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In 2001, Chen and Shao gave the nonuniform estimation of the rate of convergence in
Berry-Esseen theorem for independent random variables via Stein-Chen-Shao method.
The aim of this paper is to obtain a constant in Chen-Shao theorem, where the ran-
dom variables are not necessarily identically distributed and the existence of their third
moments are not assumed. The bound is given in terms of truncated moments and the
constant obtained is 21.44 for most values. We use a technique called Stein’s method, in
particular the Chen-Shao concentration inequality.

1. Introduction and main result

Let X1,X5,..., X, be independent and not necessarily identically distributed random vari-
ables with zero mean and finite variance. Define W = X; + X; + - - - + X}, and assume
that Var(W) = 1. Let F, be the distribution function of W and ® the standard normal
distribution function. It is well known that if the Lindeberg condition,

n
Ve>0, > EX?I(|Xi|>¢e) —0 asn— oo, (1.1)
i=1

where I(A) is an indicator random variable such that

1 if Aistrue,
I(A) = . (1.2)
0 otherwise,

is satisfied, then
VxeR, F,(x)— ®(x) asn— oo, (1.3)

Furthermore, if E| X;|® < oo, then we have the uniform Berry-Esseen theorem

sup | F,(x) — ®(x) | sCOZE|X,~|3, (1.4)

x€R i=1
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and the nonuniform Berry-Esseen theorem

S SEx) (1.5)

a(x) — @(x) | <
() (x)|<(1+|x|) =1

where both Cy and C; are absolute constants.

Note that in case X;’s are identically distributed, (1.4) and (1.5) were first obtained
by Esseen [4] and Nagaev [8], respectively. Bikjalis [1] generalized Nagaev’s result to the
case that X;’s are not necessarily identically distributed random variables. Paditz [9, 10]
calculated C; to be 114.7 and 32 in 1977 and 1989, respectively, and Michel [7] reduced
it to 30.84 for the independent and identically distributed case.

In 2001, Chen and Shao gave nonuniform and uniform bounds for independent and
not necessarily identically distributed random variables without assuming the existence
of third moments. Their result states as follows.

TaEOREM 1.1 (Chen-Shao theorem). Let X1,X>,...,X, be independent random variables
with zero means and > EX? = 1. Let W = X, + X, + - - - + X,, and let F,, be the distribu-
tion function of W. Then,

3
F(x) - 0| <C {EX,-ZI(|X,~|21+|x|)+E|X,~|I(|X,~|<1+|x|)}) (L6)

(1+1x])° (1+1x])°

M

n
|F(x) - ©(x) | <41 {EX2I(|X:| = 1) +E| X '1(] X% | <1)}. (1.7)
i=1
Observe that the constant 4.1 in (1.7) is smaller than 6 as obtained by Feller [5] and it
was pointed out by Loh [6] that the truncation at 1 in (1.7) is optimal in the sense that

EX*I(IX| = 1)+EIXPI(1X|<1) = igf{EXZI(X € A)+EIXPI(X € A%)}.  (1.8)

The standard tool used Esseen [4], Nagaev [8], Bikjalis [1], Paditz [9, 10], and Michel [7]
is the Fourier-analytic method. But Chen and Shao [3] proved (1.6) and (1.7) by com-
bining truncation with Stein’s method [14] and the concentration inequality approach.
The concentration inequality approach was originally used by Stein for independent and
identically distributed random variables. It was extended by Chen [2] to dependent and
nonidentically distributed random variables with arbitrary index sets. In [3], the con-
centration inequality approach is improved and extended to nonuniform bounds. The
improved approach is much more effective than that in [2]. In this paper, we combine
the concentration inequality in [3] with the coupling approach to calculate the constant
Cin (1.6). The followings are our main results.

