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The A-stability properties of continuous and discontinuous Galerkin methods for
solving ordinary differential equations (ODEs) are established using properties of
Legendre polynomials and Gaussian quadrature rules. The influence on the A-
stability of the numerical integration using Gaussian quadrature rules involving a
parameter is analyzed.
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1. Introduction. In this paper, the A-stability of various (continuous and
discontinuous) Galerkin schemes for the solution of an initial value problem in
ordinary differential equation (ODE) is analyzed. Even if A-stability of a method
for solving ODE is an old well-studied subject, the contribution of this paper is
in the presentation of a new proof of A-stability in Section 4.1 which points out
the link between A-stability, Legendre polynomials, and Gaussian quadrature
rules.

The stability results are obtained using a variety of Gaussian quadrature for-
mulas of integrals defining the Galerkin finite element methods for problems
of the form

y(t)=f(y(t),t), 0<t<T,

1.1
¥(0) = »o. (-1

Continuous and discontinuous Galerkin methods have played an important
role in the recently developed approach to global error estimation and control
for numerical approximations of ODEs [8, 15, 16, 24]. In particular, the stability
analysis is an important issue and has motivated our work.

2. Polynomial approximations and Galerkin methods. Galerkin methods
for (1.1) are based on a variational formulation and use a (continuous or dis-
continuous) piecewise polynomial approximation of the solution of the ODE.
They can be briefly described in the following way [3, 5].

The interval [0, T'] is partitioned into N intervals I, = [t-1,tn] (n =1,...,N)
by specifying the sequence {tn}’){zo, O=ty<t; <---<ty_1 <ty=T,of real
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numbers. If PX(I,,) denotes the set of real polynomials of degree K on I,,, we
consider the following variational problem.

PROBLEM 2.1. Let Uy = yy, and for n = 1,...,N, find u,(-) € PX(I,) and
Un € R such that (Du, — f(un), Vn)n + [Un(tn-1) = Un—1 1vn(tn-1) + [Uy —
Uy (tp)Jvn(ty) = 0 for all v, (-) € PK*1-L(1,), and u,(-) is subject to L ad-
ditional collocation conditions.

In Problem 2.1, f(u) stands for f(u(t),t) and

tn
(f,9)n = L f(og(rydr. (2.1)

We say that we have an approximate problem if we use exact integration in
Problem 2.1 and we have a discretized problem if we use a quadrature rule to
deal with the integrals.

Continuous Galerkin methods for ODEs have been introduced in [19, 20]
and discontinuous Galerkin methods in [25]. Discontinuous Galerkin methods
were first analyzed for linear nonstiff ODEs in [4], and later for nonlinear non-
stiff systems in [2, 6]. A general framework and analysis of Galerkin methods
for ODEs have been developed in [3, 5]. In particular, existence, uniqueness,
and convergence results have been obtained for approximate and discretized
problems under appropriate assumptions on f (-, ).

Similarly, Galerkin methods for parabolic problems have been analyzed, for
example, in [1, 14, 23, 26], and later used for finding adaptive finite element
methods for parabolic problems in [9, 10, 11, 12, 13, 17].

3. Gaussian quadrature rules. Let y be a parameter in [—1,1] and 11 (+)
be the Legendre polynomial of degree M on [—1,1] such that my (1) =1 =
(=)™ (—1). The quadrature rules we consider are based on the following
result.

LEMMA 3.1. Fory € [-1,1], the M roots of the polynomial Tty (-) —y1ta-1(+),
denoted T, (y) (m = 1,...,M), are all real and distinct. Moreover,
A -1<11(y)<---<Tm(y) <---<TM(y) =1;
(i) Tn(-)eCc*([-1,1];[-1,1])) form=1,...,M;
(iii) (dTm/dy)(y) >0 foranyy € (-1,1);
@iv) T1(=1) = -1 and T (1) = 1.

