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In our previous work (2002), we proved that an essential second-order hypersurface in an
infinite-dimensional locally affine Riemannian Banach manifold is a Riemannian manifold of
constant nonzero curvature. In this note, we prove the converse; in other words, we prove
that a hypersurface of constant nonzero Riemannian curvature in a locally affine (flat) semi-
Riemannian Banach space is an essential hypersurface of second order.
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1. Introduction. Let M be an inﬁnite—dimensional Banach manifold of class C¥, k > 1,
modelled on a Banach space E, and let g be a symmetric bilinear form deﬁned on M,

that is, g S LZ(M R). The metrlc g is said to be strongly nonsingular if g assoc1ates
¥ 1* 1
amapping g :xe€M - g, =g (x,-) € L(M;R) which is bijective [2]. Let F be the
1

linear connection on M. A C¥ Banach manifold (M,T), k = 3, is called locally affine if
its curvature and torsion tensors are zero. In general, it is proved in [2] that a Banach

manifold (M, F) IS locally afﬁne if and only if there exists an atlas &d on M such that for

any chart c € «, F 0, where F is the model of the linear connection F The hypersurface

N C M which is defined by the equation gx(x x)=er? e==+1,0=+7 R, is called an
essential hypersurface of the second order in the space M (see [2]).

2. Hypersurface of nonzero constant Riemannian curvature in a locally afﬁr%e
Banach manifold. Let M be a locally affine Banach Ilnanifold and assume that g is a
strongly nonsingular metric on M, then the pair (M, g) is a Riemannian Banach mani-
fold. Denote by i: X € N — i(X) = x € M the inclusion mapping. Let ¢ = (U,®,E) be a
chart at x € M and let d = (V,¥,F < E) be a chart at X € N, where the Banach spaces
E and F are the models of the manifolds M and N with respect to the charts ¢, and
d, respectively. Furthermore, we have that ¥(x) = x is the model of the point x with
respect to the chart d,z = ®(x) is the model of X with respect to the chart ¢, and i is
the model of i with respect to the charts ¢ and d. Then we have an inclusion

iix=Yx)e¥(V)CF —i(x)=z=®(x)e®(V)CE (2.1)

of a hypersurface of a semi-Riemannian Banach space E.
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In this case, (2.1) is called the local equation of the submanifold N ¢ M with respect
to the charts ¢ and d. Also N will be a Riemannian submanifold of M with induced

2
metric g, which is defined by the rule

> 1 _ }
9x(X1,X2) = Gy (Txi(X1), Txi(X2)), (2.2)

for all x € N and X, X, € T¢N, where Txi: TxN — T¢M is the tangent mapping of i at
the point X € N (see [1]).
2

Assume that g is a strongly nonsingular metric on N. Also \gve have that M and N are
1

%iemannian rrzlanifolds with free-torsion connections T and T, respectively, such that
11 22 o

Vg =0and Vg = 0 (see [3, 4]). Let X;,X> € F be the models of X;, X» € TN with
respect to the chart d on N. Then Y; = Di,(X;) and Y» = Di, (X») are the models of X;
and X, with respect to the chart ¢ on M.

In this case, the local equation of (2.2) takes the form

92 (X1,X2) = g5 (Dix (X)), Dix (X2)). (2.3)

THEOREM 2.1. A local hypersurface of constant nonzero Riemannian curvature in a
locally affine (flat) semi-Riemannian Banach space is an essential hypersurface of second
order.

PROOF. Let N be alocal hy}gersurface of constant curvature K of the Banach type in

the Riemannian manifold (M, g) such that dimN > 2. We know that the first differential
equation of the hypersurface N ¢ M has the form (see [5])

VDix(X,Y) = eAy (X, Y)Ex, (2.4)

where &, € T3/ (M) = T3 (M) is a unit vector in M orthogonal to N at the point X € M,
that is,

é(gx;gx) =e, E(EX:X) =0, (2.5)

for all x e N ¢ M and all X € TyN, and A, is the second fundamental form for the
hypersurface N which is defined by the equality (see [5])

1 . 1 .

Ax(X,Y) = g (D%ix(X,Y), &) = —gx (Dix (X),DEx (Y)). (2.6)
Taking into account that Tyi € T¢, P (N) is a mixed tensor of type (1+0,0+1) on the
submanifold N (see [7]), E_x IS TOl (M), and (2.6), we conclude that A, is a symmetric
tensor of type (0,2) on N at the point X € N.

Nowlet E:x =¥ (x) € ¥(V) CF — & € E be the model of the vector field

£:xeN— & € TxM, (2.7)
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with respect to the charts ¢ and d at the point x. Then the local equations of equalities
(2.5) take the form

GEE) =€, g(Dic(X),E) =0, 2.8)

for all x € ¥(V) C F and all X € F. Furthermore, the integral condition for (2.4) takes
the form

a(Dix (IZQX(Y;Z,X),DL'X(S))) — 9x (fzx(Y;z,X),S) = eA(Z,Y)Ac(X,S). (2.9

REMARK 2.2. In formula (2.9), there exists an alternation with respect to the under-
lined vectors without division by 2. This convention will be used henceforth.

