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NEW SERIES INVOLVING THE ZETA FUNCTION
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ABSTRACT. We evaluate sums of certain classes of new series involving the Riemann zeta
function by using the theory of the double gamma function and a property of the gamma
function. Relevant connections with various known results are also pointed out.
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1. Introduction. Barnes [1] defined the double gamma function I = 1/G satisfying
each of the following properties:

(@) G(z+1) =T(z)G(z), for any complex number z;

b) G(1)=1;

(c) Asn — oo,

2 2
logG(z+n+2) = %mlOg(ZTT)+ [% +n+%+%+(n+ l)z]logn
) (1.1)
3z 1 1
—T—n(1+z)—logA+E+O<£),
where T is the well-known gamma function
I'l(z)=ze? ] (1+E>e‘2/”, (1.2)
n=1 h

and A is called Glaisher’s (or Kinkelin’s) constant defined by

lo A—lim{lo (11-22---n”)—(n—2+ﬁ+i>10 n+n—2} (1.3)
BA= AR08 2 T2 )R T :

the numerical value of A being 1.282427130....
From this definition, Barnes deduced

©0 n
Lz+1)} =Gz +1) + (2m)?/2e (VDLM42] T (1+ %) ezt (1 .4)
n=1

where y denotes the Euler-Mascheroni constant given by

y = lim (1+1+---+l—logn>;0.577215664.... (1.5)
Nn—oo 2 n
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It is also known that [1]

r(%) =2, G(%) = 212 AL lU8 . 47302, (1.6)

The gamma function has the property

D(M=1) /2 (m+1) /21 1/2-ms

1)1"(1—ms)= - . (1.7)
sin(mrrs)

F(S)F(5+ i) .- -1"<S+ m=
m
The Riemann zeta function C(s) is defined by

1
L ns

C(s) = , Res(s) > 1. (1.8)

ﬁ[\/]g

Indeed it is analytic for all s except for a simple pole at s = 1 with residue 1.

In [2, 3] Choi, Srivastava, and Quine used the theory of the double gamma function
to evaluate some series associated with the zeta function. Now in the present paper,
we use the property of the gamma function and (2.23) and (2.70) in [2] to evaluate new
series

i Ck+1) o i C(k) -k (-D*C (k) ok

\\[\/_]8

= (2k+1)(2k +2) k(k+1)(k+2)" "’ s k(k+1)(k+2)"
(1.9)
i C(k) i )C(k)
= k(k+1)(k+2)(k+3)’ kzzk(k+1)(k+2)(k+3)

where « can be taken as 1/3, 2/3, 1/4, 3/4, 1/6, 5/6. And relevant connections with
various known results are also pointed out.

2. Series involving the zeta function. Let s = x and making 0 < x <1 in (1.2), we
have

logT(x) +logx +yx = > [% ~log (1 n %)]

n=1

S = (mDkxk S (-Dkxk S 1
= = — (2.1)
o (—1)*xXC (k)
- -

k=2

Replacing x by 1 -x,1-2x,1-3x,x+1/2, x+1/3, and x +2/3, we get

®  1yk(1 _ Ak
logl"(l—x)+10g(1—x)+y(1—x)=Z( DF(1=x)"¢ (k)

O<x<1, (2.2)

k=2 k ,
logT(1—2x) +1og(1—2x) + y(1—2x) = Z( Dk k2x) gk O<x<%, 2.3)
logI'(1-3x) +log(1-3x)+y(1-3x) = > (-DF (1_k3x) c(k), 0<x<%, (2.4)

=
Il
N
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logr(x+;>+log(x+;)+y(x+;>—g2 (_1)k(x+k1/2)k§(k), O<x<%, (2.5)
logr(x+;>+log(x+;)+y(x+;>—g2 (_1)k(x+k1/3)k§(k), O<x<§, (2.6)
logr(x+§>+log(x+§)+y(x+§>—é (_1)k(x+k2/3)k§(k), O<x<%. (2.7)

