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We get a new Z-graded Witt type simple Lie algebra using a generalized polynomial ring
which is the radical extension of the polynomial ring F[x ] with the exponential function e*.
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1. Introduction. Let F be a field of characteristic zero (not necessarily algebraically
closed). Throughout this paper, Z, and Z denote the nonnegative integers and the
integers, respectively. Let F[x] be the polynomial ring in indeterminate x. Let F(x) =
{f(x)/gx) | f(x),g9(x) € F[x], g(x) # 0} be the field of rational functions in one
variable. We define the F-algebra V ;7. spanned by

{ed"ff”/bl coe famibmxt i d ay, . am,t €Z, fi * X,
(1.1)
(@1,b1) =1,..., (Am,bm) =1, L <i<m],

where by,..., b, are fixed nonnegative integers, and (a;,b;) = 1, 1 <i < m, means that
a; and b; are relatively primes, and fi,..., f are the fixed relatively prime polynomials
in F[x]. The F-subalgebra V;ﬁ,e of V s is spanned by

{ed"ffl/bl o famlbmxt | doay,...,am €Z, t €L, fi * X,
(1.2)
(@1,b1) =L, (@m,bm) =1, 1 <i<ml.

Let W /m,(0) be the vector space over F with elements {f0 | f € V .} and the

standard basis {edx f{1/P1 ... fam/bmxty | edx fA/bL. L pamibm iy ¢ W ). Define
a Lie bracket on W /,.(0) as follows:

[f0,901=f(0(g9))0-g(0(f))o, f.9€V me- (1.3)

It is easy to check that (1.3) defines a Lie algebra W s . (0) with the underlying vector
space W s, (0) (see also [1, 3, 5]). Similarly, we define the Lie subalgebra W;W(a) of
W s (0) using the F-algebra ij’e instead of V .

The Lie algebra W s.(0) has a natural Z-gradation as follows:

Wme(d) = Wi o (1.4)
dez
where ij,e is the subspace of the Lie algebra W s .(0) generated by elements of the
form {edx f/PV. .. famlbmyty | £ f € Flx], ai,...,amt €Z, m € 7, }. We call
the subspace de‘e the d-homogeneous component of W s, (0).
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We decompose the d-homogeneous component W?ﬁ,e as follows:

Wihie= @B W, (1.5)

where W s, ...s) 1S the subspace of W?m,e spanned by

{edelﬂ/m .. 'frsn'"/bqua lqez). (1.6)

.....

The two radical-homogeneous components Wg,a,,...am) a0d War,,..r,) are equiva-
lentif a; —v1,...,am —7¥m € Z. This defines an equivalence relation on ij,e. Thus we
note that the equivalent class of W(4,4,,..a,) depends only on ai,...,a,. From now
am) Will represent the radical homogeneous equivalent class of Wa.a,,....am)
without ambiguity. It is possible to choose the minimal positive integers a1, ...,a,, for
the radical homogeneous equivalent component Wg,a;,...am)-

We give the lexicographic order on all the radical homogeneous equivalent compo-
nents Wia, ,...an) using Zx7m.

The radical equivalent homogeneous component W?ﬁ,e can be written as follows:

.....

Whie= 2 Wadaram- 1.7)

L= Z l(d,ﬂl ----- am)- (1.8)

(d,ay,...am)€ZXTT

For any such element € W /7,.(9), H(l) is defined as the number of different homoge-
neous components of [ as in (1.4), and L4 (1) as the number of nonequivalent radical d-
homogeneous components of [ in (1.8). For each basis element e~ f}'! b1, .. pamlbm ytg
of W 0 (9) (or Wiz ,(9)), define degy ;o (edx fAV/P1L . pamlbm x5y = ¢ Since every ele-
ment [ of W s7.(0) is the sum of the standard basis element, we may define degy;. (1)
as the highest power of each basis element of l. Note that the Lie algebra W s ,(0) is
self-centralized, that is, the centralizer C;(W s, (0)) of every element lin W s7,(0) is
one dimensional [1]. We find the solution of

113 =y (1.9)
in Z7. Equation (1.9) implies that
1=vy3mod7. (1.10)

The solutions of (1.10) are 1, 2, or 4. Thus 1'/3 = 1, 2, or 4mod 7. Thus the radical
number in 7, is not uniquely determined generally. So we may not consider the Lie
algebras in this paper over a field of characteristic p differently from the Lie algebras
in [2, 3, 4]. It is easy to prove that the Lie algebra W, o) is simple [3].
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2. Main results. We need several lemmas for Theorem 2.5.

LEMMA 2.1. For any element l in the (d,a.,...,an)-radical-homogeneous compo-

.....

am)-radical homogeneous equivalent component.
The proof of Lemma 2.1 is straightforward.
LEMMA 2.2. A Lie ideal I of W sz, (0) which contains 0 is W s (0).

PROOF. Let I be the ideal in the lemma. The Lie subalgebra which has the standard
basis {x%0 | i € Z,} is simple. Let I be any ideal of W s, (0) which contains 0. Then
for any f0 € W jm,(0),

[x0, f0] = x3(f)d—focl. 2.1)

On the other hand,
[0,xf0]=fo+x0(f)o€el. (2.2)

Thus by subtracting (2.2) from (2.1) we get 20 € I. Therefore, we have proven the
lemma, since I N W .. o) contains nonzero elements and so I > W, 0)- O

LEMMA 2.3. A Lie ideal 1 of W sm.(0) which contains a nonzero element in
Wd,ay,...am) 1S W jme(0), for a fixed (d,ai,...,am) € ZXZ,.