Similarly, the second differential equation of the hypersurface N ¢ M will be (see [5])
DEX(X) =Dix(Hx(X)): (2-10)
where H, € L(F;F). Also by using (2.6), we find that

Ac(X,Y) = =g (Dix(X),DE (V) = — g (Dix (X), Dix (Hy (Y))) = g (X, Hy (V)
(2.11)

that is,
G (X He(Y)) = A (X,Y), (2.12)

for all x = ¥Y(x) € ¥(V) C F and all X,Y € F. Furthermore, the integral condition for
(2.10) has the form (see [5])

VA (X;Z,Y) =0, (2.13)

forallx =¥(x)e¥(V)cFandall X,Y,ZeF.
Now we find that

2 2 1 .2 .
9x(Rx(Y;2,X),S) = g, (Dix (Rx (Y;Z,X)),Dix($)) = €Ax (Z,Y) Ax(X,S).  (2.14)
Since N is a hypersurface of constant curvature, then (2.14) takes the form (see [2])

3+ (Ko (Z,Y)X,8) = eAx(Z,Y) Ax (X, ), (2.15)
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where Ky € R is a constant independent of the choice of the point, and is called the
curvature of the hypersurface N. Then, we obtain

Ax(Z,Y)Ax(X,S) = Ax (X, Y)Ax(Z,S)
(2.16)
= K(3:(2,Y)3,(X,5) -3, (X,Y)9,(2,9)),

forall x =¥(x) e ¥(V) cFandall X,Y,Z,S € F, where K = Ky/e.
Now we prove that A, is a weakly nonsingular form. Let X be a fixed vector and
Ax(X,Y) =0, forall Y € F. Then, from (2.16) we obtain

G (2, V)30 (X,S) — G (X, Y) G, (Z,5) =0, 2.17)

for all Y € F, that is, g (Y, (X,S) - Z — g, (Z,S) - X) = 0. By using that g, is non-

singular, we obtain ;X(X,S) - Z—éX(Z,S) -X=0,forall x =¥Y(x) e ¥(V) C F and all
X,Z,S € F. Since dimE > 2, then, for any S, we can choose Z which is not a multiple

of X and thus éx(X,S) =0, for all S € F. But gzax is nonsingular, hence, X = 0 and this
proves that Ay is a weakly nonsingular form.
Now from (2.12) and (2.16), we obtain

93 (ZHe(Y) G (X, He($)) = K(34(2,Y) 3, (X.5)), (2.18)
and then we have

93 (Z,8.¢ (X, Hx(8)) - Hx (Y) = e (X, Hx () - Hx (8)

) ) (2.19)
~K(9,(X,$)-Y-g,(X,Y)-S)) =0, VZEF.
Taking into account that the metric tensor é « 1s nonsingular, we obtain
2 2
Ix(X,Hx(S)) - Hx (Y) = g (X, Hx (Y)) - Hx (S) (2.20)
CKG(X,S)-Y +Kg (X,Y)-S = 0.
Furthermore, we find
2 2 2
Ix (X, Hx(Y)) = Ax(X,Y) = Ax (Y, X) = g, (Y,Hx (X)) = g, (Hx(X),Y), (2.21)

that is,

Gx(X,Ho (V) = Gy (He (X),Y), (2.22)
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and then from (2.20) and (2.22), we obtain

Gy (Hx (X),S) - He (Y) = g (Hy (X),Y) - Hy (S)
) ) (2.23)
~Kg.(X,S) - Y+Kg,(X,Y)-S =0,

forall x =¥ (x) e ¥Y(V) CFand all X,Y,S € F.

Since dim F > 2, then, for every X,Y € F such that gzax(X, Y) = 0, there exists a vector
S € F orthogonal to each X and H,(X) [2]. Using this fact in (2.23) and taking into
account (2.12), we obtain Ay (X,Y) - Hx (S) = 0. By using the nonsingularity of the tensor

Ay, we conclude that A, (X,Y) = 0. Since, for any pair of vectors X,Y € F, qu(X, Y)=0
implies that A, (X,Y) = 0, then there exists a real number A such that (see [2])

Ac(X,Y) = Ag, (X, Y). (2.24)
Substituting (2.24) into (2.16), we obtain
52 2 2 2
A gx(Z,Y)gX(X,S) :Kgx(Z!Y)gx(X!S)! (225)

forallx =¥ (x) e ¥(V) Cc Fandall X,Y, Z,S € F. Taking into account the nonsingularity
2
of g, we obtain A? = K = Ko /e. It is convenient to put Ko = ¢/72, where ¥ is a nonzero

real number and e = +1, then we have A = +1/r. We find that in our case, it is convenient
to take A = —1/7. Substituting A in (2.24), we obtain
12
Ax(X,)Y) = —;gX(X,Y), (2.26)

and in fact this equation is the unique solution, up to sign, of (2.9) and (2.13). Substi-
tuting this solution in (2.12), we have

Gy (X, He(Y)) = %5X(X,Y), Vx e¥(V)CF, VX,Y €F, (2.27)
which implies that Hy(Y) = (1/7)Y. Hence (2.10) will be
D& (X) = %DiX(X). (2.28)
Integrating this equation gives us &, = (1/7)i(x). Then
a(i(x),i(x)) = 729 (Ex, Ex). (2.29)
Letting v = i(x) and using equalities (2.8), the above equation takes the form

é(y,y):erz, Vxe¥Y(V)CF, e==+1. (2.30)

This last equation shows that the hypersurface N ¢ M of constant nonzero Riemannian
curvature will be locally an essential hypersurface of second order, and this completes
the proof. |
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