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ABSTRACT. Suppose N is a Banach space of norm ]°| and R is the set of real
numbers. All integrals used are of the subdivision-refinement type. The
main theorem ETheorem 3) gives a representation of TH where H is a function
from RxR to N such that H(p+, p+), H(p, p+), H(p™, p~), and H(p~,p) each exist
for each p and T is a bounded linear operator on the space of all such func-
tions H. 1In particular we show that

™= (Dfde + (G ) -aed L T8y )
1=1

+ ¥ El(x“ x,)-H(x7 x‘ﬂ 0 (x X,)

i=1 174 1’71 i-1°71
where each of o, B, and O depend only on T, o is of bounded variation, B and
O are 0 except at a countable number of points, fH is a function from R to N

depending on H, and {xi}wi=1 denotes the points p in [a,b] for which

[H(p,p+)—H(p+,p+)j #0 or [H(p",p)—l-l(p",p'ﬂ #0. We also define an interior
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interval function integral and give a relationship between it and the standard

interval function integral.

1. INTRODUCTION.

Let N be a Banach space of norm '- and R the set of real numbers. The

purpose of this paper is to exhibit a representation of TH where H is a function
from RxR to N such that H(p+,p+), H(p, pt), and H(p~,p~), and H(p~,p)each exist
for each p and T is a bounded linear operator on the space of all such functions H.
Functions H for which each of the four preceding limits exist have been used
extensively in the study of both sum integration and multiplicative integration,

(for example see [2]). In particular we show that

- b *
TH = (I)fafHda + .E

Iz + _ + +
. 1LH("1-1’X1—1) LICIRTEMBILICHIY

+ iEILH(Xi’Xi)_H(XE’XEE C] (xi—l’xi)’

where each of a, B, O depend only on T, a is of bounded variation, B and O are 0

except at a countable number of points, f,  is a function from R to N depending on H,

H
and {xi}:=1 denotes the points p in [a,E] for which H(p,pH)-H(p ,p") # 0 or

EH(p‘,p )—H(p“,p'ﬂ ¥ 0. We also define an interior interval function integral

and give a relationship between it and the standard interval function integral.

2. DEFINITIONS.

If H is a function from RxR to N, then H(p+,p+) = 1im + H(x,y) and similar
X, y+p

meanings are given to H(p,ph), H(p~,p”), and H(p~,p). The set of all functions

for which each of the preceding four limits exist will be denoted by OLO. If

H is a function from RxR to N then H is said to be (1) of bounded variation on

the interval [a,b] and (2) bounded on (a,b] if there exists a number M and a

n

1=0 is a refinement of D then

subdivision D of [a,b] such that if D' = {xi}
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n
(1) x |H(xi_1,xi)l <M and (2) if 0<i<n, then lH(xi—l’xi)l < M, respectively.

i=1
Further, H is said to be integrable on [?,ﬁ] if there is a number A such that
for each € > 0 there is a subdivision D of [a,bj such that if D' = {xi}2=0 is
a refinement of D, then | g H(xi—l’xi) - Al <€ and A is denoted by sz when

i;}

such an A exists. 1In our development we will also find a slight modification
of the preceding definition useful. 1If H(xi—l’xi) is replaced by H(ri’si)c(xi-l’xi)’
X5 1 < r, < s; < Xy in the approximating sum of the preceding definition then
the number A is denoted by (IH)IZHG and termed the interior integral of H with
respect to G on [g,b]. Also, if each of f and o is a function from R to N,

then the interior integral of f with respect to o exists means there is a number

A such that if € > 0 then there is a subdivision D of [a,b] such that if

[ n . : .
D {xi}i-O is a refinement of D and for 0<i<n, x, ; < t; < x,,
n b
- - < {
| iil f(ti)[@(xi) a(xi_li] Al € and A is denoted by (I)fafda.
DV

If o is a function from R to N, a(p+) = 1im+ a(x), a(p™) = 1lim o(x), and

x>p x>p .
do denotes the function H from RxR to N such that for x<y, H(x,y) = a(y)-a(x).

