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$-open sets were introduced and studied by Jankovi¢ and Hamlett (1990) to generalize the
well-known Banach category theorem. Quasi-$-openness was introduced and studied by Abd
El-Monsef et al. (2000). These are x-dense-in-itself sets of the ideal spaces. In this note, prop-
erties of these sets are further investigated and characterizations of these sets are given.
Also, their relation with $-dense sets and $-locally closed sets is discussed. Characteriza-
tions of completely codense ideals are given in terms of semi-preopen sets.

2000 Mathematics Subject Classification: 54A05, 54A10.

1. Introduction and preliminaries. The subject of ideals in topological spaces has
been studied by Kuratowski [12] and Vaidyanathaswamy [20]. An ideal $ on a topo-
logical space (X,T) is a collection of subsets of X which satisfies that (i) A € $ and
B C A implies B € $ and (ii)) A € $ and B € $ implies AU B € $. Given a topological
space (X,T) with an ideal $ on X and if p(X) is the set of all subsets of X, a set op-
erator (-)* : p(X) — p(X), called a local function [12] of A with respect to $ and T,
is defined as follows: for A ¢ X, A*($,T) = {x €e X |UNnA & 9 forevery U € T(x)},
where T(x) = {U € T | x € U}. We will make use of the basic facts concerning the lo-
cal functions [10, Theorem 2.3] without mentioning it explicitly. A Kuratowski closure
operator cl*(-) for a topology T*($,T), called the x-topology, finer than T, is defined
by cl*(A) = AUA*($,T) [19]. When there is no chance for confusion, we will simply
write A* for A*($,T) and T* or T* (%) for T*(¥,1).If $ is an ideal on X, then (X, T,%)
is called an ideal space. By a space, we always mean a topological space (X,T) with no
separation properties assumed. If A C X, cl(A) and int(A) will denote the closure and
interior of A in (X, T), respectively, and c1*(A) and int* (A) will denote the closure and
interior of A in (X, T*), respectively. A subset A of a space (X, T) is semiopen [13] if
there exists an open set G such that G C A C cl(G) or, equivalently, A C cl(int(A)). The
complement of a semiopen set is semiclosed. The smallest semiclosed set containing
A is called the semiclosure of A and is denoted by scl(A). Also, scl(A) = Auint(cl(A))
[4, Theorem 1.5(a)]. The largest semiopen set contained in A is called the semi-interior
of A and is denoted by sint(A). A subset A of a space (X,T) is an «-set [15] if A C
int(cl(int(A))). The family of all x-sets in (X,T) is denoted by T7%. T is a topology
on X which is finer than 1. The complement of an «-set is called an «-closed set.
The closure and interior of A in (X,T%) are denoted by cly(A) and inty(A), respec-
tively. If N is the ideal of all nowhere dense subsets in (X, T), then T*(N,T) = T* and
cla(A) = AUA*(N) [10]. An open subset A of a space (X, T) is said to be regular open
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if A =int(cl(A)). The complement of a regular open set is regular closed. A subset A
of a space (X, T) is said to be preopen [14] if A C int(cl(A)). The family of all preopen
sets is denoted by PO(X, 1) or simply PO(X). The largest preopen set contained in A is
called the preinterior of A and is denoted by pint(A) and pint(A) = Anint(cl(A)) [4]. A
is preopen if and only if there is a regular open set G such that A ¢ G and cl(A) = cl(G)
[7, Proposition 2.1]. A subset A of a space (X, T) is semi-preopen [4] if there exists a
preopen set G such that G ¢ A C cl(G). The family of all semi-preopen sets in (X, T)
is denoted by SPO(X,T) or simply SPO(X). The complement of a semi-preopen set is
called semi-preclosed. The largest semi-preopen set contained in A is called the semi-
preinterior of A and is denoted by spint(A). Also, spint(A) = A ncl(int(cl(A))) for
every A of X [4]. Given a space (X, T) and ideals $ and J on X, the extension of $ via J
[11], denoted by $ * g, is the ideal given by $%x 3 = {A C X | A*(¥) € J}. In particular,
$*xN={ACX|int(A*($)) = ¢} is an ideal containing both $ and N and % x N is
usually denoted by $. The following lemmas will be useful in the sequel.