THEOREM 1.2. Let X1,X),...,X, be independent random variables with zero means and
SPLEX? =1.Let W =X, +X,+ - -+ +X, and let F, be the distribution function of W.
Then

&EXPI(]XG| = 1+ |x/4)) E|xi|31(|xi|<1+|x/4|)}
n -0 <C
| Fa(x) = @(x) | 0121{ REPE + s )

(1.9)



K. Neammanee 1953

where

21.44  if |x| <3 or |x] = 14,
Cop=132 if3<|x| <3.99 0or 7.98 < |x| < 14, (1.10)

60 otherwise.
CoroLLARY 1.3. If X;’s in Theorem 1.1 have finite third moment, then

"E|IX|’
< M, (1.11)

Fo(x)— @
| Fu(x) — ®(x) (L o)

where

| = (1.12)

21.44 if |x] <7.98 or |x| = 14,
32 if7.98 <|x| < 14.

Observe that the bound in Theorem 1.2 is given in terms of truncated moments. It
is worthwhile to note also that truncated moments were considered by Sazonov [13]. In
his work, he gave two main methods for deriving speed of convergence results in the
central limit theorem (CLT), namely, the Fourier-analytic method and the method of
composition which used convolutions directly. These methods are used to derive more
results for random vectors. For nonuniform bound in CLT of random vectors, one can
see, for examples, Rotar [11, 12].

2. Auxiliary results

In this section, we give auxiliary results in order to prove the main theorem in Section 3.
Let X1,X5,...,X,, W, F,, and ® be defined as in Theorem 1.2. In order to use the con-
centration inequality and the coupling approach, we introduce random variables J, Xj,
X5,..., X, defined in the following way. The random variables J, X;,X,..., X, X,
X,..., X, are independent, J uniformly distributed over the set {1,2,...,n}, (X, X)) is
a coupling pair, that is, X; and X; are the same distributions. For a > 0, we also let

Yj,a:XjI(|Xj|<1+a), Yj,a:XjI(|Xj|<l+a),
n
Sa = z Yj,m Su = Sa - Y],a + Y],m
j=1

" n (2.1)
aa= > EX(|X;| =1+a),  Ba=> E|X;|’I(|X;| <1+a),
j=1 j=1

_ 42 ﬂa

0= Trar t Tray

Observe that (Y 4, lN/j,a) is a coupling pair and (S,,S,) is an exchangeable pair in the sense
that

~ ~. ~ o~

P(S,€E, S, €E)=P(S,€E, S, €E) (2.2)
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for arbitrary Borel sets E and E on R. From the fact that (a+ b)" < 2"~1(a" + b") for
a,b > 0, we have

n
E|Y.|’ ZE|XJ-|31(|XJ-| <1+a)=%, (2.3)

:\’—‘

8
E|YV).- Y|’ =

ZE|X;|31<|XJ|<1+a>=87’3“. (2.4

In proposition 2.1, we use the coupling approach to bound ES? and ES} which are used
in the proof of the concentration inequality.

ProposiTION 2.1. (1) ESS, = (1 — 1/n)S, + (1/n)ES,, where EXY is the conditional expec-
tation of Y with respect to X.
(2) ES2 < 1+ (ap/(1+a))>
(3) |ESal®> <12, +3(as/(1 +a)) (aa/(1+a))’.
(4) ESE < 53(1 + a)Ba + 30Ba(aa/(1 + a)) + 6(aa/(1 + a))? + (aa/(1 + a))* + 6B, +
60, + 3.
5) If (1+a)*a,+ (1 +a)B. < 1/80 and a > 3, then ES2 <1+ (3.8 x 1078) and ES} <

3.69.
(6) If (1+a)*a;+ (1+a)B, = 1/80 and a > 14, then ESi/a* < 3914,.

