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APPLICATION OF UNIFORM ASYMPTOTICS TO THE FIFTH
PAINLEVE TRANSCENDANT
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We apply the uniform asymptotics method to the fifth Painlevé transcendants, find its
asymptotics of the form y = —1+t1/2A(t) as t — o along the positive t-axis, and obtain
the corresponding monodromy data.
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1. Introduction. We study the general fifth Painlevé equation
dzy_( 1L, 1 )(dg)z ldy

at2 ~\2y "y-1)\dt) tdt
Y yz (1.1)
LoD (ay+ﬁ)+g+6y(y+l),
t2 h% t y—1
where «, B, y, and 6 are parameters, and its solution of the form
Y(t) = -1+4t 2A(L),
(1.2)

V(L) = =2t 32A) +4t7 VA (L) =4t T1PAT () + O (17302),

with A(t) =O0(1) as t — oo.
The fifth Painlevé equation (1.1) can be obtained as the compatibility condition of
the following linear systems of equations (see [2, 3]):
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Y, = Y(z2), 1.3
2(2) v 2w+6 £_2v+00+ w (2) (1.3)
uz 2uy(z-1) 2 2z z-1
1 u 0
Y/ (2) = 2 ;[Heo_y(w_il)] Y(2) (1.4)
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where
w=v+ 2 (0+0.), (1.5)

t8Y —ty—20(y =12 (= DI(00- 01 +0.)y — (300 + 01 +0,) ],
(1.6)
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with

B0y g L(ebi0y !
0(_2( 2 )’ B__2< 2 , Yy=1-00-61, 6=-5. (1.7)

The canonical solutions of system (1.3) are defined in [2] by

—3—Tr+k1—rsargz\< —g+krr,

° (1.8)
Yi(A) ~ Yo (A)e(tA/2-logMos

where 03 = (} ), and the Stokes multiplier G, is defined in [2] by
Y2(A) = Y1(A) G, (1.9)

where G = (19) and its entry s is independent of t and .

2. Reduction of the problem. Generally, if (d/dz) (2) = (é 7BA) (2), ¢ =B 12y,
and ¢ = C~1/2Y;, then

¢ (.o 1 _prp-1 3, 0pn 1, u)
dzz_(A +BC+A"—B'B A+4B B _ZB B | ¢,
, (2.1)
ay (. A el 3 o 1. u)
dZZ—(A HBC-AT+CCTARSCCR 2T )y,
We first apply the transformation
. 1 i\ _ :
Y=(, )u(”z)”ﬂY (2.2)
i1
to system (1.3) to get
dy 1(L N)\.
E—§<M —L)Y' =3
where
[ Rvt6) i/y+y)w+i(l/y=y)(01/2)
z z-1 ’
M= v+0) =00 (y-1l/y-20w—(y+1/y)(6:/2) (2.4)
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N = _i(2U+50)+90 L y=1/y+2i u;:(ly+1/y)(91/2) i
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Applying (2.1) to (2.3), we get

a*¢p _ (t+m_ w >2+[_u(v+90)+uy(2w791)][v

dz? 2 2z z—1 z 2(z-1)
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_iu+o) "y Y y V)2
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z2 (z-1)2 2

N

b ()2
2iv+(i+1)0, Yy YT
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+§
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) — +y y+21 w y+y > ’
N .

Now, using (1.6), the following asymptotics can be obtained:

1

_ L1, 1o PN S | ~172
V() = —gt— StV RA () + S A% (D) 2A(DA (D) - 500 50+ 0(t2),

u(t) = Cet’2(1+0(t12)).
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2w+91 ]

uz 2uy(z-1)

(2.5)

(2.6)

Substituting (2.6) into (2.5), we get the following second-order equation:

dz? T 16z(z-1)

d2¢__2{ (2z-1)2 1[ (2z-1)0, A2+4A% i(2z2-2z+1)

T 4z(z—1) 4z(z-1) * 8z2(z—-1)2

(22— 1)[(it/4)(2z ~1) + t1/2A22) } +O(t—3/2)}¢ (2.7)

T 822z )2 [~ it 2A — 112 Az —it(z—1/2)2]
= —t’F(z,t) .

Equation (2.7) has two turning points

+t7V2JAZ+4A2 +i(1+0(1)), j=1,2

Zj=

N | =

(2.8)



46 Y. LU AND Z. SHAO

which merge to 1/2 as t — oo, and Stokes directions

Re (ﬂz(z—l)) =0. (2.9)

Now, we define a constant « by

23 - z2
%ﬂi()(2=f (TZ—az)l/ZdT=J Fl2(z,t)dz (2.10)
- zZ]

and a new variable C by

4 z
J (TZ—O(Z)I/ZdT=J FY2(s,t)ds. (2.11)

64 zZ]

Using [1, Theorem 1], we have the following theorem.

THEOREM 2.1. Given any solution ¢ of (2.7), there exist constants ¢, and c» such
that, uniformly for z on the Stokes curve, ast — oo,

(55 )9tz = [(erro)Dy (e NEE) + (ex rot)D (e TR,
(2.12)

wherev = —1/2+(1/2)itx? and D, (z), D_,_1(z) are solutions of the parabolic cylin-
der equation.

3. Monodromy data and asymptotics

THEOREM 3.1. For larget and z,

1, A?2+4A7%+4i 1

ZC 57 logC+o(t™!)
iz 10 i 2itl/? 1-i 104 (3.1)
R T S A T vy vy i T
Tiod

+o(t™H)+0(z7h).