LEMMA 1.1. Let (X,T,%) be an ideal space and A C X. If A C A*, then
(@) A* = cl(A) = cl*(A),
(b) A*($) = A*(N).

PROOEF. Clearly, for every subset A of X, c1*(A) C cl(A). Let x ¢ c1*(A). Then there
exists a T*-open set G containing x such that GN A = ¢. There exists Vet and I € $
suchthatx e V-ICG.GNA=¢p=>(V-I)NnA=¢p=>(VNA)-I=¢p=>((VNnA)-I)* =
b=>VnA*—I*=¢d=>(VnNnA*=¢p=>VnA*=¢ =>VnNA = ¢. Since V is an
open set containing x, x ¢ cl(A) and so cl(A) c c1*(A). Hence cl(A) = cI*(A). Since
A C A* Ccl(A), cl(A) = A*. This proves (a).

(b) By [11, Theorem 3.2], A*($) = cl(int(A*)) and so by (a), A*($) = cl(int(cl(A))) =
A*(N). O

LEMMA 1.2. Let (X,T) be a space and A C X. If A is semiopen, then cl(A) = cly(A)
and if A is semiclosed, then int(A) = inty(A) [18, Lemma 2.1].

LEMMA 1.3. If (X, T,9%) is an ideal space, then the following are equivalent.
(a) For every A T, A C A*.
(b) For every A € SO(X,T), A C A*.

PROOF. Since T C SO(X,T), it is enough to prove that (a)=(b). Suppose A &
SO(X,T). Then there exists an open set H such that H C A C cl(H). Since H is open,
H c H* and so, by Lemma 1.1, AC cl(H) = H* C A*. Hence A C A*. O

2. Completely codense ideal. An ideal $ on a space (X, T) is said to be codense [6]
if Tn$ = {¢} or, equivalently, X = X* [10]. $ is said to be completely codense [6] if
PO(X) N9 = {¢} or, equivalently, $ C N [6, Theorem 4.13]. Every completely codense
ideal is codense. The converse implication is not true, since in R, the set of all real
numbers with the usual topology, the ideal %6 of all countable subsets is codense but
not completely codense [6]. The following theorem characterizes completely codense
ideals.
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THEOREM 2.1. Let (X,T,$) be an ideal space. Then the following are equivalent.
(a) $ is completely codense.

(b) SPO(X)N ¥ = {¢p}.

(c) A C A* for every A € SPO(X).

(d) spint(A) = ¢ for every A € 9.

PROOF. (a)=(b). Suppose A € SPO(X)n¥. A€ $=> A e N and so int(cl(A)) = ¢.
A € SPO(X) = A C cl(int(cl(A))) = A = ¢. Therefore, SPO(X)N$ = {¢p}.

(b)=(c). Suppose A € SPO(X) and x & A*. Then there exists an open set G containing
x such that GNA € $. Since A € SPO(X), GNA € SPO(X), by [4, Theorem 2.7] and so
by hypothesis, G N A = ¢ which implies that x & A.

(c)=(d).Let A € $ such that spint(A) # ¢. Then there exists anonempty semi-preopen
set G suchthat G ¢ Aand so G* C A* = ¢. Since G C G*, G = ¢ whichis a contradiction.
Therefore, spint(A) = ¢.

(d)=(a). Let A € PO(X)n$. Then A € PO(X) = A C int(cl(A)) C cl(int(cl(A))). A €
$ = spint(A) = ¢ > Ancl(int(cl(A))) =d => A = ¢. 0

COROLLARY 2.2. Let (X, T,9%) be an ideal space with a completely codense ideal $.

(@) If A € SPO(X), then A*($) is regular closed, A*(9) = A*(N), and cl(A) = c1*(A)
=cly(A).

(b) If A is semi-preclosed, then int(A) = int* (A) = inty (A).

PROOF. (a) If A € SPO(X), by Theorem 2.1(c), A C A* C cl(A) and so A* = cl(A)
which implies that A* is regular closed, since the closure of a semi-preopen set is regular
closed [4, Theorem 2.4]. Therefore, A* = cl(int(A*)) = cl(int(cl(A))) = A*(N). cl(A) =
cl*(A) by Theorem 2.1(c) and Lemma 1.1. Also, c1*(A) = AU A*($) = AUA*(N) =
cly(A). This proves (a).

