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In our previous work (2002), we proved that an essential second-order hypersurface in an
infinite-dimensional locally affine Riemannian Banach manifold is a Riemannian manifold of
constant nonzero curvature. In this note, we prove the converse; in other words, we prove
that a hypersurface of constant nonzero Riemannian curvature in a locally affine (flat) semi-
Riemannian Banach space is an essential hypersurface of second order.
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1. Introduction. LetM be an infinite-dimensional Banach manifold of class Ck, k≥ 1,

modelled on a Banach space E, and let
1
ḡ be a symmetric bilinear form defined on M ,

that is,
1
ḡ ∈ L2(M ;R). The metric

1
ḡ is said to be strongly nonsingular if

1
ḡ associates

a mapping
1
ḡ
∗

: x ∈ M →
1
ḡ
∗
x =

1
ḡ
∗
(x,·) ∈ L(M ;R) which is bijective [2]. Let

1

Γ̄ be the

linear connection on M . A Ck Banach manifold (M,
1

Γ̄), k ≥ 3, is called locally affine if

its curvature and torsion tensors are zero. In general, it is proved in [2] that a Banach

manifold (M,
1

Γ̄) is locally affine if and only if there exists an atlas � on M such that for

any chart c ∈�,
1
Γ ≡ 0, where

1
Γ is the model of the linear connection

1

Γ̄ . The hypersurface

N ⊂M which is defined by the equation
1
ḡx(

−
x,

−
x)= er 2, e =±1, 0≠ r ∈ R, is called an

essential hypersurface of the second order in the space M (see [2]).

2. Hypersurface of nonzero constant Riemannian curvature in a locally affine

Banach manifold. Let M be a locally affine Banach manifold and assume that
1
ḡ is a

strongly nonsingular metric on M , then the pair (M,
1
ḡ) is a Riemannian Banach mani-

fold. Denote by i : x̄ ∈ N → i(x̄) = x̄ ∈M the inclusion mapping. Let c = (U,Φ,E) be a

chart at x̄ ∈M and let d = (V ,Ψ ,F ⊆ E) be a chart at x̄ ∈ N, where the Banach spaces

E and F are the models of the manifolds M and N with respect to the charts c, and

d, respectively. Furthermore, we have that Ψ(x̄) = x is the model of the point x̄ with

respect to the chart d,z = Φ(x̄) is the model of x̄ with respect to the chart c, and i is

the model of i with respect to the charts c and d. Then we have an inclusion

i : x = Ψ(x̄)∈ Ψ(V)⊂ F �→ i(x)= z = Φ(x̄)∈ Φ(V)⊂ E (2.1)

of a hypersurface of a semi-Riemannian Banach space E.
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In this case, (2.1) is called the local equation of the submanifold N ⊂M with respect

to the charts c and d. Also N will be a Riemannian submanifold of M with induced

metric
2
ḡ, which is defined by the rule

2
ḡx
(
X̄1, X̄2

)=
1
ḡi(x)

(
Txi

(
X̄1
)
,Txi

(
X̄2
))
, (2.2)

for all x̄ ∈N and X̄1, X̄2 ∈ Tx̄N, where Tx̄i : Tx̄N → Tx̄M is the tangent mapping of i at

the point x̄ ∈N (see [1]).

Assume that
2
ḡ is a strongly nonsingular metric on N. Also we have thatM and N are

Riemannian manifolds with free-torsion connections
1

Γ̄ and
2

Γ̄ , respectively, such that
1

∇̄
1
ḡ = 0 and

2

∇̄
2
ḡ = 0 (see [3, 4]). Let X1,X2 ∈ F be the models of X̄1, X̄2 ∈ Tx̄N with

respect to the chart d on N. Then Y1 =Dix(X1) and Y2 =Dix(X2) are the models of X̄1

and X̄2 with respect to the chart c on M .

In this case, the local equation of (2.2) takes the form

2
gx
(
X1,X2

)= 1
gx
(
Dix

(
X1
)
,Dix

(
X2
))
. (2.3)

Theorem 2.1. A local hypersurface of constant nonzero Riemannian curvature in a

locally affine (flat) semi-Riemannian Banach space is an essential hypersurface of second

order.