Proof. (1)

ES“ gu = ES“ (Sa - Y]’a + Y],a)
=S, —E%Y;,+E%Y),

1< ESa Sey
;Z Yjat— ZE ja
J= (2.5)
B} _15 ;iw
= a 7’1121 ey = j.a
(1——)8 + —ES,.
(2) Let h: R? — R be defined by
h(t,t) = 7 -t~ (2.6)

Since h is antisymmetric in the sense that h(f,t) = —h(t,f) and (S,,S,) is an exchangeable
pair, by Stein [15, equation (9), page 10],

E(S? - $%) = Eh(S,,S,) = 0. (2.7)
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From this fact and (1), we have

0=E(S;—S:)(S.+S,)
= 2E(Sy = S4)Sa +E(S, = S.)°

— 2E(E%S, — 5,)Sa+ E(S, — S,)° 2.8)

2 ~ 2
= —ZES2+E(S, - Sa)” + ZES,,
n n
which implies that
(Yl,a - Yl,a)z +Ezsa

ES? =

{Ex2 (|1Xj]| <1+a) —E’X;I(|X;| <1+a)}+ES,

M= WM= Nl:

(2.9)
EX?I(|X;| <1+a)+E*S,
]:1
2
<1+ (i> ,
1+a
where we have used the fact that Z;’ZI EX ]2 =1and
n n o
|ES,| = z I(|X;]| <1+a) Z I(|X;| = 1+a) Sl-:tl (2.10)
in the last inequality.
(3) By the same argument of (2), with h(£,t) = (f — t)(£ + £2),
ES? = gE(Sa — 84) (82 — S2) + ES,ES?
gE(Sa — 84)%(Sa+Sa) + ES,ES?
no - o . (2.11)
= EE(Y],,I — Y],u) [(Y],a — Y])a) +28u] +ESaESa
n_, - -
= JE(Ypa- Yj.a)® +nE(Y)a — Y7.a) Sa+ ES.ES2.
Hence,
n_ - _
|ES;| < 2E1 V10 = Y4 ’ +”‘E(Y],a ~ Y14)’Sa
(2.12)

< 4[3a+n’E(f’],a - Y],a)ZSa

a a
(i) (5)
1+a 1+a
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where we have used (2.4), (2.10), and (2) in the last inequality. Note that

B ) 1 n _ 2 n
(V= Y10)"Sa| = | S E(Yj0— Y3)* 3 Vi
j=1 I=1
1< - 2 12 -
S| =D E(Yja—Yja) Yia|+ | = D E(Yja—Yja) D EYi,
o o !
1 n
SZZ a—Yia) |Y]a|+ ZE ja — |ES, |
: ] 1
1< .
+;2E(Y1a Yia) E|Ya]

%i Vial 7(10—6:a)
n <1+a>

Hence, by (2.12) and (2.13), |ES3| < 12, +3(aa/(1 +a)) + (aa/(1+a))>.
(4) Using the same argument of (2), with h(£,t) = (£ — t)(£ + £*), we have

(2.13)

ES* = ZE(S, - 84) (S — 83) + ES,ES?
= DE(Sa—S4)"[(Sa— Sa)” +38,84] + ES,ES?
= ZE(V1a-Y50)'+ 37745(1%: ~Y7.0) (S2+ (V)0 — Yy.a) Sa) + ES.ES]
<n(1+a)E| V)4 - Y.l +—E(Y,a—Y,a) Sz (2.14)
+3n(1+a)E| (V)4 — Y).0) Sa| +ES.ES?

2 4
s32(1+a)/5a+6oca+12ﬁa(lojr“a> +3(10;“a> +<10:L“a>
3n
+7 ZE(Va - Y]a) S2,

where we have used (2.4), (2.10), (2.13), and (3) in the last inequality. From (2.14) and
the fact that

E(Y],a - Y],a)zsi
2

n B 2 n
Z Via—Yja) Z Yia | +2 2 E(Yja=Yja) YjaE | X Yia
j=1 I=

l%] l%}

:I»—‘

)
M-
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14 -
+;ZE(Y]-,“ Yia) 'Y,
j=1
2
2 < 8 < u 4(1+a) <
<28 erp| S| o8 S e | S| A0 S gy
j=1 j= j=1

=1 I=
l%] ! l%}
2 ¢ 2 ¢
<= D EY}ES;— zEY%aESan,a + > EY}EY},
j=1

4(1+a)