If each of H, Hl’ H2’ . . . is a function from RxR to N, then lim Hn = H uniformly
n-co

on [a,b] means if € > 0 there is a positive integer N and a subdivision

D = {xi}2=0 of [a,b) such that if n > N and x;_; <1 <s <x, for some 0<ic<n,

1
then |H(r,s)—Hn(r,s)| <e. If H is a function from RxR to N, then H is bounded on

[a,b) means there is a number M and a subdivision D = {xi}:=0 of [a,b] such that

if 0<i<p and x <r <s <x,, then |H(r,s)| <M. The norm of H on [a,b] with

i-1 — i’

respect to D, ||H|]D is then defined as the greatest lower bound of the set of

all such M's.
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T is a linear operator on OL0 means T is a transformation from OL0 to N such

that if each of H; and H2 are in oLY then
TlkH; + kH,J = k TH) + k,TH,

for kl, k2 in R. T is bounded on [a,b] means there is a number M such that
[TH| < M||H||D for some subdivision D of [a,b].

For convenience we adopt the following conventions for a function from RxR
to N and R to N for some subdivision D = {Xi}2=0 of [a,b]:

(1) H(a",a) = H(a",a”) = H(b,b") = H(b',b}) = 0,

(2) H(xi—l’xi) = Hi’ 0<i<n,

(3 alx)-alx; ) = ba,,
() igl H(x, ;%) = IpH
D

it

3. THEOREMS.

We will begin by establishing a relationship between fZHda and (IH)IZHda
which will require the following lemmas.

LEMMA 1. If H is in OLO and o is a function from R to N of bounded variation
on [a,b], then ngda exists.

This lemma is a special case of THEOREM 2 of [27.

LEMMA 2. Suppose H is in OLO, [a,b] is an interval, € > 0, and S1 and 52 are

sets such that p is in S. if and only if p is in [é,ﬁ] and |H(p,p+)—H(p+,p+)|i € and

1

p is in S, if and only if p is in [é,b] and ,H(p_,p)-H(p',p')lz_e. Then, each of S

2

and S, is a finite set. [2, lemma page 498].

We note that it follows from LEMMA 2 that if S is the set such that p is in S

1

if and only if H(p,p+)—H(p+,p+) # 0 or H(p~,p)-H(p~,p") # O then S is countable.
LEMMA 3. If H is in OL0 and a is a function from R to N of bounded variation on
. + - e o]
[a,b] then (1) if p is in Eub] each of a(p™) and a(p~) exists and (2) if {xi}i=1

is a sequence of numbers such that if p is in [a,ﬁ] and H{p,pH)-H(pt,p) # 0
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or H(p~,p)-H(p~,p~) # 0, then there is an n such that P=X_, then

]

W T [HGxh-a60 0] [eGd-a(x,)] exists
i=1

and (2) § [H(x;,xi)-H(xI,x;ﬂ Ex(x;)—a(xii] exists.
i=1

INDICATION OF PROOF. It follows from the bounded variation of o that for
p in [a,ta each of ot(p+) and a(p~) exists.
Since H is in OLO, it follows from the covering theorem that H is bounded
on [a,l;_, and that there is a number M; such that for each positive integer 1,
+ + +
!H(xi,xi)-H(xi,xi)I <M,

and, furthermore, for n a positive integer and 0 < i < n, let xp > x, such that

T
n + 1
T Ja(x;)-a(x_ )| < 1. Hence,
i=1 * Py
o + + + +
131 | [1Cxy %) -H G, x)] [ax)-0(xp)] |
<, [ 3 feh-ax )+ § e )-acx))|
a(x,)-a(x a(x -a(x,
- 1hia S i=1  Pj i

<My (1) + M g Jor(x)-a(x; 1,

where D is a subdivision of L'a,b] containing X and Xp as consecutive points
i
in D for each 0 < i < n. Hence, since o is of bounded variation there is a number

M such that

|[H(xi,x:)—H(xI,xI)J [G(X;)-Ot(xi)] | <M.