Proof. Let N be a local hypersurface of constant curvature K0 of the Banach type in

the Riemannian manifold (M,
1
ḡ) such that dimN > 2. We know that the first differential

equation of the hypersurface N ⊂M has the form (see [5])

2∇Dix(X,Y)= eAx(X,Y)ξx, (2.4)

where ξ̄x ∈ T 1+0
0+0 (M)= T 1

0 (M) is a unit vector in M orthogonal to N at the point x̄ ∈M ,

that is,

1
ḡ
(
ξ̄x, ξ̄x

)= e,
1
ḡ
(
ξ̄x, X̄

)= 0, (2.5)

for all x̄ ∈ N ⊂ M and all X̄ ∈ TxN, and Ax is the second fundamental form for the

hypersurface N which is defined by the equality (see [5])

Ax(X,Y)= 1
gx
(
D2ix(X,Y),ξx

)=− 1
gx
(
Dix(X),Dξx(Y)

)
. (2.6)

Taking into account that Txi ∈ T 1+0
0+1 (N) is a mixed tensor of type (1+0,0+1) on the

submanifold N (see [7]), ξ̄x ∈ T 1
0 (M), and (2.6), we conclude that Ax is a symmetric

tensor of type (0,2) on N at the point x̄ ∈N.

Now let ξ : x = Ψ(x̄)∈ Ψ(V)⊂ F → ξx ∈ E be the model of the vector field

ξ̄ : x̄ ∈N �→ ξ̄x̄ ∈ Tx̄M, (2.7)
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with respect to the charts c and d at the point x̄. Then the local equations of equalities

(2.5) take the form

1
g
(
ξx,ξx

)= e, 1
g
(
Dix(X),ξx

)= 0, (2.8)

for all x ∈ Ψ(V) ⊂ F and all X ∈ F . Furthermore, the integral condition for (2.4) takes

the form

1
g
(
Dix

( 2
Rx(Y ;Z,X),Dix(S)

))
= 2
gx
( 2
Rx(Y ;Z,X),S

)
= eAx

(
Z,Y

)
Ax
(
X,S

)
. (2.9)

Remark 2.2. In formula (2.9), there exists an alternation with respect to the under-

lined vectors without division by 2. This convention will be used henceforth.

Similarly, the second differential equation of the hypersurface N ⊂M will be (see [5])

Dξx(X)=Dix
(
Hx(X)

)
, (2.10)

where Hx ∈ L(F ;F). Also by using (2.6), we find that

Ax(X,Y)=− 1
gx
(
Dix(X),Dξx(Y)

)=− 1
gx
(
Dix(X),Dix

(
Hx(Y)

))=− 2
gx
(
X,Hx(Y)

)
,

(2.11)

that is,

2
gx
(
X,Hx(Y)

)=−Ax(X,Y), (2.12)

for all x = Ψ(x̄) ∈ Ψ(V) ⊂ F and all X,Y ∈ F . Furthermore, the integral condition for

(2.10) has the form (see [5])

2∇Ax
(
X;Z,Y

)= 0, (2.13)

for all x = Ψ(x̄)∈ Ψ(V)⊂ F and all X,Y ,Z ∈ F .

Now we find that

2
gx
( 2
Rx(Y ;Z,X),S

)
= 1
gx
(
Dix

( 2
Rx(Y ;Z,X)

)
,Dix(S)

)
= eAx

(
Z,Y

)
Ax
(
X,S

)
. (2.14)

Since N is a hypersurface of constant curvature, then (2.14) takes the form (see [2])

2
gx
(
K0

2
gx(Z,Y)X,S

)
= eAx

(
Z,Y

)
Ax
(
X,S

)
, (2.15)
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where K0 ∈ R is a constant independent of the choice of the point, and is called the

curvature of the hypersurface N. Then, we obtain

Ax(Z,Y)Ax(X,S)−Ax(X,Y)Ax(Z,S)

=K
( 2
gx(Z,Y)

2
gx(X,S)−

2
gx(X,Y)

2
gx(Z,S)

)
,

(2.16)

for all x = Ψ(x̄)∈ Ψ(V)⊂ F and all X,Y ,Z,S ∈ F , where K =K0/e.
Now we prove that Ax is a weakly nonsingular form. Let X be a fixed vector and

Ax(X,Y)= 0, for all Y ∈ F . Then, from (2.16) we obtain

2
gx(Z,Y)

2
gx(X,S)−

2
gx(X,Y)

2
gx(Z,S)= 0, (2.17)

for all Y ∈ F , that is,
2
gx(Y ,

2
gx(X,S) ·Z −

2
gx(Z,S) ·X) = 0. By using that

2
gx is non-

singular, we obtain
2
gx(X,S) ·Z−

2
gx(Z,S) ·X = 0, for all x = Ψ(x̄) ∈ Ψ(V) ⊂ F and all

X,Z,S ∈ F . Since dimE > 2, then, for any S, we can choose Z which is not a multiple

of X and thus
2
gx(X,S) = 0, for all S ∈ F . But

2
gx is nonsingular, hence, X = 0 and this

proves that Ax is a weakly nonsingular form.