Let s=x,0<x <1 and making m =1, m =2, m = 3 in (1.7), we get

Frx)I(l-x)=— , (2.8)
sintrx
1-2x.+3/2
r(x)r(x+1>r(1—2x) _2 (2.9)
2 sin(21rx)
221/2-3x
F(x)r(x+l)r(x+g>l"(1—3x)=27_T37. (2.10)
3 3 sin(371rx)
Combining (2.1), (2.2), and (2.8), we obtain
log2m —log(2sinrx) +log[x(1-x)]+y
© k[ Nk ok (2.11)
= Z CDfxf+ (=) ]C(k), 0<x<1.
k=2 k
Combining (2.1), (2.3), (2.5), and (2.9), we obtain
3 1 . 1 3
ElogZTr + (5 - Zx) log?2 —log[2sin(2mx)] +log [x (x+ 5) (1 —Zx)] ¥
2.12
o (=D)¥[xk+ (x+1/2)k+ (1 -2x)%]C (k) 1 (2.12)
- Z X , 0<x< 5
k=2
Combining (2.1), (2.4), (2.6), (2.7), and (2.10), we obtain
1 . 1 2
2log2m+ <E—3x) log3-log[2sin(3mx)]+log [x (x+§> (x+§> (1—3x)] +2y
0 (2.13)
(=DX¥[x*+ (x+1/3)%+ (x+2/3)% + (1 -3x)*]C (k) 1
= Z , O0<x<=.
= k 3
On the other hand, recalling Euler formula
sintx & x?
— 7ﬂ(1—ﬁ), 0<x<1, (2.14)
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similarly, we get

© 42k
log(2sintrx) —log(2mx) = — %,
k=1
e — x)2k
log [2sinmr(1-x)]-log[2m(1-x)] = - > (1 =x)*KC(2k)

k ’

k=1
log [2sinTr(1-2x)] —log[2m(1-2x)] = - i %
k=1
log[2sint(1-3x)]-log[2m(1-3x)] = - i %,
k=1
T SR [ e O e B
log :ZSinTr<x+%)i —log i2rr(x+ %) - —ki w
log :2811’1T!'<X+§): —log :21T<X+ %)_ = kiWZ/SIiZkC(Zk)

Combining (2.15) and (2.16), we obtain

B i [x?k+ (1 —x)2K]C(2k)

log(2sinrrx)—logZW—%log[x(l—x)] = %
k=1

Noting that

log(2sinTrx) +log [2 sinrr(x + %)] =log[2sin(2mTx)],

and by combining (2.15), (2.17), and (2.19), we obtain
. 3 1 1
log [2sin(21rx)] — 3 log 2T — Elog [x <x + E) (1- 2x)]

_ i [x2+ (x+1/2)%+ (1 -2x)%*]C(2k)
= oK .

k=1

Noting that

3

log(2sinTrx) +log [2 sinTt (x + %)] +log [2 sinrr(x + g)] =log[2sin(31Tx)],

and by combining (2.15), (2.18), (2.20), and (2.21), we obtain

log [2sin(37rx)] —2log 2T — %log [x (x+ %) <x+ %) (1 —3X)]

- i [x% 4+ (x+1/3)% + (x+2/3)%k + (1 -3x)%]C(2k)
= 2k

k=1

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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Now combining (2.11) and (2.22), (2.12) and (2.24), (2.13) and (2.26), respectively,
we get

flog[x(l x)] + 0<x<1, (2.27)

2k +1 ’

(%f2x>log2+%log [x(xnt%)(lex)] +=

i x2k+1+(1—x)2’<+1]C(2k+ 1)

o 2.28
[x2K+1 4 (x +1/2)%k+1 4 (1 -2x)2+1]C(2k +1) (2.28)
_ Z , O<x< =,
~ 2k+1 2

1 1 1 2
<§—3x)log3+§log[x<x+§) <x+§>(1—3x)]+2y
e [ (e +1/3)2K 4 (x +2/3) %+ (1-3x) KL (2k +1) 0<x<l
= 2k+1 ’ 3"
(2.29)

Integrating both sides of (2.27) from x = 0 to x = a, we get

*© 2k+2 2k+2
%aloga—%(l—a)log(l—a)+a(y—1):—Z (a2 - (A -a@)**** +1]C(2k +1)

