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ON AN INFINITE SEQUENCE OF INVARIANT MEASURES
FOR THE CUBIC NONLINEAR SCHRODINGER EQUATION
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ABSTRACT. We consider the Cauchy problem periodic in the spatial variable for the usual
cubic nonlinear Schrédinger equation and construct an infinite sequence of invariant mea-
sures associated with higher conservation laws for dynamical systems generated by this
problem on appropriate phase spaces. In addition, we obtain sufficient conditions for the
boundedness of the measures constructed.
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1. Introduction. Consider the Cauchy problem periodic in the spatial variable for
the cubic nonlinear Schrodinger equation

W =—Wax +2kIW1PY, x,tER, (1.1)
Y(x+At) =y(x,t), (1.2)
W(x,to) = Po(x). (1.3)

Here i is the imaginary unit, ty € R, ¢ = ¢/ (x,t) is an unknown complex function, g
is a complex function periodic in x with the period A >0 and Kk =1 or k = —1. As it
is well known, (1.1) supplied with condition (1.2) is formally a completely integrable
Hamiltonian system possessing an infinite series of conservation laws Q, () which
are real functionals quadratic with respect to the highest derivatives of the function
 formally satisfying the property d/dtQ,(y(-,t)) =0, n=0,1,2,... (see Section 2).
Further, it is known that in the finite-dimensional case to any conservation law Q (p,q)
of a Hamiltonian system of the kind

dp(t)
dt

=Vq.H(p,q), %:—V,,H(v,q), (1.4)

where H(p,q) is a smooth real function, n is a natural number, and p(-),q(-) € R™,
there corresponds a family of invariant measures (IMs) with densities f(Q(p,q))
where f(-) is an arbitrary smooth real function. The problem we are interested in
is whether this property is kept for the infinite-dimensional problem (1.1), (1.2), and
(1.3), that is, whether conservation laws Q, (), n > 2, generate IMs, too.

Some recent papers are devoted to constructing IMs for dynamical systems (DS’s)
generated by nonlinear evolution partial differential equations of mathematical
physics such as a nonlinear wave equation or a nonlinear Schrodinger equation (NLS)
(cf. [1, 2, 5,6, 11, 16, 18, 24, 25, 26, 27, 28, 29]). Formally, the early paper in this di-
rection [1] does not contain the proof of the invariance of the measure considered in
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it. However, the invariance easily follows from the results presented in this paper. An
IM for a physical system is considered in [6]. In [11], an IM is presented for a problem
periodic in the spatial variable for the nonlinear wave equation

Ut — Uyy +U3 = 0. (1.5)

Unfortunately, some details of the proof seem to be not completely satisfactory in
this paper. In [24], a result on IMs is presented for an NLS with a weak nonlinearity.
Paper [26] contains an extension of this result to a nonlinear wave equation. In [27],
a construction of an IM is presented for an abstract DS such that a lot of “soliton”
equations are reducible to that form. Simultaneously, a result for a nonlinear wave
equation similar to the above-described was proved in [18]. In [2], the results from [27]
are reconstructed; the author established more careful proofs of results from [27].

All the above-indicated papers dealt with an NLS or a nonlinear wave equation (ex-
cept [11]) contain results on IMs under severe constraints for nonlinearities. So, the
problem appeared how to extend this approach onto a wider class of nonlinearities.
Treatments of this problem are made in [5, 16, 25, 28, 29]. In [5], Bourgain, using his
result from [3] on the existence of L,-solutions for the Cauchy problem periodic in
the spatial variable for a one-dimensional NLS with the power nonlinearity «|y|? =1y,
constructed a bounded IM for k = —1 and 1 < p < 5. Similar results are contained
in [16, 25, 28] (with 1 < p <3 if k =-1and 1 < p < « if k = 1 in [25]) but in these
papers suitable results on the well-posedness of initial-boundary problems for equa-
tions under consideration are not proved and are contained as hypotheses. In further
publications Bourgain [5] constructed also IMs for a multidimensional NLS and, in [5],
considered an IM for the Korteweg-de Vries equation.