I~
KA

i
Therefore,
® + + _+ + .
izl (:H(xi,xi)-H(xi,xi)] [ot(xi)—a(xi)] exists. In a similar manner it may be
shown that

o] - .

i§1 [H(x;,xi)—H(xz,xi)] [a(xi)—a(xi):, exists.

THEOREM 1. If H is in 010 and o is a function from R to N of bounded

variation on [a,b] , then (IH)szdOL exists.
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PROOF. If € > 0 then it follows from LEMMA 2 that each of the sets AZ and
A; to which p belongs if and only if p is in [-a,l:g and [H(p,p+)—H(p+,p+)] > €
or |[H(p~,p)-H(p~,p )| > €, respectively, is a finite set. Let A = {c }i -1

m
;: = {di}i-—z-l’ and At and A” denote the sets to which p belongs if and only if

p is in [a,b] and H(p,p+)—H(p+,p+)9‘0 or H(p~,p)-H(p~,p~)#0, respectively. Since

+ - . + - = *
each of A" and A™ is a countable set then let AT + A~ = {yi}

i=1"
Since o is of bounded variation on [a,‘t] , then for each cy» 0xic< my and
d,, 0 <i <m, there is an e, > c, and an f, > d, such that if e, > r, > ¢, and
i -2 i i i i i—"1 i
+ € -
and f, <'s; <d;, then ]oc(ci)—a(ri)| < “Tom; and Ia(di)-a(si)l <__€

16m2
From LEMMA 3, it follows that there is a positive integer N such that if n > N, then
o + + + +
¢b) liil [uy,,yD-HGrL,y ) [etrD-a6,)]

—iogl [H (yi ’ y‘:‘[‘) -H (YI, y:)] [CX (YI) —a (yii’l
and

@ | I [H(yi,y )-1(r7,yp) [ -a,)

1

- I [H(y 3y )-HG7y7) o= e ) < §

i=
- - — + +
Note that for some yi's’[H(yi’Yi)_H(yi’yiﬂ or EH(yi’yi)-H(yi’yi)] may be zero.
Since, from LEMMA 1, IZHda exists, then there is a number M and a subdivision

Dl of [a,lg such that if D' = {xi}n is a refinement of D then

i=0 1’
3) I |Aail <M,

DV
b €
(4) | / Hdo - Z'HiAoci | <%
and (5) 4if 0 < i < n, then lH(x l’xi 1) H(x l’X )] < M and

lH(x‘i,xi)—H(x'i',xz)I < M.
Further, since H is in OLO, using the covering theorem we may obtain a subdivision

n . .
D2 of [a,b] such that if D' = {xi}i=0 is a refinement of D 0 <i<mn, and

2’
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X. <r <s < x,, then

i-1 i
(6) [H(r,s)-H(x7,x]) | < =7

() [HCr,8)-HGx,_ % D¢ —g

(®) |u(x, )-Hx, x| <=

i- 1’X1 1
_ €
and (9) ]H(xi,x.)-H(xi_l,x.)l < oM’

Let D = D1+D2+A +AZ+ Z {el} + 32 {fi} + Z {yi} D' {x } o be a refine-

i=1 i=1 i=1

ment of D, and for each 0 < i < n, x, <r, < s, < x,. Choose m> N such that
— i-1 j-1 j i

for each X5 0<i<n, in D'- (A*+A~) there exists a positive integer z < m such

that y, = %;- Hence, for X;» 0 <i<mn, in D' such that neither X5 1 nor x, is

+ .- . €
in (A +A7), it follows from (6)-(9) that IH(ri,si)—H(xi_l,xi)l < =S
+ .
if Wi—H(yi_l,yi 1) H(y 1,y ) and Q—{yl, y2, T A } for 0 <i < m then
m +
| v o) -ty - 2laeg l,x )H(x R T1) o]

D' [A€+(A -ah)

- Iz v oot Dy, ] 4T W [aG]_p-at )