8 n

- | u| |ES |+ ZE| a|3|EY',u|+
X ,
j=1 =

S%+%(1+a> ZE| |\/§ 85(1(1;(1) 14(1:‘1)ﬁa
) 2 )

n 1+a 1+a n

Ba

>

(2.15)

we have

2 4
4 Hg 47 4%
ESa553(1+a)ﬂa+30ﬁa<1+a)+6(1+a) +(1+a> +6Bat6a,+3.  (2.16)

(5) Follows directly from (2) and (4).
(6)

ES: 53(1+a 30/3a< a ) 6( A )2
<= + +—=—=
at a3< a )ﬁa at \1+a A \1+a
+i< i )4 6/3“+60‘“ =
4\1+a at  at a4
_ 70.697B, 0.035a, 3.997 (2.17)
T (1+a)P  (14a)? (1+a)
_ 70.697B, _ 0.035a,
T (14+a))  (1+a)?
<3914,

+319.76a,

where we have used the fact that a > 14, a, < 1, and (1 +a)/a < 1.072 in the second
inequality and the fact that (1 +a)?a, + (1 +a)B, > 1/80 in the last inequality. O

Next, we will prove the concentration inequality.

ProPoSITION 2.2 (concentration inequality). Let i € {1,2,...,n} and W = W — X,.
Then for3 <a<b< o and (1+a)’a,+(1+a)p, < 1/80,

40.98
(1+a)?

Plasw® <b) < (b — a) +46.386,. (2.18)
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Proof. LetS;, =S, — Y;,. We observe that W) = S, , when maxi<j<u;+i|X;| <1+a.So

PlasW®¥<b) <P(a<Si,<b)+P| max |X;| = 1+a

1;1;” (2.19)
<P(a<S,<b)+ a i“a)2.
Let y = fs/2 and f : R — R defined by
0 fort<a-y,
f)=1Q+t+y)P(t—a+y) fora—y<t<b+y, (2.20)

(1+t+y)’(b—a+2y) fort>b+y.

So f is a nondecreasing function satisfying f'(¢) > (1+a)’ fora—y<t<b+y, and
f'(t) = 0 otherwise. Let M (w,t) = w[I(—w <t <0) —I(0 <t < —w)]. Hence,

Eszaf za ZEY]a za _f(Si,a_ Yj,a))

j%i
- zEY,a Y}ﬂf (Sig+t)dt
J%z
- ZIEYj,aHRf'(si,ﬁt) [I(-Yj.<t<0)—I(0<t< —Yj,a)]dt}
i
i
_ ﬁ;E{JRf’(S,»,a+t)M( i)t} (2.01)
iz
j#i
> (1+a)3§:1E5LI(as Sia <b) \tISyM( [ )dt}
j#i

=(1+a)’E{I(a<S;,<b) Z |Yja| min(y,|Yja|)

j=1
j#i

>0.46(1+a)’{P(a<S;, <b)—P(U;<0.46)},
where U; = Z;‘:l#i |Yjal min(y,|Yj.|) and we have used the fact that

I(t1Swﬁtﬁch(I(tlswstz)—( —%)I(ysa)) (2.22)
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for t1,t5, ¥ = 0, ¢ > 0 in the last inequality. Hence,

1
P(a < S,‘,a < b) < mESi,af(Si,a) +P(Ui < 046) (223)

Next, we will bound the two terms on the right-hand side of (2.23). By the same argument
as that in Proposition 2.1, we can show that ES}, < 3.69 and ES}, < 1+ (3.8 x 1078). So

E|Siaf(Sia) | < (b—a+2y)E|Sial| |Sia+(1+y) |’
<4(b—a+pfa)(ES,+1+yPE[Sial])

(2.24)

s4(b—a+ﬁu)(ES§fa+ '1+%
<18.85(b—a+pa.).
By the facts that min(a,b) > b — b*/4a for a,b > 0,

EXI(|X;| <1+a) < (B.)”” <0.021,

1 (2.25)

<——— <78x107* fora=3,
= 80(1+a) ore

we have

EU;= Y E|Y;q| min(y, | Yjal)

i=1

i

n E|Y;.|
2 )@

=3 (mr- S0

-

4i

-
-

>

{EXJzI(|X].|<1+a)—EXjZI(|Xj|Zlﬂl)}_ﬁ (2.26)

2.
2.

n
j=1

{EX;I(|Xj| <1+a) -E*X;I(]|X;| = 1+a)} - 0.5

-
—_

-

n
= 1-EX?I(|X;| <1+a) -2 EX;I(|X;| = 1+a) - 0.5
j=1

>1—(Ba)? —2a,-0.5
> 0.477.