— Rk +1)(2k+2)
(2.30)
Makinga=1/2,a=1/3,a=1/4,and a = 1/6, we have
> C(2k+1) 1
Z(2k+1)(2k+2) 31, (2.31)
*© [(2/3)2k+2_(1/3)2k+2]§(2k+1) 1 1 1
k; Bk 1) (2k+2) 3log2+6log3+ Ly, (2.32)
© 3/4 2k+2 1/4 2k+2 2k +1 1
> 18 (Zkil/)()2k+;)g( = 71°g2"l°g3+7(1 Y): (2.33)
s 2k+2 1 2k+2 2k 1
s L[5/6) (2k+(1/)?)2k+;§:( i 710g6——10g5+7(1 y).  (2.34)
Integrating both sides of (2.28) from x = 0 to x = 1/4, we have
9 3
E10g2+§10g3—7(1 Y)
_i [(1/4)2k+2 4 (3/4)%k+2 - 3(1/2)2’<+3+1/2];(2k+1) (2.35)
— (2k+1)(2k +2)
Recalling the formula [2, page 113]
y oLkl o —1+flog27 >y ~6logA, (2.36)

P 2k+1)(2k+2)
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and combining (2.31), (2.35), and (2.36), we get

5
(2k+1)(2k+2) ’+1°g2“1°g3—ﬁy—*108A (2.37)

i[(1/4)2’<+2+(3/4)2’”2]C(2k+1) 1

Solving (2.33) and (2.37), we obtain the formulas

o CRk+1) o Y
g(2k+l)(2k+2) =2+4log2 5 18log A,

(2.38)

o

C(2k+1) (3)2k 2 4 2 y
kL1 (2k+2)\ 4 =-+-log2-=1 — 2 _21ogA.
g(2k+1)(2k+2) 4 3 t308c—3 083-75 og

Multiplying 1/3 — x on both sides of (2.29), and integrating from x = 0 to x = 1/3,
we have

2 1 8 o C(2k+1)
_9_910g2+10810g3+ - 9;(2k+1)(2k+2)(2k+3)
(2.39)
7% [(1/3)2k+2 4 (2/3)2k+2 - 1/3]C(2k +1)
3.5 (2k+1)(2k+2) :
Recalling the formula [2, page 118]
ad C(2k+1) 3 y
§(2k+1)(2k+2)(2k+3) g 6 1084 (2.40)
and combining (2.31), (2.39), and (2.40), we have
o [(1/3)%+2+(2/3)*2]g(2k+1) 1 1 19 5.8
g 2k+1)(2k+2) > 310g2+3610g3 187 3logA. (2.41)
Solving (2.32) and (2.41), we obtain the formulas
> C(2k+1) 3,13 Y
gl(2k+l)(2k+2)3 =g losdmy mizload,
) (2.42)
& CT(k+1) <g>2 3.3 25
g(2k+1)(2k+2) 3) T3 410g2+ 3 l0g3 - ~3log A

Integrating both sides of (2.29) from x = 0 to x = 1/6, we get

1 1 5 y
-3 —log2+ 24log3+ 12log5+ 3
i (1/6)2k+24(5/6)2k+2_(1/3)2k+2 (2/3)2’<+2+(2/3)(1/2)2’<+2+1/3]z_,’(2k+1

Rk+1)(2k+2)

k=1
(2.43)
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Combining (2.31), (2.36), (2.41), and (2.43), we have

i [(1/6)2k+2 4+ (5/6)%+2]C(2k +1)

= (2k+1)(2k+2) (2.44)
%+—log2+3—510g3 —logS 32 —%logA.
Solving (2.44) and (2.34), we obtain the formulas
§M6 3+710g2+—10g3 —30logA,
S CRk+1)  (5\%* 3 29 59 3 6 249
gm(i) :g —10g2+mlog3—flog5—§ glogA.