At Q-A¥
€
+ +
-t +[H(Xi—l’Xi-l)-H(xi-l’xi—lﬂ bay
D'-AY
= Z H(x, » X ) H(X ,X )]Aa |
e }-1 -17%i-1

+
i§+lwi| . fot(y;_l)—oc(yi)l + Q_X_A...lwi! . Ia(yi_l)-a(yi_l)l

€ +
+ Z lH(xi— ’ ) H(X 1’x l | ]Aail
D' - (a*-A))
€ € + _ €
<MI Tevim, + e ZA+ laGrl_P-atv; DI+ T Z|day |
Ag Q-Ag D' (A*-a})
3
<16

Hence
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o) | Iw [m(yi BRI - z H(x ,x D H(x
=1

: 1”‘1 p) oyl < 16

i-1

and in a similar manner it may be shown that

11 | 'fzi[a(y;)-a(yi)) -2 [HGg D -ROG %] Aay | < 25—,
i-1 D' A

where Zi = H(yi’yi)_H(yi’yi)°

Using inequalities (10) and (11) we are now able to complete the proof of the

theorem. In the following manipulations Wi and Zi are as defined for (10) and (11)

and P =H(x, )- H(x ) and Q H(xi,x )- H(xi,x ).

i- 1”‘1 1 1”‘1 1

b * + b -
IIZ)'HjAai—faHda—iilwi[a (F}_-op; )] _151 z, Loty -y ]|

+ o - E_E >
NN iilwi[a(yi—l)_a(yi—l)J_izlzi[a(yi)-a(yi)-]l "Lt 16 7 16

3 .3
< | IZ)'(HJ—H Ao, —D'ZA P Aui— ZA_Q Ao, ] + = +R +5
. 3
< Z]HJ.-H1| . |oay] + Z|Hj—Hi—Pi]Aai + Z|HJ.-Hi—Qi| [Aai| + =
D'-D'- (aAt+AT) p'-at D'-A-
€ . € . €
S 3w Mt Mt M
< e

Hence, we have a relationship established between (IH)f:Hda and f:ﬂda which will be
used in the proof of the principal theorem.
THEOREM 2. If {Hi}i —o 1is a sequence of functions from SxS to N, such that for
each i, H, is in OLO, lim H =H_ uniformly on [h,ﬁ], and T is a bounded linear
i o I 0
operator on oLO then 1im TH =TH...
n->o n 0
The proof of this theorem is straightforward and we omit it.

THEOREM 3. Suppose H is in OLO, T is a bounded linear operator on oL0.

Then,

= (I)f:fHda + I [H(xi_l,xz_l)-H(x;_l,xI_lﬂ B(xi_l)
i=1

+ T [HGxg,x)-HGG,x0)] 00xy_15x,),

8

i=1
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where each of a, B, and O depend only on T, o is of bounded variation, B and O
are 0 except at a countable number of points, fH is a function from R to N de-
oo
pending on H, and {xi}i=1 denote the points in [a,b] for which
[H(x x+)-H(x+ x+i7#0 or H(x7,x,)-H(xT,xT) #0, i=1,2,...,n.
i) i i, i i’ i i’ i k] ’ ’ ’

PROOF. We first define a sequence of functions converging uniformly to a
given function H in OLo and then apply THEOREM 2 to establish THEOREM 3. We
first define functions g and h for each pair of numbers t,x, a <t <b, a <x <b
such that

1, if t=x 1, if a < ¢t

g(t,x) = and h(t,x) =
0, if t#x 0, if x < t

I A

X

b,

I A

and using these functions and the operator T define functions a, B, Y, and @
such that
a(x)=TH(-,x); B(x)=Tg(*,x); Y(x)=Tg(x,"); B(x,y)=Tg(-,x)g(y,*); and
0(x,y)=Y(y)-B(x,y) for x and y in [a,b].
Clearly, o is of bounded variation on [a,b] and we see from

b |¢(xi_1,xi)| =3 ﬂi
Dl

gfgnﬁiTg(-,xi_l)g(xi,~)

| A

MI[Z sgnd g%, Delxg, )]
D'