PROOF. This result is obtained from the interlacing properties of the roots
of Legendre polynomials and from the implicit function theorem. O

If we define the weights
1 M _
on) = [ T ar (3.1)
=1

Tm(y)—Tk(y) "’
k#+m
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for m =1,...,M, the quadrature rule

1 M
| wmdr= Y 0w, (3.2)
- m=1

which depends on a parameter y € [—1,1], is exact for polynomials of degree
M —1. Tt follows that the formula is also exact for polynomials of degree 2M — 2
and for polynomials of degree 2M — 1 if y = 0. Gauss-Legendre quadrature rules
correspond to y = 0, Gauss-Radau quadrature rules correspond to y = +1, and
for 0 < |y| < 1, we obtain intermediate quadrature rules.

We will use the following notation for the interval [—1,1]:

1
(f9)= | fmgar,

M (3.3)
(£,9)4 =D 0w (Tm(¥))g(Tm(y)).
m=1
We remark the following identities for Legendre polynomials:
4 0 if i <j,
(mi, ;)" = (i, 1) =1 2 i1 3.4)
2i+1 LT
for j=0,...,M -1,
(i) =0 ifi<M-1,
2y iy
<7Ti;7TM>d: oM —1 fi=M-1, (3.5)
2y? e
M1 ifi=M,

since 10y (T (¥)) =y Tty—1 (T (¥)) and (113, )4 = y (113, Tty —1) 4. Also, if i+j <
2M —1, then

<D1Ti,7Tj>d = <D1TL',7TJ'>

0 if i < j, (3.6)
- 1Ti1Tj|1_1—<1Ti,D1Tj>=1—(—1)i+j 1fl>]

4. A-stability analysis. We will analyze the A-stability properties of the
methods corresponding to approximate and discretized problems with respect
to the parameter y for the following cases:

(1) L = 0: the completely discontinuous method introduced in [3];
(2) L =2 with u,(ty,_1) = Uy_1 and u,(t,) = Uy,: the continuous method
presented in [19, 20];
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(3) L =1 with uy,(t,) = Uy: the discontinuous method described in [25],
and also a special case of the discontinuous x-method of [4] (x;,, =1
for all n);
(4) L =1withu,(t,) = Uy,_1:aspecial case of the discontinuous «x-method
of [4] (x;, = 0 for all n).
For the A-stability analysis, we consider the following form of (1.1):

y(t)=Ay(t), 0<t=T,

4.1
¥(0) = o, @

and we solve Problem 2.1 to obtain

Un =R(%)UM 4.2)

where R(z) = P(z)/Q(z) is a rational function and h,, = t;, —t;,—1.

DEFINITION 4.1. The region of stability of a method is the set
S={zeC||R(2)| =1} (4.3)

Let Re(z) be the real part of z; a method is said to be
(i) A-stableif |R(z)| <1 whenever Re(z) < 0;
(ii) stiff A-stable if it is A-stable and limge(z)—- |[R(2)| = 0.

To obtain (4.2) from Problem 2.1, let

2t — (tn—1 +tn))

i (t) = T
wt) = (S

(4.4)
be the polynomial of degree i defined on I,, = [t;,_1,t,] normalized such that
Ti(tn) = 1 = (=1)'Tpi(tn_1). Then {mm,;}¥ , and {nnj}fj(}’L form a basis for
PK(1,) and PX*1-L(],). Hence, the polynomial u,(-) that we look for can be
written as u,(t) = Z{io AniTyi(t). Then Problem 2.1 becomes the following
problem.

PROBLEM 4.2. Let Uy = Yy, and for n = 1,...,N, find anyo,...,ank,Un € R,
such that 35 o[ (A, /2) (11, 71j) = (D78, 70;) + 1= (1) " Jan; = Up — (=1)7Up 4
for j=0,...,K+1-L, and u,(-) is subject to L additional conditions.

In the sequel of this paper, we will use the notation R; k(z;y) for the ampli-
fying factor R(Ah,,/2), and Ah,, /2 is replaced by z.