Papers [1, 2,5, 6,11, 16, 18, 24, 25, 26, 27, 28] (except [18]) concern only with an IM
associated with the concrete conservation law, the energy. At the same time, now it
is known that certain evolution equations such as the Korteweg-de Vries equation or
the cubic NLS possess countable sets of conservation laws and are formally infinite-
dimensional Hamiltonian systems. Therefore, since in the finite-dimensional case any
conservation law of a Hamiltonian system leads to a family of corresponding IMs, the
question naturally arises whether to higher conservation laws there correspond IMs
in some infinite-dimensional cases. In [9], this question is considered for a discrete
system of Moser-Calogero particles. A construction of an IM corresponding to a higher
conservation law for the sinh-Gordon equation is contained in [18]. In [29], it is proved
for the Cauchy problem periodic in the spatial variable for the Korteweg-de Vries
equation that to any known conservation law of the kind

L,(u) = JOA {% W) + gn (u, ... ,u&”’l)) 7s»dx, (1.6)

where n > 3 is an integer, there corresponds an IM for a DS generated by this equation.
In the present paper, we continue the investigations began in [29] and present an infi-
nite series of IMs for the problem (1.1), (1.2), and (1.3). This result is also reestablished
(without proofs) in [30].

Now, we want to mention some applications of IMs. First, in [1, 6, 7, 8, 15, 16, 18]
they are used for constructing statistical mechanics of systems described by certain
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nonlinear partial differential equations (in [7, 8, 15], the problem of the invariance
is not considered). Second, at the time when “soliton” equations began to be inten-
sively studied, there arose a question known as the Fermi-Pasta-Ulam phenomenon
(see [20]) which, roughly speaking, consists in the stability according to Poisson of all
trajectories of a DS generated by a “soliton” equation. If one has a bounded IM for that
DS (so that the measure of the whole phase space is finite), then the Poincaré recur-
rence theorem gives a (partial) explanation of this phenomenon. In this connection, it
is important to note that, due to the problem (1.1), (1.2), and (1.3) being completely
integrable, the method of the inverse scattering problem may give a more complete
information about the recurrence and other properties of solutions. For example, such
investigations have been performed by McKean and Trubowitz [17] for C*-solutions
and Bourgain [4] for L,-solutions periodic in the spatial variable of the Korteweg-de
Vries equation. In these papers, the almost periodicity of solutions is proved. At the
same time, the author of the present paper does not know rigorous mathematical
results implying the X,,-recurrence of solutions of the problem (1.1), (1.2), and (1.3)
given by Theorem 2.5.

2. Notation, preliminaries, and main results. In what follows, by C,Cy,C,C’,
C”,... we denote positive constants. Everywhere t and x are real variables. We fix
a positive integer n and A > 0. Let L, be the usual Lebesgue space consisting of com-
plex functions u(x) of the argument x periodic with the period A, equipped by the
scalar product

A
(f,9) = JO f(x)g(x)dx (2.1)

and the norm | f|l = (f,f)!/2. Let C* be the set of complex functions u(x) periodic
with the period A and infinitely differentiable. Let A be the closure in the space L, of
the operator —d?/dx? defined first on the set C*. It is well known that A is a nonneg-
ative selfadjoint operator in the space L,. Further, let n be a nonnegative integer and
let H™ be the usual Sobolev space which is the completion of the space C* taken with
the scalar product

d*u d”v)

dxn’ dxn (2.2)

(u,v)n = (u,v)+ (

and the norm |ull, = (u,u)ﬁ/z. In fact, L, = HY° and H" are Hilbert spaces for n =

0,1,2,.... Let D! = d"/dx™ or D = 9"/dx™ and Dy = D.. Finally, consider a Banach
space X with a norm || - ||x and let I be a connected subset of the real line R. Then,
by C(I;X) we denote the Banach space consisting of bounded continuous functions
from I into X, with the norm [|u (&) llca.x) = supser 1w (6) [ x.