(b) The proof follows from (a). 0

3. J-open sets. A subset A of an ideal space (X, T,%) is T*-closed [10] (resp., *x-dense
in itself [9], x-perfect [9]) if A* C A (resp., A C A*, A = A*). Clearly, A is x-perfect if
and only if A is T*-closed and *-dense in itself. The following Theorem 3.1 is useful in
the sequel.

THEOREM 3.1. Let (X, T,%) be an ideal space and let U and A be subsets of X such
that Ac U Cc A*. Then U is x-dense in itself, and U* and A* are x-perfect.

PROOF. A C U C A* implies that U* = A* and so U is *x-dense in itself. Since (A*)* C
A*, A C A* implies that A* is *- perfect and so U* is x-perfect. 0

A subset A of an ideal space (X, 1,%) is $-locally closed, [5] if A =GNV, where G is
open and V is x-perfect. Clearly, every x-perfect set is $-locally closed. The following
theorem gives a characterization of $-locally closed sets.

THEOREM 3.2. Let (X,T,9%) be an ideal space. A subset A of X is $-locally closed if
and only if A = GnA* for some open set G.
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PROOF. Suppose A is $-locally closed. Then A = G NV where G is open and V is
x-perfect. Now A* = (GNV)* DGNV* =GNV = A. Also, A C V implies that A* C
V* = V. Therefore, GNA* =GN (A*NV) = (GNV)NnA* = AnA* = A. Conversely, if
A =GnA* where G is open, then A C A* and so by Theorem 3.1, A* is x-perfect and
so A is $-locally closed. O

The following corollary follows from [10, Theorems 2.1 and 2.2 and Theorem 6.1(d)].

COROLLARY 3.3. Let (X,T,%) be an ideal space.

(a) Every $-locally closed set is *x-dense in itself.

(b) Every open, *-dense-in-itself subset of X is $-locally closed.
(c) If 9 is codense, then every open set is $-locally closed.

A subset A of an ideal space (X,T,%) is $-open [11] if A C int(A*). The family of
all $-open sets is denoted by I0O(X,T,%), IO(X,T), or IO(X). The complement of an
$-open set is said to be $-closed. The largest $-open set contained in A is called the
J-interior of A and is denoted by Iint(A) and Iint(A) = Anint(A*) [11, Theorem 4.1(3)].
The following theorem gives some properties of $-open sets.

THEOREM 3.4. If A is an $-open subset of an ideal space (X, T,$), then
(a) A is x-dense in itself,

(b) A* =cl(A) = cl*(A) and cl(A) and A* are regular closed,

(c) A* is x-perfect and $-locally closed,

(d) int(A*) is x-dense in itself and $-locally closed,

() cl(int(A*)) = A*($) is x-dense in itself,

(f) A* = (int(A*))* = (cl(int(A*)))* = (A*($))*(9),

(g) (int(A*))* and (cl(int(A*)))* are $-locally closed,

(h) int(A*) is $-open.

PROOF. (a) follows from the definition. (b) follows from (a), Lemma 1.1, and the
fact that every $-open set is preopen [1] and the closure of a preopen set is regular
closed [7, Proposition 2.1(ii)]. (c) follows from Theorem 3.1 and from the fact that every
x-perfect set is $-locally closed. (d) follows from Theorem 3.1 and Corollary 3.3(b). (e)
cl(int(A*)) = A*($) by [11, Theorem 3.2] and since A C int(A*) c cl(int(A*)) c A*, by
Theorem 3.1, cl(int(A*)) is *-dense in itself. (f) From the inequality in the proof of (e),
we have A* = (int(A*))* = (cl(int(A*)))*. Each is equal to (A*($))*($) by (e). (g) and
(h) follow from (c) and (f), respectively. O

THEOREM 3.5. Let (X, T,%) be an ideal space. If A is $-open and V is semiopen, then
(a) VN A is x-dense in itself,

(b) (VN A)* is x-perfect and $-locally closed,

(c) (V)N A is x-dense in itself,

(d) (cl(V)nA)* is x-perfect and $-locally closed.

PROOF. Since VNA Ccl(V)NnAcC (VnA)* by [1, Theorem 2.10], VN A is x-dense in
itself and by Theorem 3.1, c1(V) N A is x-dense in itself and so by Theorem 3.1, (VN A)*
and (cl(V)nA)* are x-perfect and so are $-locally closed. 0O
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The following theorem shows that (X,T) and (X,T%) have the same collection of
$-open sets.