4.1. The case L = 0. For the interval I,;, we use the quadrature formula (3.2)
with M = K + 1. Consequently, (Dt;, ;)4 is always exact, and (1r;, 77;)4 is exact
fori+j<2Korfori+j<2K+1ify=0.Hence, for the stability analysis, the
approximate problem is equivalent to the discretized problem for y = 0.
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In this case, we have the following system:

J
S [1= (=D ]ani+ 5——anj = Un— (=1)7Un1 (4.5a)
s 2j+1
for j=0,...,K, and
L 2yz
D 1= (=D M ay + -~ ank = Uy — (-1)*U, 4, (4.5b)
= 2K +1
which is equivalent to
Up=Up_1+2zang (4.6a)
and
[1-z =z 11 ano |
anl
— 3 0 =
z z 3
-z 2i+1 z ll.m'
(2i+1)
0 -z 2K-1 z :
ank
! -z [@K+D+yzll| 5k 1)| @.6b)

Un—l
0

0

The computation of Ry x(z;y) is based on the following two lemmas.

LEMMA 4.3. Let Agx-1 =1, Axk—2 =0, and for k < ¥

2k +1 z
-z 2k+3  z 0
Agp = . . . 4.7)
0 -z 24-1 z

-z  20+1
Then, for k < ¥

Agp = Rk +1)Agi10+2%Agsa,

Agp = Q0+ 1) Ag -1 + 2% Ag o2
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LEMMA 4.4. For{ =k, Ay is a polynomial in z2. More precisely,
() if€—k=2n+1, then Ay = z°"*2 + p, (z%),
(i) if €—k=2n,then Ayp = (m+1)2k+2n+1)z2"+ pp_1(22),
forn=0,1,2,..., and where p;(z) is a polynomial of degree jinz (p_1(z) = 0).

As a direct consequence of Cramer’s rule, we have

Ak +yzAi1k1

ano = Uy — 4.9)
"o nt (Aok +yzAok-1) —z(Aix +yzAik-1)
and from the properties of Ay, we obtain
(Aok +yzAok-1) +Z(Aik +yzAik-1)
Rox(z;y) = (4.10a)
oRLEY (Aok +yzAok-1) —z(A1k +yzAik-1)
or
(Aok +2zA1k) +yz(Aok-1 +2A1k-1)
Rox(z;y) = . (4.10b)
oriZY (Aok —zA1k) +yz(Aok -1 —2zA1k-1)
Let
Qk(z) =Aog-1+zA1k1 (4.11)
for K =0,1,2,.... From Lemma 4.4,
Qx(=2z) =Aok-1—zA1K-1 (4.12)

and we have the following results.
LEMMA 4.5. The polynomials Qy(z) can be generated recursively by Qo(z) =
1,Q1(z) =142z, and forK = 1
Qx+1(2) = 2K +1)Qk (2) +2°Qk-1(2). (4.13)

PROOF. The proof is a direct consequence of Lemma 4.3. |

LEMMA 4.6. ForK >0, Qg (z) = XX (2K —i)1/2K-1(K —i)lil) Z'.

PROOF. Since Qg (z) is a polynomial of degree K, let Qx(z) = Z{'(:o agizt.
Then agy = a10 = a11 = 1, and for K > 2, we have

agi = (2K -1)ag-1,i +ag-2,i-2, (4.14)

for i =0,...,K, considering axj = 0 if j <0 or j > K. Then the result follows
by induction. ]
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THEOREM 4.7. Let Px.1(z;y) = Qg+1(2) +yzQk(z2). Then

K+1

L (2(K+1) —1)! [ i ] ;
Prn(zy) = l_zo K-tk 1 —p V2K -i)7
- (4.15)
Pxii(zyy)
Rok(z;y) = —————"—.
KEY) = iy
Moreover, the following limits exist:
. 1+
lim |Rox(z;y)| = —2 forye[-1,1),
|z]——o0 1-y
(4.16)

‘llim |Rok(z;1) | = +o0 fory =1.
zZ| =400

From the properties of Ay, of Lemma 4.3, we obtain the following expres-
sion.