.....

PROOF. Let I be a Lie ideal of W s,.(0) and | a nonzero element in the ideal I.
Then we take an element I = e X f, abr, S/ bmxr3 with p a sufficiently large
positive integer such that [[,1;] # 0. Then [ f0,[[,1, 1] is a nonzero element in W, .0
by taking an element flt L. flm e F[x], where t1,...,t,, are sufficiently large integers.

.....

of W(o,0,...0)- Then the lemma follows from Lemma 2.2. O

Throughout this paper, a > b means that a is a number sufficiently larger than b.

LEMMA 2.4. Let I be any nonzero Lie ideal of W /z.(0). For any nonzero element
L €1, thereis anelementx*0,s > 0, such that [x*0,1] is the sum of elements in W s ,(0)
with degp;.([x0,1]) > 0.

PROOF. It is straightforward by choosing a sufficiently large positive integer s.
O

THEOREM 2.5. The Lie algebra W sz ,(0) is simple.

PROOEF. Let I be a nonzero Lie ideal of W /s .(0). Let I be a nonzero element of 1.
By Lemma 2.4, we may assume that [ has polynomial terms with positive powers for
each basis element of [. We prove this theorem in several steps.

STEP 1. If lisin the 0-homogeneous component, then the theorem holds. We prove
this step, by induction on the number Ly(l) of nonequivalent radical-homogeneous
components of the element [ of I. If Lo(l) is 1 and I € W(q,,..0), then the theorem
holds by Lemmas 2.2, 2.3, and the fact that W(o,,...0) is simple.
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Assume that | € Woo..0.ar..am With @, # 0. If we take an element f{/* ...

fhmikm yhmi1g such that hy > kyy...,hn > ky and (hy +ky) /Ky € Zoyeoo, (Rm + k) /
km € Z., then we have [ = [flh”kr .- -f,ﬁm/kmth+1 0,1] # 0. This implies that [; is in
w(0,0,...,0). Thus we have proven the theorem by Lemma 2.2.

By induction, we may assume that the theorem holds for [ € I such that Lo(l) = k,
for some fixed nonnegative integer k > 1. Assume that Lo(l) = k+1.If Lhas a W,,..0)
be written as follows: [1,l>] = I3 +l4 where 5 is a sum of nonzero radical-homogeneous
components, and 1y = f0 with f € F[x]. Thus we have the nonzero element

o,[--+,[0,1]---]=L eI (2.3)

which has no terms in the homogeneous equivalent component W .. 0y, where we
applied Lie brackets until I, has no terms in the radical homogeneous equivalent com-
ponent W,,...0)- Then I € I such that H(l») < k. Therefore, we have proven the theo-
rem by Lemmas 2.2, 2.3, and induction. If [ has no terms in the radical homogeneous
equivalent component (0,0,...,0), then [ has a term in the radical homogeneous equiv-
alent component W(o,...a,)- Take an element I3 = f{1/71 ... fom/Pm xema15 such that
C1,..-,Cm+1 are sufficiently large positive integers such thatc;+a, € Z- - - cy+am € Z,
and which is in a radical homogeneous equivalent component W a4, ,....a,,)- Then [13,1]
is nonzero and which has a term in the radical homogeneous equivalent component

STEP 2. Assume that [ is in the d-homogeneous component such that 0 + d and
Lo(l) = 1, then the theorem holds. By taking e 9*x!3, we have 0 = [e 4Xx!9,l] €
theorem by Step 1.

STEP 3. If | is the sum of (k — 1) nonzero homogeneous components and 0-
homogeneous component, then the theorem holds. We prove the theorem by induc-
tion on the number of distinct homogeneous components by Steps 1 and 2. Assume
that we have proven the theorem when [ has (k — 1) radical-homogeneous compo-
that I, = I, + f0, where I, has (k—1) homogeneous components and f € F[x]. Then
0=+0,[---,[0,l1]---]€TIhas (k—1) homogeneous components, where we applied the
Lie bracket until it has no terms in W,,....0). Therefore, we have proven the theorem
by induction.

Assume that [ has a (k) homogeneous equivalent components. We may assume [
has the terms which is in 0 +# d-homogeneous component. By taking a sufficiently
large positive integer ¥, we have [e-4¥x"9,l] = 0 and it has (k) homogeneous com-
ponents with a term in the radical-homogeneous component Wy .. o). Therefore, we
have proven the theorem by Step 3. a

COROLLARY 2.6. The Lie algebra ije (0) is simple.
PROOF. It is straightforward from Theorem 2.5 without using Lemma 2.4. O

COROLLARY 2.7. The Lie subalgebra W9 , of W . (3) is simple.
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PROOF. It is straightforward from Step 1 of Theorem 2.5. a

PROPOSITION 2.8. For any nonzero Lie automorphism 6 of W*M’e(a), 0(0) =0
holds.

PROOF. It is straightforward from the relation 6([0,x0]) = 6(0) and the fact that
*— (0) is self-centralized and Z-graded. O

Jm,e
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