Using the same argument as in Proposition 2.1(5), we can show that

4 7 B
E|Ui—EU;|" <3.69y* = 0.231B% < 4.512x 10 7@. (2.27)
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Hence,

P(U; <0.46) < P(EU; — U; > 0.477 — 0.46)
= P(EU; - U; =2 0.017)
4
- E|U; - EU;| (2.28)
(0.017)4

_ 54028,
~ (1+a)?

From (2.19), (2.23), (2.24), and (2.28),

i 40.978 5.402f3 o
(i) _ a a
Pla<wW%<b) < (1+a)3(b a+ﬁ“)+(1+a)3 1+a) 020)
40.98(b —a) '
ey 46365
(]
ProrosiTioN 2.3. Forx > 2,
Elf(W)] = 22 (2.30)
x T (1+x)?
where f, is the unique solution of the Stein equation
f(w)—wf(w) =I(w < x) —D(x). (2.31)

Proof. From Stein [15, pages 22 and 24], we know that

0< fi(w)<1-®(x) forw =0,
0< fl(x) <1—0x)[1+V2nwe " d(x)] for0<w <x, (2.32)
| fiw)| <1 VweR.

Hence,
E|f{(W)] =E|fx’(W)II(Ws0)+E1f,:(W)|I(0< W< 454‘)
, 4x
+E|fx(W)|I<W>?>

< (1= D) P(W < 0)+ (1 - D(x))E(1 + mWeWZ”)I(o <W =< 4—")

5
E(1+W?)
t——
(1+ (4x/5))
42T oo 2
<(1-0x) +(1-dk) (1 4 Qxe’”‘ /25> T @)’

(2.33)
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Since
ef(l/z)x2

1-d(x) < N

(see Stein [15, equation (25), page 23]) and e*/2 > x for x > 2, we have

for x > 0, (2.34)

1 /1 2
(1= D(x)(14x)? < J_ - (1+x)? —J—_( +1) <09, (2.35)

which implies that

0.9
1-O(x) < (2.36)
(1+x)?
From (2.34) and the fact that ¢%*'/50 > 9x2/50, we derive
V27 (1 = D(x)) (1 4+ x) 23725 < 79/50(] 4 x)?
2
9 \x
<12.5,
that is,
4 8x%/25 10
s (1-D(x))xe < T+ (2.38)
From (2.33), (2.36), (2.38), and the fact that (1 +x)/(1 4+ 4x/5) < 5/4, we have proved the
proposition. U
PROPOSITION 2.4. Let x > 14 and g : R — R defined by g(w) = (wfe(w))". If (1 +x)?at, +

(1+x)Bx < 1/80, then for |ul < 1+x/4,

4.60

< m +5.138,/4(1 +x). (2.39)

Eg(W9 +u) <
Proof. From Chen and Shao [3, pages 248-249], we know that
glx—1) = [V2r(1+ (x = 1)*) e V2D (x — 1) + (x — 1)] (1 — D(x)), (2.40)

g is increasing for 0 < w < x, and

Eg(W® +u) < 2x3 +2(1-®(x)) +g(x—1)+Eg(WD + ) (x -1 < WD +u < x).
(2.41)
For x > 14, elementary calculation yields
3
A2 103 (2.42)

1+x3
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and e*"/2 > (1/3!)(x%/2)> = 800x2. Using similar argument as that in deriving (2.36), we
have