Now from (2.12) and (2.16), we obtain

2
gx
(
Z,Hx(Y)

) 2
gx
(
X,Hx(S)

)=K
( 2
gx
(
Z,Y

) 2
gx
(
X,S

))
, (2.18)

and then we have

2
gx
(
Z,

2
gx
(
X,Hx(S)

)·Hx(Y)− 2
gx
(
X,Hx(Y)

)·Hx(S)

−K
( 2
gx(X,S)·Y −

2
gx(X,Y)·S

))
= 0, ∀Z ∈ F.

(2.19)

Taking into account that the metric tensor
2
gx is nonsingular, we obtain

2
gx
(
X,Hx(S)

)·Hx(Y)− 2
gx
(
X,Hx(Y)

)·Hx(S)

−K 2
gx(X,S)·Y +K

2
gx(X,Y)·S = 0.

(2.20)

Furthermore, we find

2
gx
(
X,Hx(Y)

)=Ax(X,Y)=Ax(Y ,X)= 2
gx
(
Y ,Hx(X)

)= 2
gx
(
Hx(X),Y

)
, (2.21)

that is,

2
gx
(
X,Hx(Y)

)= 2
gx
(
Hx(X),Y

)
, (2.22)
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and then from (2.20) and (2.22), we obtain

2
gx
(
Hx(X),S

)·Hx(Y)− 2
gx
(
Hx(X),Y

)·Hx(S)

−K 2
gx(X,S)·Y +K

2
gx(X,Y)·S = 0,

(2.23)

for all x = Ψ(x̄)∈ Ψ(V)⊂ F and all X,Y ,S ∈ F .

Since dimF > 2, then, for every X,Y ∈ F such that
2
gx(X,Y)= 0, there exists a vector

S ∈ F orthogonal to each X and Hx(X) [2]. Using this fact in (2.23) and taking into

account (2.12), we obtainAx(X,Y)·Hx(S)= 0. By using the nonsingularity of the tensor

Ax , we conclude that Ax(X,Y)= 0. Since, for any pair of vectors X,Y ∈ F ,
2
gx(X,Y)= 0

implies that Ax(X,Y)= 0, then there exists a real number λ such that (see [2])

Ax(X,Y)= λ 2
gx(X,Y). (2.24)

Substituting (2.24) into (2.16), we obtain

λ2 2
gx
(
Z,Y

) 2
gx
(
X,S

)=K 2
gx
(
Z,Y

) 2
gx
(
X,S

)
, (2.25)

for allx = Ψ(x̄)∈ Ψ(V)⊂ F and allX,Y ,Z,S ∈ F . Taking into account the nonsingularity

of
2
gx , we obtain λ2 =K =K0/e. It is convenient to put K0 = e/r 2, where r is a nonzero

real number and e=±1, then we have λ=±1/r . We find that in our case, it is convenient

to take λ=−1/r . Substituting λ in (2.24), we obtain

Ax(X,Y)=−1
r

2
gx(X,Y), (2.26)

and in fact this equation is the unique solution, up to sign, of (2.9) and (2.13). Substi-

tuting this solution in (2.12), we have

2
gx
(
X,Hx(Y)

)= 1
r

2
gx(X,Y), ∀x ∈ Ψ(V)⊂ F, ∀X,Y ∈ F, (2.27)

which implies that Hx(Y)= (1/r)Y . Hence (2.10) will be

Dξx(X)= 1
r
Dix(X). (2.28)

Integrating this equation gives us ξx = (1/r)i(x). Then

1
g
(
i(x),i(x)

)= r 2 1
g
(
ξx,ξx

)
. (2.29)

Letting y = i(x) and using equalities (2.8), the above equation takes the form

1
g(y,y)= er 2, ∀x ∈ Ψ(V)⊂ F, e=±1. (2.30)

This last equation shows that the hypersurfaceN ⊂M of constant nonzero Riemannian

curvature will be locally an essential hypersurface of second order, and this completes

the proof.



