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ABSTRACT. In the present paper the theory of fractional powers, which has been
restricted to date to certain operators on Banach spaces, is generalized to certain
particular operators in Fréchet spaces. The main difficulty consists in the fact that
neither the holomorphic functional calculus nor the results on Banach algebras are
available for bounded operators on Frédchet spaces.

All the basic properties which a good theory of fractional powers must fulfill

are proved, except for the spectral relation,
A% = 2% ze o)}
which remains an unsolved problem.
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1. INTRODUCTION AND NOTATION.

In [1] we have developed a new theory of fractional powers for non-negative
operators, that is, for closed 1linear operators A in a Banach space X such

that ]-«, O[ is contained in the resolvent set p(A) and
sup I'A(A + A)-1|| <+ o,
A>0
To this end, we have used a new definition of fractional powers which coincides

with the closure of the operator J% (defined by A.V. Balakrishnan in (2]) when D(A) is

dense in X, and is a strict extension of that operator when A is not densely defined.
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The point of view introduced in [1] has proved advantageous in several aspects.
First of all, it implies a substantial simplification of the theory and it shows that
the denseness hypothesis on the domain D(A), considered as fundamental {in previous
theories, 1is irrelevant; furthermore, it provides for the first time in the extensive
literature on fractional powers, a satisfactory construction in the case of non-dense

domains.

The main theorem of [1] establishes the following relation, for € > 0 and
Re a> 0:
A%(are) 1% = [acare) ) (1.1

In the present paper we generalize the results of [l] to operators A
in Fréchet spaces that verify a condition similar to non-negativity. The essential
difficulty introduced by substituting the Fréchet structure for the Banach structure
consists in the loss of properties undergone by the resolvent function z + (z-A)gl,

which is no longer analytical nor even continuous.

In 1984, Wilson Lamb [3] generalizes the concept of non-negative operators to

Frechet spaces in order to obtain certain results in the field of fractional

calculus. He gives a definitfion of fractional powers on operators, A, such
that ()«+A)_1 exists and is bounded for each X > 0, and given any seminorm, || |'p’
among those that describe the space topology, there is another seminorm ,l ,,q(p) and
a constant C > 0 (independent of II ||p) such that for each vector ¢:

[|ccacmar™hmg [ <11 ¢ Hlgepy for n = L2, (1.2)

This condition assures that the resolvent function is analytical on a sector centered
around the negative real semiaxis, thus allowing application of the same methods and

arguments as for Banach spaces.

We propose a different kind of operator which seems more natural and strictly
includes those of W. Lamb. Indirectly, this will be shown by means of a
counterexample in which the resolvent function associated with a certain operator of
our class is not analytical. The lack of this property prevents us from using or
generalizing the techniques common to theories on fractional powers previousto [1]).

However, we can take advantage of some of the ideas contained in [1].

Being unable to prove identity (1.1) for Frechet spaces, we have chosen to argue

as follows: We show directly that
D(A% = D[(A+e) ¥, for all e > 0,
and, as a consequence, we find an integral expression for the operator

n
A®- ¥ (—l)pep(:) (A+ %P (1.3)
p=0
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on D(AY, which will enable us to prove the essential property that a good fractiomal

power must have, namely

A%B - a2t B (with Re o> 0 and Reg > 0).

On rhe other hand, it can be seen that the integral expression for (Amﬂ.t)_l and

the relation
(A“)S-AGB (with 1 > a> 0 and Reg > 0)

established in [1] for Banach spaces, are still valid in Fréchet spaces. However, in

the latter case the spectral mapping theorem
oA% = 2% z < o(a)}
remains an open problem, at least as far as the present article is concerned.

F will henceforth be a Fréchet space, and (” Hp! an increasing sequence of

p>l
semi-norms defining the topology of F. We shall denote by A a linear operator on F
with domain D(A), and by p(A) and «A) the resolvent set and the spectrum of A,

respectively.

The proofs of several of the results in the present paper are essentially the
same as the proofs of the corresponding results in [l]. These proofs will therefore

be omitted.

2. PROPERTIES OF FRACTIONAL OPERATORS.

".