LEMMA 4.8. For any complex number z,

z(Aig +yzAik-1) (Aok + YZAok-1)
K _ (4.17)
=ylzIK2 43 2i+ Dzl z|2 | Ak + YZAir1k1 %,
i=0
where z; = z for i even and z; = Z for i odd.
LEMMA 4.9. Let X and Y be two complex numbers, then

I X+Y]|
| X-Y]|

<1 iff Re(YX) <O. (4.18)

THEOREM 4.10. LetL =0 andK = 0.
(i) The method corresponding to the approximate problem (4.5) is A-stable
but not stiff A-stable.
(ii) Lety € [-1,1] and M = K+ 1 in (3.2). Then the method corresponding
to the discretized problem (4.5) is A-stable for y = [—1,0] and stiff A-stable for
y=-1.

PROOF. We recall that the result for the approximate problem corresponds
to the result for the discretized problem for y = 0. For the A-stability, using
Lemma 4.9, we observe that |[Rok(z;y)| < 1 is equivalent to

Re {z(AlK+yzA1K_1)(A0K+yzA0K_1)} <0. (4.19)

From (4.10) and the expression in Lemma 4.8, (4.19) is satisfied for Re(z) < 0
if y < 0. From the limits of Theorem 4.7, it follows that for any y > 0, there
exists z such that Re(z) < 0 and |Rox(z;y)| > 1. Then the result on A-stability
follows. The stiff A-stability for y = —1 follows also from Theorem 4.7. O
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EXAMPLE 4.11. (i) K =0,

oy 1+d+y)z,
Roo(z3y) = 1—(-y)z (4.20)
(i) K =1,
) 3+B+y)z+(1+y)z?.
Rou(zy) = 303 25—y 22 “.21)
(iii) K =2,
oy 15+(15+3y)z+(6+3y)z° +(1+y)23,
Ro2(Z3¥) = 15 (15 73y) 24 6-3y) 22— (1= y) 2> (4.22)
(iv) K =3,
2 3 4
Ros(z1y) = 105+ (105+15y)z+ (45+15y)z=+ (10+6y)z° + (1 +y)z

T 105—-(105-15y)z+(45—-15y)z2 — (10 —6y)z3 + (1 —y)z*"
(4.23)

REMARK 4.12. Since Rox(z;y)=1/Rogx(—z;-Y), the stability region for —1 <
y < 0 is the exterior of the mirror image in the imaginary axis of the corre-
sponding region for —y. For y = 0, the stability region is the left half-plane.
Thus, it is sufficient to describe the bounded regions for 0 <y < 1.

REMARK 4.13. Wheny = —1,0, and 1, the ratios of Example 4.11 correspond
to the subdiagonal, diagonal, and superdiagonal element of the Padé table for
e?Z respectively. Other values of y give intermediate rational approximations
of the exponential. These rational approximations of e2? have already been
analyzed; they appear in [7, 18, 27, 28].

REMARK 4.14. The proof of the A-stability presented here seems to be new
in the sense that it uses only elementary properties of Legendre polynomials
and Gaussian quadrature rules. However, we do not obtain the stability region
in the case y € (0,1], we obtain only the fact that it is not A-stable. One way
to obtain the stability region is to use the order stars approach [21, 22].

4.2. The case L = 2: uy,(ty,_1) = Uy_; and u, (t,) = U,. In this case, we use
the quadrature formula (3.2) with M = K. Hence, (DTri,Tl'j)d is always exact,
and (773, 77;)% is exact for i+ j < 2K -2 or for i+ j < 2K —1if y = 0.

