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ABSTRACT. This paper is concerned with the torsional vibrations of a nonhomogeneous magnetos-
trictive elastic cylinder. The cylinder is subjected to the action of a circumferential magnetic field

produced by an axial current of constant density and the deformation of a magnetostrictive cylinder is

produced by a constant longitudinal magnetic field. The frequency equation is determined, and the

displacement and stress components are numerically calculated with graphical presentations.
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1. INTRODUCTION
The study of torsional deformation of magnetostrictive cylinder has received some attention in

recent years. Recently, devices such as the "Twistor" in the field of digital computer use the magne-
tostrictive effect as shown by Lewis 1]. Motivated by this work, a study is made of torsional vibrations

of a nonhomogeneous magnetostrictive elastic cylinder. This study is based on simplified version of

nonlinear magnetoelastic equations and the constitutive relations considered by Abd-Alla and Maugin

[2] and Maugin [3]. Further, the cylinder is subjected to the action of a circumferential magnetic field

produced by an axial current of constant density and the deformation of a magnetostrictive cylinder is

produced by a constant longitudinal magnetic field. The associated frequency equation is determined.

The displacement and stress components are numerically calculated with graphical presentations.

2. BASIC EQUATIONS

Making reference to [2], we denote the density of magnetostrictive elastic solid by p, the magnetic

induction by Br the Poila-Kirchhoff stress tensor by Try, the tensor of elasticity coefficients by Cr.LuV,
the tensor of coefficients of magnetostriction by BrLU,V, and the tensor of magnetic susceptibilities by
gr. For the usual magnetostriction, we consider the linear terms in Vu and the quadratic terms in the

magnetic field H. The equations of motion and equations of magnetic field are given by Abd-Alla and

Maugin [2] in the form

O2ULp--- TKL,r, (2.1)

Br.r-O, (2.2)
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where commas are used to denote differentiation with respect to the Cartesian coordinates. The con-

stitutive relations are

Tr CrtMN Uu.N + BrtvHH, (2.3)

where

(

(2.4)

(2.Sabc)

It follows from result (2.5a) that due to the quadratic nature of magnetostriction, the magnetic
contribution to (2.5abc) comes from three effects: (i) magnetostriction, (ii) the fact that the body is

magnetized (Xra." 0), and (iii) the Lorentz force that yields the contribution represented by the term

within the parentheses in (2.5a). We use the simplified version of the anisotropic nonlinear magne-
toelastic equations (2.1)-(2.2) and the constitutive relations (2.3)-(2.5abc) and obtain the simplest
stress-displacement-magnetostrictive field relations which are valid for an isotropic nonhomogeneous
and magnetostrictive medium in the form

rra. ".6r uu.u + 21xu:. + 2p HxH. --Sra. HuHu, (2.6)

where

Crw "X 5ra. u2 + lX(rv -u + 5r,u) Bra.M2 "bo 8ru IXra. "Xo 5r, (2.7abc)

1(1p - b +X0+l (2.7d)

In terms of the cylindrical polar coordinates (r, 0,z), the following constitutive relations describe

the interaction of the elastic and magnetic fields so that the stress components are

Ou, 1
T,, Xe + 2t--r + 2pH2, -a

(u, lOu.l 1
T’:ke+21"t r r

Ou 1
T= X. + 2"z + 2pH2, -’a

(2.)

(Ouo lOu.)
r

wher

Ou, u, 10Uo- a+-+ + -n, +no +n,
r T"--z’ (2.9ab)

where u (u,, u0, u) is the displacement field victor, are elastic constants andH’s are the components

of magnetic field.
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The equations of motion in cylindrical polar coordinates are

at,, ar at,. r,,-r, a2,
----+-- ++ar r --" az r

ate 1 aT. ate, 2 #2Ue
--+- +--+- Tar r-- az r Pff’
at. 1are, aT. 1 a2u,
---+ + +7ar 7"’" P’"

(2.o)

3. TORSIONAL VIBRATIONS
We take the positive direction of the z-axis along the axis of the cylinder, and assume that the

displacement vector u has its only non-vanishing component Ue which is independent of 0. This means

that the normal cross sections (z constant) ofthe cylinder are rotating with respect to each otherwithout

distortion. With the magnetostrictive cylinder of inner radius r b, outer radius r a and of length/,
the boundary conditions are prescribed as

(i) The shearing force has the form

0, 0st sb
(3.lab)(r,),.o.,.o f(r) , b s r a

where I is a constant.