Now we briefly recall basic facts from the theory of Gaussian measures in Hilbert
spaces (for details, see [10, 21]). Let H be a separable real Hilbert space with a scalar
product (-,-)y and let S be a selfadjoint positive operator of trace class in the space
H. Then, by definition, there exists an orthonormal basis {ex}x-123,. in the space
H consisting of eigenfunctions of this operator with the corresponding eigenvalues
wy > 0 where wy — +0 as k — o and, in addition, >.;_; wy < co. We call a set M ¢ H
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the cylindrical set if and only if

M={feHI[(f.er)p....(frex)y] € F} (2.3)

for some integer positive k and a Borel set F ¢ R¥. For a cylindrical set of the above
kind let

k n
w(M) = (211) k12 ]‘[w{”zj e WXL @' g7 dzy. (2.4)
i=1 F

Then, it can be easily verified that the set of all cylindrical sets is an algebra and that
the function w is an additive measure on this algebra. In addition, w (H) = 1. Further,
it is known (see [10] for proofs) that the assumption that the operator S is of trace
class provides the countable additivity of the measure w on the above algebra of all
cylindrical sets. Therefore, this measure can be uniquely extended onto the minimal
sigma-algebra .l containing this algebra. In fact, .t is the Borel sigma-algebra in the
space H (for proofs, see [10]). The measure w considered on the sigma-algebra .l
is called a centered Gaussian measure in the space H. It is essential for us that any
centered Gaussian measure is a Radon measure, that is, for any Borel set Q) ¢ H and
for any € > 0 there exists a compact set K ¢ Q such that w(Q\ K) < €. Finally, the
following result is also useful for us (for the proof, see [27]).

STATEMENT 1. ForanyballB,(a) ={u € H | ||lu—allg <r},wherea € Handvr > 0,
one has w (B, (a)) > 0.

The problem (1.1), (1.2), and (1.3) can be rewritten in the equivalent real form for
real functions u and v, where ¢ = u +iv, as follows:

U = —VUxx + 2k (U2 +V%)V, x,tER,
Ve = Uxx =2k (W2 +V%)u, x,tER,

(2.5)

u(x+A,t)=u(x,t)), v(x+At)=v(x,t),
u(x,to) =uo(x) =Reyo(x),  v(x,to) =vo(x)=Imyo(x).
We suppose that ¢ = @(x,t) is a solution of the problem (1.1), (1.2), and (1.3) infin-

itely differentiable with respect to x and t and (u(x,t),v (x,t)) is the corresponding
solution of the problem (2.5). Let w; = @(x,t) and

-1
dwy, "

Wna1 = —1 . +K¢pk§1wkwn,k. (2.6)
We set
A -
La(W) = Ly (u,v) = jo B (x, wy (x, 1) dx, 2.7)

where ¢ = u+iv and n = 1,2,3,.... Then, the statement is that the quantities L, () =
L, (u,v) (here ¢ = u +iv) are independent of t (see [22]) (i.e., the functionals L, are
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conservation laws for the problems (1.1), (1.2), (1.3), and (2.5)). Let

Qn (W) = Qu(u,v) = %ReLZnH(w), 2.8)

where n =0,1,2,.... Then, one can easily get from (2.6) and (2.7) that
A1 n, 12, 1 2 7 n-1 n-1,7
Q@) =Qntuv) = [ {31020 P4 S10 1 ~an (@, .., DT 9, D2 )] dx, 29

where the functions g, are polynomials; in particular, they are infinitely differentiable.
In what follows, we write Q,,(¢) = Q, (u,v) and

an (@, @,...,D '@, DY) = qn(u,v,...,DY 'u, DY) (2.10)

for simplicity of the notation.

Methods of investigation of the well-posedness of the problems (1.1), (1.2), (1.3), and
(2.5) are proposed in a large number of articles (cf. [12, 14, 23]). In our one-dimensional
case (x € R!) these problems become essentially simpler. Now we formulate the result
we need. Its proof is presented later.