= M,
oo
for D' a refinement of a subdivision D of [a,b], it follows that I |¢(xi_l,xi)]
oo o0 i=1
exists and in a similar manner that each of I |B(xi)| and I | (xi) | exists.
i=1 i=1

oo
Hence, X |Gbn ,x.)| exists.
i=1 i-1°71

Each of our approximating functions Hn will be defined in terms of a sub-

division Dn of [a,b] determined in the following manner.
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Since o is of bounded variation on [a,b] and H is in 0L9 then from THEOREM

1, (IH)f:Hd exists and there is a subdivision K of [a,b] such that if K'={xi}?=1

is a refinement of K_, then |(I )fbHda-Z H(r,,s_)Aa,| < l-where for 0 <1 <m,
n H " a K' i’7i i n —

<r, <s, <x It follows from the covering theorem and the existence of

T I T T &
the limits H(p,p") and H(p+p+) that there is a subdivision In = {xi}T=0 of [a,b)

such that if x, 0 <i <m, then |H(x,y)-H(z,s)| <% .

< x <r <sg < < x
i-1 y

i’
Further, let Jn denote the set such that p is in Jn if p is in [é,b] and

+ + + 1 - ——— 1
[a(p,pH-(T, 0" | > < or [H(p™,p)-H(P™,pT)| > and D =K +J + 1. For
each positive integer n, let Hn be a function from RxR to N determined by

m
Dn {xi}isl in the following manner:

m m +
Hn(x’y)= iil H(ri’si)[h(x’xi)_h(x’xi-lﬂ+iifh(xi—l’xi-l)-H(ri’SiX)[g(x’xiﬂ
m
+ I [H(x7,x)-H(r;,s.)] 8(x;,y)
i=1

- B a6 %) -H(r,s )] 8o, )0k 5y)
i=1

for each (x,y) such that X1

X, X 0<i<m . <r, < < X,.
C i-1° g ’ =M X i Sy Xy

<x <y < X5 for some 0 < i < m, and for each

It is evident that lim Hn = H uniformly on [a,B] for if € > 0, % < g,
n-roo

m
D = Dn = {xi}i=0’ and Xp—l <x<r<s<yc< xp for some 0 < p < m, then
Hn(xp—l’xp) = H(xp-l’xp)’ Hn(xixp) = H(nyp)a Hn(xp_l’}') = H(Xp—l’y)’ and

Hn(x,y) = H(r,s). Hence lim H = H uniformly on [a,b] .

n->o

Since 1lim Hn = H uniformly on [5,5], applying THEOREM 2, we have

n>w
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TH = 1im TH
n-=o° n

= lin gnﬂ(ri,si)[m(-,xi) - TH(-,x%; ;)]

+ .
+lml [(x,_ %) )-H(r, .8 T8CHx 1)
n

+ lin g [H(x;,xi)-H(ri,si)J Tg(xi,')
n

* rlxi?s['ﬁ(x;,xi)m(ri,siﬂ Telo,xy_;)e(xy,*)
b ® + :
= - +
(1) [ ida + 121[}1("1-1”‘1-1) LIC I IOy
(o]
+ I [H(xi,xi)-H(xi,xi)] Y(xi)
i=1
o
+ iEl[H(xi,xi)-H(xi,xi)] ﬂ(xi-l’xi)
(o]
¥ 121 H(x7,x, )-H(x],x7) O(x;_;,%,)
where the existence of each of the infinite sums is assured by LEMMA 3 and the
equality of the last two expressions follows from the definition of D.
All that remains to complete the proof of THEOREM 3 is to show that IHf:Hda
may be represented by (I);bed where fH is a function from R to N. If we let

fH be the function such that for each p in [a,b] fH(p) = H(p+;p+) then it

follows that (I) Jb“f da exists and is (I )‘bﬂda.
a H H a
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