Then the system is

L 2z .
[1—(—1)‘+J]am+2jTanj=Un—(—1)JUn,1 (4.24a)

M

0

-
Il
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for j=0,...,K-2,

K-1
e 2z 2yz _
g(:) [1- (D" an + S Ank-1+ %am =Un— (=D Up-1,
(4.24b)
K .
D (=D)'ani = Up-1, (4.240)
i=0
K
> ani = Un, (4.24d)
i=0
which is equivalent to
Up=Up_1+2zang, (4.25a)
K .
> (=D an; = -Uy, (4.25b)
i=0
K . .
—2zanj+(2j+1) > [1-(-1)"]ay; =0, (4.250)
i=j+1
for j=0,2,...,K—-2, and
—Zank-1+[(RK-1)—yz]ank = 0. (4.25d)
Solving (4.25) for a,o using Cramer’s rule, we obtain
Ao = Up_i Alg-1-yzZAik2
" " (Aok-1 —yzAok—2) —z(Aik-1 — yzAIk-2) ]
(4.26)
Rog (z1y) = (Aok-1—yzAok-2) +2(A1k-1—yZAik-2)
’ (Aok-1—yzAok-2) —2(A1k-1 —YZA1k-2)’
and the next result follows.
THEOREM 4.15. Foranyy € [-1,1],
Rok+1(25y) = Rok (z;—y). (4.27)

THEOREM 4.16. LetL =2, u,(ty) = Uy, Un(ty_1) =Un_1, and K > 1.

(1) The method corresponding to the approximate problem (4.24a) is A-stable
but not stiff A-stable.

(2) Lety € [-1,1] and M =K in (3.2). Then the method corresponding to the
discretized problem (4.24a) is A-stable for y € [0,1] and stiff A-stable fory = 1.

4.3. The case L = 1: u,(t,) = U,. In this case, using the quadrature rule
(3.2) with M = K + 1, any term of the forms (m;, ;)4 or (Dr;, ;)4 is inte-
grated exactly for i, j < K. Hence, the approximate problem and the discretized
problems have the same A-stability property.
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The system is

J
o z .
g[l—(—l)‘*l]am+mam=Un—(—1)JUn,1 (4.28a)
for j=0,...,K, and
K
> ani = Un. (4.28b)
i=0
But, this system is equivalent to
U, =Up_1+2zano, (4.29a)
(1=2)ano+ - am = Up-1, (4.29b)
z z
72j7—1an‘j71 +an;+ manj+1 =0, (429C)
for j=1,...,K—-1, and
z z
- _ 1-— =0. 4.2
2K 177K 1+( 2K+1>a"K 0 (4:29d)
Hence,
A1k —zA1k1
ano =Up- ;
"0 Aok — zAok-1) — 2(Ak — zA1k 1)
( 42 ) (4.30)
Aok —zAok-1) +2(A1x —ZzA1k 1
Rix(z;y) = ,
sy (Aok —zAok-1) —z(Aik —zA1k 1)
and we have the next result.
THEOREM 4.17. Foranyy [—-1,1],
Rix(z;y) = Rok(z;-1), (4.31)

and the methods corresponding to the approximate and the discretized problems
(4.28) are stiff A-stable.

4.4. The case L = 1: u,(ty,_1) = Uy,_1. In this case, we have

J
" 2z .
> [1—(—1)”1]am+mam =Up—(-1)Up_y (4.32a)
i=0
for j=0,...,K, and
K .
D> (=Diani = Up-1. (4.32b)

i=0
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This system is equivalent to

U, =Up_1+2zano, (4.33a)
(1-2)ano+ %anl = Up_1, (4.33b)
z z
_2j—_1anj,1+anj+manj+1 =0, (4.33¢)
for j=1,...,K—1, and
z z
—mam(,l+(l+m)an1< =0. (433d)
Then
Ao = Uy Ak +zA1k1
" " (Aok +zAok-1) — z(Aik + ZzA1k-1)
(4.34)
Rl (ziy) = (Aok +zAok-1) +z(Aik + zA1k-1)
e (Aok +zAok 1) —z(Aik +zA1k 1)’
and we obtain the last result.
THEOREM 4.18. Foranyy [—-1,1],
R (z;y) = Rok (2;1), (4.35)

and the methods corresponding to the approximate and the discretized problems
(4.32) are not A-stable.
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