Multiplying 1/2 — x on both sides of (2.27), and integrating from x =0 to x = 1/2,
we have

11 y_ 1o  TRk+1) = [(1/2)%%2 ~1]C(2k +1)
16781828 T T 2 G2k 2) k; Ck+D(2k+2)(2k+3) " =0
Combining (2.31), (2.40), and (2.46), we obtain the formula
< C(2k+1) w3 1.y
Z Sk D)(2k+2)(2k+3)° 4t ploe2m g dlogA. (2.47)

Multiplying (1/2 —x)? onboth sides of (2.27), and integrating from x = 0 to x = 1/2,
we have

L 7_,1§ C2k+1) +§ g(2k+1)
18 P 2k+1)(2k+2) & (2k+1)(2k +2) (2k +3)
(2.48)
i C(2k+1)
P} (2k+1)(2k+2)(2k+3)(2k+4)"
Combining (2.31), (2.40), and (2.48), we obtain the formula
S C(2k+1) 11y 1
2 GG Dk Dk Bk ) 72 24 2108 (249)
On the other hand, noting that Fourier series
log(2sinTrx) = — > Cos(kmx) o 4, (2.50)

= k ,
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and integrating by parts, we have

00

5 Z Cos(2krrx)dx

1 1
J (1-x)2log(2sinTrx)dx = —J (1-x)
0 0 k

1 (! a sm(ZkTrx)
=—21TIO(1—x)2d<Z ) (2.51)

1 0
s |, (l—x)d( > COSQ""")) =T,

Similarly, we have

1 1 1/2
J log(2sinmtx)dx = J (1-x)log(2sintrx)dx = J log(2sinttx)dx =0, (2.52)
0 0 0

1/2 1
J (f —x) log(2sinmtx)dx = —

¢ z(3). (2.53)

7
16772
Integrating both sides of (2.15) from x = 0 to x = 1, and using (2.52), we get

s Ck 1 B
,; 2k(2k+1) > (log2m—1). (2.54)

Combining (2.31) and (2.54), we obtain the formulas

o Ck) 1 B
gzk(kﬂ) = 5 (log2m —y),
. (2.55)
C(k) Y
g k+1) =-1+= log21T+ 5

Integrating both sides of (2.15) from x = 0 to x = 1/2, and using (2.52), we get

Z _C@K) ok

1
2k(2k+1) =§(log1T—1). (2.56)

Combining (2.36) and (2.56), we obtain the formulas

(k) -
Zkgwrl) ‘= glogm {5 log2- § -3loga
(2.57)
o0 k
Z( 1) C(k) _1+710gn_i]0g2+y+310g14

5, kk+1) 2 12

Multiplying 1 — x on both sides of (2.15), and integrating from x = 0 to x = 1, and
using (2.52), we get

> 5(2k) = f§+llog2rr (2.58)

S 2k(2k+1)(2k+2) 8 4
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Combining (2.58) and (2.40), we obtain the formulas

St 1 Ep

2Tk Dk " 4 jlogem g —log
) k (2.59)
Z _(DEk) _§+llog2n+—+logA

k(k+1)(k+2) 4 4

Multiplying 1/2 — x on both sides of (2.15), and integrating from x =0 to x = 1/2,
and using (2.53), we get

< C(2k) ok 3.1 L
g 2k+1)(2k+2)2 = 8+4logrr+ §(3) (2.60)

Combining (2.60) and (2.47), we obtain the formulas

S (NP | YT ey
§l<(k+1)(k+2)2 ‘410%2" 12+81TZ§(3) 2log A,
(2.61)
[} 1k k 3
Zﬁiﬁz)z_k:‘g zlog*+l+—§(3)+zlogA

Multiplying (1 — x)2 on both sides of (2.15), and integrating from x = 0 to x = 1,
and using (2.51), we get

N C(2k) 111 1
§2k(2k+1)(2k+2)(2k+3) EEZRRY. S log2m+ 3283 (2.62)

Combining (2.62) and (2.49), we obtain the formulas

< C(k) 1 y 1 1
gzk(k+1)(k+2)(k+3) 121‘)“”27T 24 T gmz 3 5 logA,

(2.63)
> )k (k) __ 1 vy 1 1
kzzz k+1) k+2)(k+3) 361 1°g27”24+ gz 3+ 5 logA.
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