0.0006
l—(D()_(1+ 8 (2.43)
By (2.40) and (2.34),
glx—1) < V2m(1+ (x = 1)2) " D72(1 = d(x)) +x(1 — D(x))
= (x o %) e e (2.44)
- 0.056
T (1+x)¥’

where we have used the fact that f(x) = {(x —2+2/x)e 2 + (1/y/2m)e" V¥ }(1 + x)?
is decreasing on [14, o) in the last inequality. So, by (2.41), (2.42), (2.43), and (2.44),

Eg(W +u) < (fff) FEg(W + ) (x— 1< WO u<x)
= (fii:)?’ +J —g(w)dP(w < W9 +u < x)
x—1
_ (f:; +gx—DP(x—1< WD +u<x) (2.45)

X

+ gwWPw< W +u<x)dw

x—1
2.573
T (1+4x)3

. 40.98
+ J’Hg (w) [m(x -w) +46.385W_u]dw,

where the last inequality follows from Proposition 2.2, (2.44), and the fact that

w—uz(x—l)—(l+1—c)23?xz3 for [ul <1+, (2.46)

Since 6, is decreasing in x, g is nonnegative and increasing on [0,x), and |g(x)| < 1+ |x|,
(2.45) can then be bounded by

Eg (WO +1) < (f if‘) +(1f—(;z§5)3 J:_lg’(w)(x—w)dw+46.3853x/5g(x)
= (5513)3 T i%zfsﬁ J:—l(x_ w)dg(w) +46.38(1 +2)0505
- (fif)s o ngsp Jl g(w)dw +46.38(1 +X)8ss (2.47)
:(ff?)s*(lf;zfs (x fu(x)) +46.38(1 + )85

4.60

< m + 5138x/4(1 +X),
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where we have applied the fact that |x f,(x)| < 1, (1 +x/4)/(1+x) < 0.30, (1 +x/4)/(1 +
3x/5) < 0.48, and 83,5 < (1 +x/4)3/(1+3x/5)38x/4 < 0.11168,/4 for x > 14 in the last in-
equality. O

We are now ready to prove our main results.

3. Proof of main results

3.1. Proof of Theorem 1.2. It suffices to consider only x > 0 as we can simply apply the
result to — W when x < 0.

Case 3.1 (0 <x <3). By (1.7) and (1.8),

n 2 4 4 3 '
21.442[EXJ(|Xz| 21+x/4) | E|X|'T(X| <31+x/4)]
i=1 (1+x/4) (l+x/4)

n

¥ [exir(lx) =13 epiln (1] <143 )

i=1

\%

(3.1)

413 [EXZI(|1X:| = 1) +E[X:1(1 X <1)]

Case 3.2 (x > 14).

Subcase 3.3 ((1+x)%ax + (1 + x)Bx = 1/80). Using similar argument as that in showing
(2.36), we see that 1 — ®(x) < 0.009/(1 +x)*. This inequality, together with inequality
(1+x)%0x + (14 x)Bx = 1/80, gives 1 — @(x) < 0.738,, which in turn implies that

|F(x) = ®(x)| <P(W =x)+(1-D(x))

2
< P(W = x)+0.7380. (3.2)

Using the same argument as in (2.19), we have

Xx

P(W2x) <P(S:z2)+

< E—%+L (which by Proposition 2.1(6))
= T ex2 ¥ Frop : (3.3)

(44
<3916, + X
7 (14x)2

< 3920,.
From (3.2), (3.3), and the fact that 8, < ((1+x/4)/(1+x))38./4 < 0.058,/4, we have

| F(x) — ®(x) | <20.268,. (3.4)
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Subcase 3.4 ((1 + x)%ay + (1 + x)Bx < 1/80). Let K;a(t)
I(Yixa <t <0)}. From Chen and Shao [3, pages 250-251], we set

= EYiull(0 <t < Yiuu)