DEFINITION 2.1. We say that A is non-negative if p(A)D {x el A> 0} and for

all neN, there exists Mn > 0 and there exists m(n)€ N such that
-1
[[2xx+ &7 ]|, < [|o]],,y for all ¢€F and for all > 0. (2.1)

EXAMPLE 1. Given p: 1 < p <+ o, let
F = {f: [0, + [ » C such that fl[O,a] € Lp([O,a]), for all a > 0} with
el = el o1, -
Taking A = -d/dx on the set
D(A) = € F; £] (g €W P (JO,nD), for all neN and £(0) = 0}
it is easy to show that A is a non-negative unbounded operator, which is densely
defined if and only if p < + .
EXAMPLE 2. Let F = {£€C™ ([0, 1]), with £(?(0) = 0, for n=0,1,2...}
with the seminorms
Hell, = maxg o1
and the (bounded) operator
A = -i d/dx

(q)”

It can easily be shown that A has an empty spectrum and that for all X > U and ge F
-1
s+ 07 gl <2 |ls] |y,

and thus it is a non-negative operator.
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We shall now see that for all w: 0 < w < n/2 the operator e'¥A is not non-
negative. This will show that definition 2.1 is not equivalent to W. Lamb's
definition; for if an operator satisfies (1.2), this is still true if we multiply the

operator by Eiw, if w > 0 is small enough.

For z = A+ i o0 A (A> 0 and o= tg w) and g€ F, we have

-1xx+oxx’} X - o
0

(A-2)lg(x) = e

and consequently

i g(t) dt

Iz(A—z)—1 g(x)l = v’1+02 eakl )}ei)‘t - ok g(t) d( At)l .
0

Using g, (x) = eTiMx - I/Ax, we obtain
A

A
||z(a-2)7" gl]. = Ned? e [ 98 8y
0

On the other hand,
™y =a" g™ (i) implies | |g, (V|| = | &0
g, x 8 " (ax)implies ||g, o sup_“;_ [0, ] 8

+ o

-1 . "05"1/5 d
e R L | S S
Arte ”gx(n)”m ST“P) Olgl(")(r)l Ao x>

And we can conclude that e—iwA is not non-negative.

REMARK 2.1. It can also be shown that the operator A from example 2 does not
satisfy (1.2) even in the case that in this condition the constant C should be
dependent on the seminorm H Hp, which is contained in the left-hand-side.

In the next definition, as well as all the other statements in this paper, we

assume that A is a non-negative operator.

DEFINITION 2.2. The condition that A be non-negative allows us to define the

integral operator Jain the same way as it was defined in [1] for Banach spaces, and
the following property holds:
B jotB
J =J (with Re a> 0 and Re B > 0).
If A is continuous, we define
A% = g%, (2.2)
If A is not continuous and O€ p(A), we have that the operator A-l is a continuous
non-negative operator, since

[[xa™ + 07l || =|[acasxH || = [JeTta+ aH Ty || <

< l|¢|ln + Mn |l¢l|m(n) <+ Mn)||¢|'k(n)
(with k(n) = max {n, m(n)}) for all A > 0 and ¢€F.
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-l)a is a one-to-one operator, since if n > Re a, we have

(A-l)n—u(Ad)m= (A-l)n,
and consequently:
aHee=0=>@hH" =0 ==> 4=0.

(A

We define
A% = ((aHoy! (2.3)

It is easy to prove that, for 0 < Re a < 1 and ¢€ D(A)

+ o
(ahoyte=som rhel Gy ™A pan
0

Finally, if A is not continuous and 0¢ p(A), we define

A% ¢ = lim (A + €)% (2.4)
€ +0

on the vectors ¢ for which the limit exists.

REMARKS. i) From (2.2) and (2.3) it follows, by direct composition of the

powers (or their inverses) in their integral form, as shown in [2], that

A%PB = pot B (vith Re o> 0 and Re B> 0)
when A is continuous, and A not being continuous, when O ¢ p(A).
ii) Arguing as in [1] it can be proved that when A is not continuous, J%1s a

closable operator and A® i{s an extension of the closure of J%

The subsequent results will give a more precise meaning to the definition
of A% in the more general case in which 0 & p(A) and A is not continuous.

PROPOSITION 2.1. When A is not contil‘luous, the domain of (A + €)® 1s independent
of ¢> 0 (and equal to D(Aa) if 0¢ p(A)).