THEOREM 3.6. If (X,T,9%) is an ideal space, then10(X,T,%) =10(X,T%,9).

PROOF. A € I0(X,T)ifand onlyif A C int(A*) if and only if A C inty(A*), by
Lemma 1.2 if and only if A € IO(X, T%). O

COROLLARY 3.7. If (X, T,%) is an ideal space where $ is completely codense, then
I0(X,T) =10(X,T*) =10(X,T%).

PROOF. Follows from Corollary 2.2(b). O

The following theorem and corollary are generalizations of [1, Theorem 2.6(iii) and
Corollary 2.1(ii)], respectively.

THEOREM 3.8. Let (X, T,%) be an ideal space. If A € 10(X) and B € T, then AnNB €
10(X).

PROOF. A€lO(X,T)=> A €lO(X,T%) and soby|[1, Theorem 2.6(i)], AnB € IO(X,T%)
which implies that AnB € 10(X, 1). O

COROLLARY 3.9. Let (X,T,%) be anideal space. If A is $-closed and B is «x-closed, then
AUB is $-closed.

Every $-open set is preopen but the converse need not be true [1, Example 2.3]. The
following theorem characterizes $-open sets in terms of preopen sets.

THEOREM 3.10. Let (X,T,9%) be an ideal space and A C X. Then the following are
equivalent.

(a) A is $-open.

(b) A Cc A* and scl(A) =int(cl(A)).

(c) AC A* and A is preopen.

PROOF. A €10(X) if and only if A ¢ A* and A C int(A*) if and only if A ¢ A* and
A cint(cl(A)), since cl(A) = A* if and only if A ¢ A* and Auint(cl(A)) =int(cl(A)) if
and only if A ¢ A* and scl(A) = int(cl(A)). Therefore, (a) and (b) are equivalent. It is
clear that (a) and (c) are equivalent. |

COROLLARY 3.11. Let (X, T,9%) be an ideal space and A C X.
(a) If A is semiclosed and $-open, then A is regular open.

(b) If A is semiopen and $-closed, then A is regular closed.

(c) If A is $-open, then sint(scl(A)) = int(scl(A)) = int(cl(A)).

For subsets of any ideal space (X, T,$), openness and $-openness are independent
concepts [1, Examples 2.1 and 2.2]. The following Theorem 3.12 shows that the two
concepts coincide for x-perfect sets. Corollary 3.13 follows from the fact that every
T*-closed, $-open set is *x-perfect.

THEOREM 3.12. Let (X, T,9%) be an ideal space and A C X.
(a) If A is x-dense in itself, then lint(A*) = int(A*).
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(b) If A is x-perfect, thenlint(A) = int(A) and so, for x-perfect sets, the concepts open
and $-open coincide.

PROOF. Since A is x-dense initself, A* is x-perfect, by Theorem 3.1. Now [int(A*) =
A*Nint((A*)*) = A* nint(A*) = int(A*). This proves (a). (b) follows from (a). 0

COROLLARY 3.13. Let (X,T,%) be an ideal space and A C X. If A is T*-closed and
$-open, then A is open.

In [17, Remark 4], it was stated that ¢ is codense if and only if T ¢ IO(X). The fol-
lowing Theorem 3.14(a) follows from the above result. Theorem 3.14(b) follows from
Theorem 3.6 and the fact that SO(X)n$ = {¢} if and only if Tn$ = {¢p}. Theorem 3.15
is a characterization of completely codense ideals.

THEOREM 3.14. Let (X, T,9%) be an ideal space.
(a) If SO(X) CcIO(X), then ¥ is codense.
(b) 9 is codense if and only if T CI0(X).

THEOREM 3.15. Let (X, T,%) be an ideal space. Then $ is completely codense if and
only if PO(X) =10(X).

PROOF. Suppose ¢ is completely codense and G € PO(X). Then G ¢ G*, by Theorem
2.1(c)and so cl(G) = G*. G € PO(X) implies G C int(cl(G)) = int(G*) and so G € IO(X).
Therefore, PO(X) C I0(X). Clearly, IO(X) c PO(X). Conversely, if G € SPO(X), then
there exists V € PO(X) such that V ¢ G C cl(V) and by hypothesis, V c V* and so
by Lemma 1.1, cl(V) = V*. Hence by Theorem 3.1, G is *-dense in itself and so by
Theorem 2.1, $ is completely codense. O

In the following Theorem 3.16, we show that if A is $-open, then sint(A*) is regular
closed.