F(x) —®(x) =Ry + Ry +R3+Ry, (3.5)
where
=3 . X WD X — £ (WD .
;E{I(|X,|<1+4>J|t|<l+x/4(fx(w +X;) - fl(W +t))K,,x/4(t)dt},
S Js14% (WD ) — (WD
Re=SE(IX] = g) [ ROV ) VO s ) Kiesto
Rs = a s Ef (W)
E3XI( X = 1+> ) (f(W) -
; fxia(1x] = 1+5) (ron) - v
(3.6)
and observe that |R;| < Ry + Ry, where
n X
- : x . ’ (i)
Ry —i; E{I(|X,| <1+4>J‘t‘51+x/4K,,x/4(t)J; Eg(W +u)dudt} ,
(3.7)

P(x —max (,X;) < W <x

& x
Ry = E{I( Xl < 1+7)J
12 ; | l| 4 [t <1+x/4

—min (¢,X;) IXi)Ki,x/4(t)dt}.

By the fact that | f/(s) — f/(¢)| < 1 for all x,s,t € R (see Chen and Shao [3, page 246]),

we have
Re| =3P (11 =1+5)

Si |X| >1+X/4) (3.8)
= (1+x/4)2

_ Xx/4
(1+x/4)?

and by Proposition 2.3,
15ay/4 < 1504 (3.9)

[Rs| = au |[EfL(W)] < (1+x)2 = (1+x/4)%
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Since 0 < f,(w) < min(v/271/4,1/|x|) for all x >0 (see Chen and Shao [3, equation (4.6)
page 246]),

Re| SZE|X,-|I(|Xi| > 1+x/4)
i=1

x
I(|X:] = 1+x/4)
(1+x/4)x (3.10)
O
T (1+x/4)x
Qx/4
= (L +x/d)?
Hence,
176¥x/4
Ry+R3+Ry| < 311
|[Ro+Rs+Ry| < A +x/a)? ( )
By Proposition 2.4, we have
4.60 5 n s
Ry <2 (15 /47 +5.13(1 +x)0x/a ;E|Yi,x/4|
9.2,
< ﬁ + 1026(1 +X)6x/4ﬂx/4 (312)
o 2P

< Taway T 012800

where we have used the fact that (1 +x)f,/4 < (1+x), < 1/80 in the last inequality.
By Proposition 2.2 and the fact that

X 3x
x—max (£, X;) = x— (H—Z) =

2
—12?’“ for [t| <1+%, (3.13)
we have
n
X 40.98
Ry | =< E{I( X; S1+—)J —————(|t|+ | X;|) +46.388 Kix dt}
| Rz | IZZI | Xi| 1) ) crien \ (T20/3)3 (It1+1X:]) 2273 | Kipa(t)
81.96
< mﬁX/4 +46.3852X/3
X,
6.982

< mﬁxﬂl + 3.9428x/4,
X,

(3.14)

where we have used the fact that (1 +x/4)/(1 + 2x/3) < 0.44 and 8.3 < (1+x/4)%/(1
+2x/3)38y/4 < 0.0858,/4 for x > 14 in the last inequality.
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Hence, by (3.5), (3.11), (3.12), and (3.14),
|F(x) = ®(x)| < |Ry +Ry+Rs+Ry| < 20.268,. (3.15)

For the case when 3 < x < 14, we can use the same arguments as in Case 3.1 and Case 3.2.

3.2. Proof of Corollary 1.3. From van Beek [16], we know that

| F(x) — D(x)| s0.7975iE|Xi|3. (3.16)
i=1

Using the same technique in proving Case 3.1 of Theorem 1.2, we see that

| F(x) — ®(x)| s21.44iE|Xi|3 (3.17)
i=1

for 0 < x < 7.98. For x > 7.98, we use Theorem 1.1 and the fact that

E|Xi|’

EX?I(|X;| = 1+ |x/4]) +E|Xi|3l(|Xi| < 1+ |x/4])
(1+|x/4])*

(1+|x/4]) (1+|x/4])°

<

(3.18)

4. Remark

In the proof of Theorem 1.1, we assume that x > g, where a = 14. It is not necessary to
assume that a = 14. If a > 14 is used, the constant will be sharper.
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