4

PROOF. Carrying out the integration on the left-hand side of (2.11), we have

2 2 2 z
%z;z - %log(ZC) - (XT + (X?log(x+0((x4§’2) - J FY2(s,t)ds. 3.2)
z]

Because we are going to calculate the higher-order part of the right-hand side, we
will simply ignore the lower-order part in F(z,t), and split the right-hand side into
two integrals

z z* z
J F2(s,t)ds = (J +I >F1/2(x,t)dx =0 +D, (3.3)
z1 z*

Z1
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where z* = 1/2+ Tt~ 1/2 and T is a large parameter to be specified later. Using the
substitution

x—% =st71/? (3.4)

I, can be evaluated as follows:

I :% ;m(\/ﬂ—(A2+4A'2+i)+o(1))ds
- %‘A2+i?’2+i‘A2+§?,Z+ilog<2ﬂ (3.5)
+ %log (A2 +4A” +i)+o(t7h).
Using the formula
2ax+b dx

(ax?+bx +c) xz—%

a+2bx—24/(b2—-4ac)x
(arctanh ( ) )

\/(2b2 —2b,/(b? —4ac) —4ac—a2) (4x2-1)

=2a (3.6)
\/(2b272b (b2 -4ac) —4ac-a?)
a+2bx+2./(b2—-4ac)x
arctanh ( )
\/(2b2+2b (b2 —4ac) —4ac —a?),/(4x2-1)
+2a

’

\/(2b2 +2b,/(b% —4ac) —4ac —az)

we find the asymptotic expression of I,

T 16sG-1) 4s(s—1) 4sGs—1) " 8s2(s—1)2

z*

; r{ (25-1)2 _1[ (25-1)0n A2+4A2 i(252—25+1)
- @s=1D7

2
_iRs-=1)[(1/2)it"2 (s —1/2) + As?] ! ds
8z2(s—1)2[iA" + As +it1/2(s—1/2)2]

(7 i@s-1 16s(s—1) | (@s—1)0, A?+4A"? i(2s*-2s5+1)
) 4ys(s-1) t@s—1)2| 4s(s—1) 4s(s—1) = 8s2(s—1)2

1/2
N i(2s—1)[(At/4) (2s—1)+t1/2As?] s
8s2(s—1)2[—it/4—t1/2A' —t1/2As—its(s—1)]
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‘JZ i(2s-1)  i0s  i(A2+4A%+i)
o[ 4ss—1) 2ts(s—1) 2t(2s—1)s(s—1)

4t (s—1/2)2=1/4[iA"+(1/2)A+ A(s—1/2) +itl/2(s—1/2)?

z
[ o) o (5)
+O<t J 2s—13) O\

i41/2 _
2it1/2(s—1/2)+ A ]]dz

_iz i 0. (42)_in(A2+4A’2+i)+1_T_2_n900
T2 73 2 %8 4t 42t 4t
A2 +4A2+1 t i 2itl/2
Ly LI | +0(z!
at 0877 * 5118 5y ar oAy T )

+O(T2t™ Y +0(T*t72).
(3.7)

Using definition (2.10) and setting T = —+/A2+4A’2 in I;, we have the following
expression for o
A% +4A% +1
ol = —fl +o(t1). (3.8)
Substituting (3.8) into (3.2), setting T < t!/4, and combining it with (3.5) and (3.7),
the theorem is proved. ]

Knowing [4] that

2 . 3
-(/Hz" if largz| < =,

zVe
4

Dy(z) ~
z

(3.9)
Vo (1/4)2% _ V2t iy 5 —v=1,(1/4)22

if argz = -,
r(-v) 8274
and arg(e™/4./2tC) ~ 1r/4 when z — — o, we can choose, as z — —,
Y"'Z(ll)(z) - Z—Qm/Zetz/Z

~ D0xpl/4 /ZiA/+Aef(ni/4)(1/2+(3it/2)<x2)e(1/4)t+i[t/47(1/4)(A2+4A'2)10g(2t)+9m/4]

< 2D, (¢TI ).
(3.10)

Because arg(e™/4,/2tC) ~ 311/4 when z — oo, we have the following asymptotics
for ¥,V (z) as z — co:

}'}2(11)(2) - Z*Qm/ZetZ/Z

Ooo 2 oA

_Zem/ze—tz/z‘l VT (A® +2iA )e(m‘/4)(2tia2—3)+(1/2)t+i[t/2—<1/2>(A+4A'2>1og(2t>]_
T(1/2—(ti/2)0?)

(3.11)
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By (1.9) and (2.2), the Stokes multiplier can be defined by Y> = ¥;G;. Therefore, the
monodromy data is

5= 4% \/F(A‘Ir ZiA') e(rri/4)(2tio<2—5)+i[t/2—(1/2)(A+4A’Z)log(2t)]_
[(1/2-(ti/2)x?)

(3.12)

Taking the square of the absolute value of both sides of this equation, we find that
A% +4A’2 ~ d%2 where d is a constant. Solving (3.12) for A+ 2iA’, we have

A+ 2iA = (t /(AZ +4A2) +O(t—l/Z))ei[t/27(1/2)(A+4A’2)log(Zt)+9]_ (3.13)

Taking the real part and the imaginary part of (3.13), we obtain the following theorem.

THEOREM 3.2. Equation (1.1) has a solution with the following asymptotics:

y(t) ~-1 +4t’”2(d+0(t’”2))cos(%— %dzlog(Zt) +9),
(3.14)
V() ~ 2672 (d+0(t7112)) sin(% - %dzlog(Zt) N 9), ast — .
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