THEOREM 3.16. Let (X, T,9%) be an ideal space and A C X.

(a) For every subset A of X, cl(Iint(A)) = cl(int(A*)) = sint(A*).

(b) If A is $-open, then A* = cl(A) = cl(int(A*)) = sint(A*) and so sint(A*) is regular
closed.

PROOF. If Aisasubsetof X, thensint(A*) = A*ncl(int(A*)) = cl(int(A*)). To prove
the other equality, since Iint(A) = Anint(A*), cl(Iint(A)) = cl(Anint(A*)) D cl(A) N
int(A*) = int(A*) and so cl(Iint(A)) > cl(int(A*)). To prove the reverse direction, note
that lint(A) c int(A*) and so cl(Iint(A)) C cl(int(A*)). This completes the proof of (a).
(b) follows from (a) and Theorem 3.4(b). O

A subset A of an ideal space (X, T,9) is $-dense [6] if A* = X. Clearly, every $-dense
setis dense but the converse is not true. If G is any proper dense subset of anideal space
(X,7,%) where ¢ is the maximal ideal §(X), then G is not $-dense. In particular, if ¢ is
not codense, then X is not $-dense and hence no subset of X is $-dense [6]. Therefore,
the existence of an $-dense set implies that the ideal is codense. The following theorem
characterizes $-open sets in terms of $-dense sets.
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THEOREM 3.17. Let (X,T,$) be an ideal space with a codense ideal $ and A C X.
Then the following are equivalent.

(a) A is $-open.

(b) There is a regular open set G such that A C G and A* = G*.

(c) A= GnD where G is regular open and D is $-dense.

(d) A =GnD where G is open and D is $-dense.

PROOF. (a)=(b). That A is $-open implies A C int(A*) C A*. Let G = int(A*). Then
A C Gandint(cl(G)) = int(cl(int(A*))) = int(cl(int(cl(A)))) = int(cl(A)) =int(A*) = G
and so G is regular open. G* = (int(A*))* = A*, by Theorem 3.4(f).

(b)=(c). Let G be aregular open set such that A C G and A* = G*.LetD = AU (X-G).
Then A = G nD where G is regular open. Now D* = (AU (X -G))* =A*U(X-G)* =
G*UX-G)*=(GU(X—-G))* = X* =X, since $ is codense. Therefore, D is $-dense
which proves (c).

(c)=(d) is clear.

(d)=(a). Suppose A = G N D where G is open and D is $-dense. Now G = GNX =
GND* c (GNnD)* and so G C int((GND)*) = int(A*). Therefore, A C G C int(A*)
which implies that A is $-open. 0

The following theorem is a generalization of [1, Theorem 2.14(ii)].

THEOREM 3.18. Let (X,T,%) be an ideal space and A C X. If A is $-closed and «-
open, then A = cl(A) =int(cl(A)) = cl(int(A)) and so A is both regular open and regular
closed.

PROOF. A is $-closed = X —Ais $-open=>X-ACint(X—-A)* = X—A Cint(cl(X —
A)) > X—-—A C X —cl(int(A)) = cl(int(A)) Cc A. A is x-open = A is semiopen and
preopen [16] = cl(A) = cl(int(A)) and A C int(cl(A)). Therefore, int(cl(A)) C cl(A) =
cl(int(A)) c A cint(cl(A)) and so A = cl(A) = cl(int(A)) = int(cl(A)). 0

4. Quasi-$-open sets. A subset A of an ideal space (X,T,%) is quasi-$-open [2] if
A C cl(int(A*)). Every $-open set is quasi-$-open and every quasi-$-open set is semi-
preopen but the converse implications need not be true [2, Examples 1 and 2]. Also,
quasi-$-openness and semiopenness (resp., preopenness) are independent concepts [2,
Examples 1 and 2]. The family of all quasi-$-open sets is denoted by Q%0 (X, T). The
following theorem gives some of the properties of quasi-$-open sets, the proof of which
is similar to the proof of Theorem 3.4.