(ii) The mixed boundary conditions are in the following form

Ue-0 at z-l, T-O at r-a. (3.2ab)

The second condition means that the curved surface (r -a) of the cylinder is free from mechanical

tractions.

(iii) The cylinder is subjected to the action of a circumferential magnetic field produced by an

axial current of constant density I0 and the deformation of a magnetostrictive cylinder is produced by a

constant longitudinal magnetic field H0. These can be expressed as

1
H, O Ho -lor H, Ho (3.3a/)

(iv) In view of the non-homogenity, the rigidity tt and density p are chosen in the following form

,l}e
4"

plpoe
"t (3.4ab)

where l, Po and k are constants.

The only nonvanishing equation of motion is

----+ (3.5)ar r ar r2
+

igz2 +-’ c2 at2

where c2 *....=-.

We seek separable solution for the displacement field in the form

u. -R(r)Z(z)e’"’ (3.6)

Substituting (3.6) into (3.5) gives

1 1 dR R+..C - -k --m" r2+. rr 3 ’z
where m is a separation constant. Equation (3.7) splits up into two equations, namely:

(3.7)
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where

where

dr 7 -r -’ R-0,

dZ
k
dZ

d---- -z-mZ-O,

(3.8)

(3.9)

q to

--+m
The solutions for R and Z are

R-A1Jl(qr)+B1Y(qr), Z-CIe

(3.10)

" + D1 e" (3.11ab)

LI,2 (k qk2_2) (3.12ab)

A,B1, C1 and D1 are arbitrary constants and J(x) and Yt(x) are Bessel functions of the first and second

kind of order one, respectively.

Now, for a solid cylinder, " must be finite at r 0, hence B1 0, and therefore the solution of

equation (3.5) can be written as

uo "J(qr)[Ce +De]e
and the stress components are

Tro e -Z[c x: +De

To e-*’[qcex: + Dex:]Jx(qr)e’’’ +p JoHor

(3.13)

(3.14)

(3.15)

where C -A1C andD -ADi. It is noted that the influence of magnetic field is evident in the shearing

stress component Te, which is a function of the radial distance. Making use of the boundary condition

(3.2b) we obtain the frequency equation

J2(qa)- O (3.16)

This equation has infinitely many roots, the first non-zero eight positive roots are given in Table I where
e.-(qa).,n l,2 8.

n 1 2 3

5.1362 8.4172 11.6198

4 5 6 7 8

14.7959 21.1170 24.4205 27.4205 30.5692

Table 1.

Furthermore, the boundary condition (3.2a) gives

Cet+De.O
By virtue of condition (3.lab), the following result follows from equation (3.15)

Ixo[C +O,2]Jl(qr +pJoHor f(r)

Multiplying both sides of (3.18) by rJl(qr) and then integrating in the range (O,a) we get

Ckl +DL2=- rf(r)Jl(qr)dr

(3.17)

(3.18)

(3.19)
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where we have used the following results [4]:

a2
Y" forJ(qr)dr-’{J,(qa)}:, for’-J,(qr)dr-O.

Now, using the condition (3.1), equation (3.19) becomes

Ck +DZ2-- J2(qb).

The constants C, D can be determined by solving the two equations (3.17) and (3.21)so that

C----, D ---,
where

(3.20ab)

(3.21)

(3.22ab)

Ac ---J:(qb)e, Ao J=(qb)e and A e’ 4 (3.23abc)
IXoy

4. NUMERICAL RESULTS AND DISCUSSION
The displacement and stress for the first mode of vibration are given below graphically. Com-

putational work is carried out with the following data:

H lOOAm/m I lOOAm/m’-

go O.621N/mz P0- 3.22Kg/ms

o.o lO

s/k- kb 1/2

l/a -2 z/a -2

q/a 5.13562 p 0.2 10-t

The displacement, -uo x 106 at different radii is shown in Fig. 1. The stress components, -To 10

and -To, 104 are shown in Fig. 2 and Fig. 3 respectively, for fixed value of time 1 sec. It is obvious

from Fig. 1 that the maximum value of the displacement occurs near r/a -0.36 and the displacement

changes its sign at the point r/a 0.74. The maximum values of-To, from Fig. 2, occurs nearr/a 0.6.

Moreover, from Fig. 3, it follows that the component ofstress-T, has the maximum value nearr/a 0.35
and it changes its sign at the point r/a 0.65 when there exists magnetostrietion effect, and at the point

r/a 0.75 when there is no magnetostriction. This means that the effect ofthe magnetostriction reduces

the value of-To and it becomes more sensitive with the increasing of the distance.

[]
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