104 E. R. LASHIN AND T. F. MERSAL

References

[1] V. E. Fomin, Differential Geometry of Banach Manifolds. Differential Calculus. Manifolds.
Linear Connection, Kazan. Gos. Univ., Kazan, 1983.

[2] , Methods and Indications to a Special Course in Differential Geometry of Banach Man-
ifolds, Kazan. Gos. Univ., Kazan, 1986.

[3] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry. Vol. I, John Wiley & Sons,
New York, 1963.

[4] , Foundations of Differential Geometry. Vol. II, John Wiley & Sons, New York, 1969.
[5] E. R. Lashin, On hypersurfaces in Banach manifolds, J. Faculty of Education, Ain-Shams Univ.

20 (1995), 257–267.
[6] E. R. Lashin and T. F. Mersal, On hypersurfaces in a locally affine Riemannian Banach man-

ifold, Int. J. Math. Math. Sci. 31 (2002), no. 6, 375–379.
[7] T. F. Mersal, Differential geometry of Banach manifolds, Master’s thesis, Faculty of Science,

Menoufiya University, Minoufiya, Egypt, 1993.

El-Said R. Lashin: Department of Mathematics, Faculty of Science, Menoufiya University,
Menoufiya 32511, Egypt

E-mail address: elashin@yahoo.com

Tarek F. Mersal: Department of Mathematics, Faculty of Science, Menoufiya University,
Menoufiya 32511, Egypt

E-mail address: tmersal@yahoo.com

mailto:elashin@yahoo.com
mailto:tmersal@yahoo.com


Mathematical Problems in Engineering

Special Issue on

Space Dynamics

Call for Papers

Space dynamics is a very general title that can accommodate
a long list of activities. This kind of research started with
the study of the motion of the stars and the planets back
to the origin of astronomy, and nowadays it has a large
list of topics. It is possible to make a division in two main
categories: astronomy and astrodynamics. By astronomy, we
can relate topics that deal with the motion of the planets,
natural satellites, comets, and so forth. Many important
topics of research nowadays are related to those subjects.
By astrodynamics, we mean topics related to spaceflight
dynamics.

It means topics where a satellite, a rocket, or any kind of
man-made object is travelling in space governed by the grav-
itational forces of celestial bodies and/or forces generated by
propulsion systems that are available in those objects. Many
topics are related to orbit determination, propagation, and
orbital maneuvers related to those spacecrafts. Several other
topics that are related to this subject are numerical methods,
nonlinear dynamics, chaos, and control.

The main objective of this Special Issue is to publish
topics that are under study in one of those lines. The idea
is to get the most recent researches and published them in
a very short time, so we can give a step in order to help
scientists and engineers that work in this field to be aware
of actual research. All the published papers have to be peer
reviewed, but in a fast and accurate way so that the topics are
not outdated by the large speed that the information flows
nowadays.

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/mpe/guidelines.html. Prospective au-
thors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sy-
stem at http://mts.hindawi.com/ according to the following
timetable:

Manuscript Due July 1, 2009

First Round of Reviews October 1, 2009

Publication Date January 1, 2010

Lead Guest Editor

Antonio F. Bertachini A. Prado, Instituto Nacional de
Pesquisas Espaciais (INPE), São José dos Campos,
12227-010 São Paulo, Brazil; prado@dem.inpe.br

Guest Editors

Maria Cecilia Zanardi, São Paulo State University
(UNESP), Guaratinguetá, 12516-410 São Paulo, Brazil;
cecilia@feg.unesp.br

Tadashi Yokoyama, Universidade Estadual Paulista
(UNESP), Rio Claro, 13506-900 São Paulo, Brazil;
tadashi@rc.unesp.br

Silvia Maria Giuliatti Winter, São Paulo State University
(UNESP), Guaratinguetá, 12516-410 São Paulo, Brazil;
silvia@feg.unesp.br

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/mpe/guidelines.html
http://www.hindawi.com/journals/mpe/guidelines.html
http://mts.hindawi.com/
mailto:prado@dem.inpe.br
mailto:cecilia@feg.unesp.br
mailto:tadashi@rc.unesp.br
mailto:silvia@feg.unesp.br

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editors