PROOF. We first assume 0 < Re a< l. Starting with the identity

DIA + 9% = R([(A + 7119

and using the integral expression of the operator J® associated with the operator
(A + e)-l, we obtain

+oo
Dl(A+e)Y = { X ® (A + e+ A) 1 peF), for all €> 0 .
0

On the other hand, given €, n > 0 the resolvent formula leads to

e -1 te -1
J YOO+ e+ A TT@drA- [N (A + n+ A dA =
0 0

+o
=(me) [ NP+ e+ DT+ A)-1¢dx, for all ¢¢€F,
0
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and the operator A can be introduced into the integrand on the right-hand side with no

influence on the convergence of the integral; for this reason

(a+ o 1%- 1a+ 7 1%ena),
and thus
[a+ o ™1%-1a+ n ™ 1%ep ((a+ 0%ND (4 + DY

for all ¢ € F, so we get
DIA+ Y =DlA+ Y.

Next we shall prove by induction on n that, for 0 < Re a< 2“, there exists
B(a) with Re B(a) > Re a, such that for all ¢€F

(a+ 0 1% - 1a+ m 1%ep 1a+ o8P0 b (a+ &P (2.5)

which will imply the equality of the domains D[(A + €)% and D [(A + D% .
This result has already been proved for n = 0. Assuming that it holds up to n-1,
take a such that 0 < Re a< 2". We have

A+ o % -1a+m %=1+ 019 y+ ((a+ n Y2y (2.6)
with ve 1A+ 0 %2~ a+ Y2,

and this element belongs to D [(A + e)B(q/Z)](\D [(A + n) &( O‘/2)] by the induction
hypothesis.
—110/2

From (2.6) it is easily concluded that [(A + ¢) ¥ and

[(a + n)-lldzll' belong to the set

D [(A+ e)c:/2 + B(°’/2)]r\n (A + n)°‘/2 + B(a/z)]

and relation (2.5) is established (with B(a) = /2 + B(a/2)).

If 0€ p(A), then A% is defined in the same way as (A + €)% and therefore the
argument 1s still wvalid if the condition n > 0 is substituted by n = O. This
ylelds D [(A + &% = D(A%.

PROPOSITION 2.2. When A is not continuous we denote by Dm the set D [(A + © 9 .
Then the function

h(t) = (A + £)%,

with ¢€Daand t > 0, is Holder continuous in each bounded interval ]0,a], with
exponent Rea /2", as long as 0 < Re a< 2" Consequently

lim (A + €)% = A%

€0

and D(A% = Da .
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PROOF. We have for 0 < Re a< 1 and ¢ D(A)
a a sin am 6 ol -1 -1
(A+e) % - (A+n) % = = — [ (~MA+et)) "o + MA+TFA) T ¢) dA+
0
*e -1 -1
+ [ A% en)(A+terN) T (A+mEN) T dA (2.7)
[

using the identity (A+€) (M't:‘i')‘)-l o= ¢ - X(A+e+)‘)_l¢ and the resolvent formula.
The two integrals are absolutely convergent, for all _¢ € .

Applying the formula (2.7) to the element (A + 1)_1¢, for all ¢€Daand taking
into account that the one-to-one operator (A + l)—1 can be placed on the left, since
it commutes with the integral sign we conclude that (2.7) holds for all ¢eDG.
Taking § = IG - nI, we have

(a+e)® ¢ ~(A+m) @ || < | Bin om I?—El e o o] dr+
[[carar® o -caem®of| < | =251 ol ¢l laga)
+}mARe “'2| | MM |19 dx

'n— ™€ T m(n) °I m(m(n))

el

enee a a sin am Reo 2 Mn Man(n)
|[carer® ¢ ~arm) %|| < 5= In-¢| Re a ||°Hm(n) *Re a-1 ”"”m(m(n))

and consequently h(t) = (A+t)%, with $€D and t > 0 is Holder continuous with

exponent Re &, so h is continuous and

lim (A+€) %

exists. €0

Arguing by induction, it is easy to show that in each bounded interval ]0,a) h is
a Holder continuous with exponent Re o/2" with n€ N such that 0 < Re a< 2". For n=0
this statement has actually been proved, and assuming it holds up to n-1 and a such

that 0 < Re a < 2n, then the relation

|| Cate®e ~carm %| |=| |ca+e) Y2y - (arm Y2y
with
b= a0 Y2+ (a2

implies, by the induction hypothesis, the property that was claimed for h.