THEOREM 4.1. Let (X,T,9%) be an ideal space and A a quasi-$-open subset of X. Then
(a) A is x-dense in itself,

(b) A* =cl(A) = cl*(A),

(c) A* is x-perfect, regular closed, and $-locally closed,

(d) cl(int(A*)) = A*($) is x-dense in itself,

(e) A* = (cl(int(A*)))* = (A*($))*(9),

(f) (cl(int(A*)))* is x-perfect and $-locally closed.
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COROLLARY 4.2. Let (X,T,%) be an ideal space. A subset A of X is quasi-$-open if
and only if A € A*($) [2, Theorem 3].

THEOREM 4.3. Let (X,T,%) be an ideal space and let U and A be subsets of X such
that A Cc U C A*. Then U* is x-perfect, and if A is quasi-$-open, then U is quasi-$-open
and so cl(int(A*)) is quasi-$-open.

PROOF. By Theorem 3.1, U* = A* and U* is *-perfect. A is quasi-$-open = A C
cl(int(A*)) = cl(int(U*)). Now U C A* = U cC (cl(int(U*)))* = U c c(cl(int(U*))) =
cl(int(U*)). Therefore, U is quasi-$-open. Since A C cl(int(A*)) c A*, cl(int(A*)) is
quasi-$-open. |

Every quasi-$-open set is semi-preopen but the converse is not true [2]. [2, Proposi-
tion 3(iii)] says that every semiopen set which is *-dense in itself is quasi-$-open. The
following Theorem 4.4 is a generalization of this result and shows that for *x-dense
in itself, the concepts quasi-$-open and semi-preopen are equivalent. Theorem 4.5(a)
gives a characterization of codense ideals and Theorem 4.5(b) gives a characterization
of completely codense ideals.

THEOREM 4.4. Let (X,T,%) be an ideal space. If A is semi-preopen and *-dense in
itself, then A is quasi-$-open.

PROOF. A C A* = cl(A) = A* by Lemma 1.1. A is semi-preopen = A C cl(int(cl(A)))
= cl(int(A*)) and so A is quasi-$-open. |

THEOREM 4.5. Let (X, T,%) be an ideal space. Then
(a) ¥ is codense if and only if SO(X) C Q90 (X),
(b) $ is completely codense if and only if SPO(X) = Q%0 (X).

PROOF. (a) Suppose ¢ is codense. Let G € SO(X). By [10, Theorem 6.1] and Lemma
1.3, G is *-dense in itself and so by [2, Proposition 3(iii)], G € Q$0 (X). Conversely, sup-
pose that SO(X) c Q9O (X).If G € SO(X), then G € QF0 (X) and so G C G*. Therefore,
$ is codense by [10, Theorem 6.1] and Lemma 1.3.

(b) Suppose ¢ is completely codense and G € SPO(X). Then G C G*, by Theorem 2.1(c)
and so cl(G) = G*. G € SPO(X) = G C cl(int(cl(G))) = cl(int(G*)) and so G € QF0O (X).
Therefore, SPO(X) C Q%0 (X). Clearly, Q90 (X) c SPO(X). Conversely, if G € SPO(X),
then G € Q$0(X), by hypothesis, and so G € G*, and so by Theorem 2.1(c), $ is com-
pletely codense. O

In [2], it was established that the intersection of a quasi-$-open set with an «-set is
semi-preopen. The following theorem is a generalization of the above result.

THEOREM 4.6. Let (X,T,9%) be an ideal space. Then (a) Q30 (X, T) = Q30 (X, T%) and
()A€ QIO(X,T) and B € T® implies ANB € Q90 (X, T).

PROOF. A€ QS0 (X,7)ifand onlyif A C cl(int(A*)) if and only if A C cly(inty(A*))
[3] if and only if A € Q$0O(X,T%) which proves (a). A € Q$O(X,T) and Be T8 => A €
QIO (X, T and Be ¥ => AnB € Q¥0(X,T%); by [2, Proposition 2] implies AnB €
Q0 (X,T). O
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[2, Lemma 2] states that W*(N) c W for every subset W of X in the ideal space
(X,T,N). That is, every subset of X is T*-closed and so T* is the discrete topology.
This is not always the case. For example, if we consider R with the usual topology T
and the ideal N of nowhere dense subsets of R, then Q* = R and so Q is not T*-closed.
Therefore, [2, Proposition 4] is no longer valid. Also, it was established that every T*-
closed, quasi-$-open set is semiopen [2, Proposition 3(iii)]. The following Theorem 4.7(a)
is a generalization of the above result and also shows that the condition preclosed is
not necessary in [2, Proposition 5@)], and Theorem 4.7(b) shows that [2, Proposition
3(iii)] is also true if we replace the condition T*-closed by semiclosed.

