p—r
k+r 2+k2 n|ao| +2k%plar| = (k+p){1—((k+7)/(k+p))}

B

kﬂ " k(k—p)(n|lao| —k|ai|)n (p—7\[(k+r n-1
(k+r> [1_(p2+k2)n|ao|+2k2p|a1| <k+p>(k+p) M(P,r),

IA

(2.8)

from which inequality (2.3) follows. O

3. Proof of theorem

Since the polynomial P(z) = >.,_,a,z" has no zero in |z| < k, where k > 1, therefore, it
follows that F(z) = P(pz) has no zeros in |z| < k/p where k/p = 1. Applying inequality
(1.3) to the polynomial F(z), we get

max |F'(2)] < ax|F(2)|, (3.1)

1+k/pH

which gives

ax |F(z)|. (3.2)

, n
g:lli)l('P (Z)| = p+kr\?\:p

Now if 0 < r < p < k, then applying inequality (2.3) of Lemma 2.3 to (3.2), it follows that
n—1 _ _ _ n—1
max | P'(2)| < n(k+p) 1_k(k p)(n|ag] k|a1|)n(p_r>(ﬂ)
lzl=p (k+r)n (k2+p2)n|ag| +2k2p|ar | \k+p/ \k+p (3.3)

x max | P(z) |,
lz|=r

which is (1.5) and the theorem is proved.
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