Therefore h 1is continuous and converges as t tends to zero. Thus, if A is not
continuous and Oﬁp(A), by the definition of D(Aa'), this set is equal to Da « On the
other hand, if 0 €& p(A), both domains being equal by Proposition 2.1., we also conclude
that the following equation holds:

lim (A + )% ¢ = A%, for all ¢eD(A)%. (2.8)
€0
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REMARK. Relation (2.8) is obtained as in the classical theory if A is
continuous.
LEMMA 2.1. Given p€ N, there exists q€ N and there exists K > 0 such that
“[(A+e)‘1]‘x¢“P <K e_Re “H¢||q, for all € > 0 and for all < F.
PROOF. The case 0 < Re a < 1 is immediate from the integral expression for

[(a+0 119 which ylelds

+o -Re
||[(A+e)_1]“¢ “p <JL““‘-’3L Mp”°”m(p) ¢ Re °‘({ tl + ;dt . (2.9)

The general case is reduced to the former by repeatedly applying (2.9) after
writing
[are 1% = (((are) ¥R
with a natural number n such that 0 < Re o/n < 1.
PROPOSITION 2.3. Given ¢€¢D(A%, neN and € > 0, the integral

t? (ater) 00D ¢

O

(which may be improper at t=0) converges and, furthermore,

n
A% - 7 DPLP(H(a+re) ¥ Py =
p=0 P . (2.10)
- (-l)n+len+l(:)(a-n) ftn(A+st)a-(n+l)¢dt
0

where by (A+€) P we mean [(A+e)-l]p (a+e)® .

PROOF. We argue as in the corresponding Proposition of [l]: first we show that
the function h of Proposition 2.2, is indefinitely differentiable, then we write the
Taylor expansion of h(n) with respect to h(e€). In the resulting expression we find
that we can take the limit for n tending to zero, which leads to (2.10). Only slight
changes must be made in order to make up for the differences between Banach and

Frechet spaces, so we omit the details.

3. MAIN RESULTS.
LEMMA 3.1. Given a,B€C, néN and € > 0, with n+l > Re a, Re B > 0 and
oeD[(A+e)°], we have

™ (arer) S0 gy e prcare) B

O =

and 1
-(n+
1in ! (are)® [ eParer) T D g 2 o

€0 0
PROOF. As the operator (A+£)Bis closed, in order to prove that the integral
belongs to its domain, it suffices to show that this fact is true for the integrand,

and that the following integral (which is improper at t = 0 if 0¢ p(A))



FRACTIONAL POWERS OF NON-NEGATIVE OPERATORS IN FRECHET SPACES 317

a-(n+1)

1
[ ™+ 0P+ e o (3.1)

is convergent.
The first assertion is obvious, since n + 1 > Re B.

We will show that (3.1) converges with respect to any seminorm ” Hp. To this

end, we write

a-(n+1) ]n+l—8

(a+e)® (a + er) o= [(are)! "

with

n+l a-(n+1)

Y = (A+g) (A+et) ¢.

Then, by Lemma 2.1, there exists q¢ N and K > 0 such that

||[(A+e)‘1]““"3w||P <x[|4l], ReB ~(n+l)

In order to estimate ”W”q by means of a suitable function of t we use the

following decomposition:

aro™ [(are )11 (4 4et) % -

n+l

-1 O da-otiarer i are) %,
1=0

Applying Lemma 2.1 to the last term of the sum and considering the continuity of
(A +et)a¢ as t ranges over the interval [0,1], we conclude that there exists
Hl and Hz, positive and independent of t, such that

n
“‘J’” <H z (l—t)i N i +H ERe “(l—t)nﬂ tRe o(n+l) .
q 1 2
i=0
This implies convergence of the integral (3.1). Besides, the estimation of the

integrand also implies that

1
1n & (a+e) B [ e? (a+er) @ (0+D)
0

€0

¢t = 0
as claimed.
LEMMA 3.2. 1If P is a polynomial with complex coefficients and such that all its

roots are non-zero, then if ¢€F satisfies

pl(a+)™!] penl(a+e)®
we have ¢eD[(A+e)a'].
PROOF. Let Tys Toyeeely be the roots of P, and kl’ kz, oo kh their respective
multiplicities. Then the hypothesis can be rewritten as

(o)™ - r)] veDl(a+re)® (3.2)

with
kl 1 ki
n2<14’1

ve - e v r 1 T
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and, if we show that P € D[(A+¢) u], the argument can be repeated until we arrive at

the element ¢ .