THEOREM 4.7. Let (X,T,%) be an ideal space and A C X.
(a) If A is T*-closed and quasi-$-open, then A is regular closed.
(b) If A is semiclosed and quasi-$-open, then A is semiopen and A* = A*(N).

PROOF. (a) That A is T*-closed and quasi-$-open implies A = A*. Also, A € Q90 (X)
= A C cl(int(A*)) = int(A*) Cc A* C cl(int(A*)) = cl(int(A*)) c A* C cl(int(A*)).
Therefore, A = A* = cl(int(A*)) = cl(int(A)) and so A and A* are regular closed. (b) A
is semiclosed = int(A) = int(cl(A)) by [8, Proposition 1]. That A is quasi-$-open implies
A C cl(int(A*)) = cl(int(cl(A))) = cl(int(A)) and so A is semiopen. By Theorem 4.1(b),
cl(A) = A*. Since int(cl(A)) c A C cl(int(A*)) = cl(int(cl(A))), cl(int(cl(A))) C cl(A)
c cl(int(A*)) = cl(int(cl(A))) and so A* = cl(A) = cl(int(A*)) = A*(N). O

The following theorem gives a characterization of quasi-$-open sets.

THEOREM 4.8. Let (X, T,%) be an ideal space and A C X. A is quasi-$-open if and
only if AC A* and cly(A) = cl(int(A*)).

PROOF. Suppose A€ QF0O(X).Then A C A* and cl(A) = A*. Also A C cl(int(A*)) =
A C cl(int(cl(A))) = Aucl(int(cl(A))) = cl(int(cl(A))) = cly(A) = cl(int(A*)), since
cly(A) = Aucl(int(cl(A))) [3]. Conversely, suppose the conditions hold. Then cly(A) =
cl(int(cl(A))) and so A C cl(int(cl(A))) = cl(int(A*)). Therefore, A is quasi-$-open.

O

The quasi-$-interior of a subset A in an ideal space (X, T,$) is the largest quasi-$-
open set contained in A and is denoted by glint(A). The following theorem deals with
the properties of the quasi-$-interior of subsets of ideal spaces. In [11], it was estab-
lished that lint(A) = ¢ if and only if A € $. Theorem 4.9(c) is a partial generalization
of this result.

THEOREM 4.9. Let (X, T,%) be an ideal space and A C X. Then

(@) glint(A) = Ancl(int(A*)) for every subset A of X,

(b) if A is x-closed, then qlint(A) = cl(int(A*)) and the converse holds if A C A*,
(c) glint(A) = ¢ if and only if A € 9.

PROOF. (a) Ancl(int(A*)) c cl(int(A*)) = cl(int(int(A*))) = cl(int(A* N (intA*))) C
cl(int((A nint(A*))*)) c cl(int((A N cl(int(A*)))*)). Therefore, A N cl(int(A*)) is a
quasi-$-open set contained in A and so A ncl(int(A*)) C qglint(A). Since glint(A) is
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quasi-$-open, glint(A) C cl(int(glint(A))*) c cl(int(A*)) and so Anqlint(A) Cc An
cl(int(A*)) which implies that glint(A) c A N cl(int(A*)). Hence glint(A) = AN
cl(int(A*)).

(b) A is x-closed = cl(int(cl(A))) € A = cl(int(A*)) C A = glint(A) = cl(int(A*)).
Conversely, if A ¢ A*, then A* = cl(A). glint(A) = cl(int(A*)) = cl(int(A*)) C A and
so cl(int(cl(A))) c A and so A is x-closed.

(c) glint(A) = ¢p = Anclint(A*)) = ¢ = Anint(A*) = ¢ = lint(A) = ¢p = A € §. Con-
versely, A€ $=int(A*) = ¢ = cl(int(A*)) = ¢p = Ancl(int(A*)) = ¢ = glint(A) = ¢.

O
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