Taking a natural number m such that 2% > Re a, (3.2) implies that
m-1 -1]2P, 2P -1
(m |(a+e) + 7)) [Ave) - r)] VED [(Av0) ]
p=0
Now, carrying out the operation on the left-hand side, we get
1 oM m
lare 112y - rf VED[(A+e) Y .
Since 2™ > Re a, we have
-1,2"
[(a+e) 17 y€ Dl(a+e) Y,

and we obtain y ¢ D[(A+e) ®] as claimed.
PROPOSITION 3.1. If Re a> 0 and Re B > 0, the following equality holds.
APa% = a2t 8
at+ B B, a
PROOF . We shall see that the operator A is an extension of ATA " .
Let ¢€_D(Aa) such that AQQED(AB). According to (2.10) we have for all n € N
and for all € > O:

n
A% =7 (-DP eP(:)(A+e)°‘P¢+
p=0 . (3.3)
+ (—l)n+le“+l(:)(u—n) ftn(m-st)u_(nﬂ)@it .
[
From here, taking n + 1 > Re a, Re B and applying Lemmas 3.1 and 3.2 it follows that
(a+e) %Dl (A+e)®], thar is pen(a®*B ),

a+ B

In order to prove that ABAG $=A ¢ we let (A+e)eoperate on both sides of

(3.3) and take limits for € tending to zero. By Lemma 3.1 we know that

n+l a-(n+1)

1
1im M o(are)f [ t®(avet)
€40 o

¢dt =0

s0, in order to establish the equality of ABAQ‘ ¢ and A°+ 8 ¢, it will suffice to

prove that

ln (a+e)® (ara®ig) = 0 (1 <i <n) (3.4)
€0

To this end, let § be such that 0 < § < min {1, Re(atB)}. Using Lemma 2.1, we have
for all péN,

[[carer® carer ™| [ = |[1ar ™18 arer B 0| |

<k et 3'5¢||q,
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where K and q do not depend on € and the term within the seminorm is continuous in a

neighborhood of zero owing to the existence of the limit

a+ B-§ a+ B-§

lim (A+¢g) é=A ¢

€30
(This limit exists because ¢eD[(A+e)c+B], a set which is included in
D[(A+e)°*B~6] = D(Am‘B—G)). Thus we have proved (3.4), as intended.

Next we shall see that ABAG is an extension of AMB.

Let ¢€D(Aa*e). Then ¢€D[(A+e)a"8] and consequently ¢ &D(A® and A% can be
expressed as in (3.3). Now we argue as in the proof of the inclusion A°+ B‘JA BAa,
except that it is now the second member of (3.3), term by term, of which we know
beforehand that it belongs to D[(A+E)B] . Thus we have A% ¢ED[(A+E)B] and taking
limits we obtain

ABAG 4 = ARy

PROPOSITION 3.2. A% is a closed operator.

PROOF. Let {¢p}

otB

p>l be a sequence in D(Aa) such that the following limits exist:

lim ¢ = ¢
pre P

(3.5)

Let n € N such that n > Re aand u > 0. Since A® is an extension of the closable
operator J% and D(Ja)‘DD(An), we have

A% (ar Mg = [(arw N1y (3.6)

Consequently, as by additivity (Proposition 3.1) we know that D(An-")DD(An), we

arrive at

A% A+ ® pen(a™ Y
and
AMTCAr) I g = AT (A THI

from which it follows, repeating the argument,
A"[ar ™™ pen(a®

Now this implies, by Lemma 3.2 that Y ¢D(A% and taking this into (3.6), it follows
that

A% =y,
thus A® is closed.
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The following Proposition can be proved by means of the techniques developed
in [1] and [2].

PROPOSITION 3.3. We have. (i) When A is not continuous, A® is an extension of the
closure operator J%, and the equality holds if and only if A is densely defined.
(ii) If p belongs to the non-empty set

i

(b C~ {0} p+ 2% 20 uith A >0, y-nse6 s

then A% + has a continuous inverse given by the convergent integral
H g Yy g g

L
27i

It : “ima :L inu] (a+ )‘)-ldA.
o u+ Aue pt+tA e

(iii) If 0 < a < 1, then AOl is non-negative and we have

A% = A% for all B with Re 8 > O.

REMARK 3.1. The concept of a non-negative operator, as well as the results in this

paper, can easily be generalized to complete locally convex spaces.
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