THEOREM 2.1. For any positive integer n and for any Yo € H" and T > 0 there
exists a unique solution to the problem (1.1), (1.2), and (1.3) of the class @ (-,t) €
C([to—T,to+ T1;H™). For any fixed t the function ¢y — Y (-,t) is a homeomorphism
as a map from H™ into H". Further, f'(f1*(¢,t),7) = fi'(@,t +T) for all ¢y € H"
and t,T € R where fI'(@o,t) = @(-,t +ty). In addition, the quantities Qo(y(-,t)),...,
Q. (yw(-,t)) are independent of t (i.e., they are conservation laws).

REMARK 2.2. Sometimes we call solutions given by Theorem 2.1 the H"-solutions
of the problem (1.1), (1.2), and (1.3) (or (3.1), see further).

Let Hy, be the subspace of the space H™ consisting of real functions from H" and
let X, = Hy,. ® Hy,. be the Cartesian product of two samples of this new space. We
equip the space X;, by the usual scalar product

((u1,v1), (u2,v2)),, = (U1, u2), + (V1,02),,- (2.11)

Then, we introduce a selfadjoint operator S, of trace class acting in the space X, by

the rule
T-1 0
Sn = ( 0 Tl) ) (2.12)

where T = (I + A"*1)(I + A")~1, Take an arbitrary integer n > 1 and let w" be the
centered Gaussian measure with the correlation operator S, in the space X;,. Now we
can give the following new formulation of Theorem 2.1.

THEOREM 2.3. Let (up,vo) € X,, where n > 1 is an integer number. Then, for any
T > 0 there exists a unique solution (u(-,t),v(-,t)) € C([to—T,to+ T];X,) to the
problem (2.5). For any fixed t the function transforming (uo,vo) into (u(-,t),v(-,t)) is
a homeomorphism as a map from X,, into X,,. If f" (g, vo,t) = (u(t +to),v(t+tgy)) for
all (ug,vo) € X,, where (u(t),v(t)) is the corresponding solution of the problem (2.5),
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then f*(f"*(u,v,7),t) = f*(u,v,t+7) for all (u,v) € X,, and t,t € R. In addition,
the quantities Qo(u(-,t),v(-,t)),...,Qun(u(-,t),v(-,t)) are independent of t for these
solutions (i.e., they are conservation laws).

In what follows, we set w(x,t) = (u(x,t),v(x,t)) for an arbitrary solution
(u(x,t),v(x,t)) of the problem (2.5). Not discussing various definitions of this con-
cept, we accept that f" (w,t) is the DS with the phase space X,,. We only remark that if
there exists a bounded IM v for this DS so that v(Q) = v(f"(Q,t)) foranyt € R and a
Borel set Q C X;,, then the Poincaré recurrence theorem takes place for the introduced
DS (for details, see [19, 27]). (It should be remarked that, since the function f"(-,t) is
a homeomorphism as a map from X, into X,, it transforms any Borel subset of the
space X,, into a Borel one.) For a Borel set Q C X, let

Ut (Q) = L e W) g (y, v), (2.13)

where &, (u,v) = fg‘ an+1 (u,v,...,D*u, D) dx.
Our main result is the following.

THEOREM 2.4. For any positive integer n, u™ is a Borel measure well defined in the
space X,, and it is an IM for the DS f". In addition,

0 < u"(Dg) < o (2.14)

for all sufficiently large values R > 0 where Dg = {w € Xy, | |Qo(w)| <R,...,|Qn(w)| <
R}. Thus, the sets Dg can be taken for new phase spaces of the DS f".

We remark that we do not study the question whether the measure of the whole
phase space is finite, that is, if it is right that u"(X;) < o, but we present in
Theorem 2.4 a weaker statement sufficient for our aims. The following result is a
corollary of Theorem 2.4, Statement 1 from this section and the Poincaré recurrence
theorem (see [19, 27]).

THEOREM 2.5. For any positive integer n consider the DS f™. Then, a.a. points (with
respect to the measure w™ or u") of the phase space X, are stable according to Poisson.
The set of points of the space X,, stable according to Poisson is dense in X,.

3. Proof of Theorem 2.1. We use standard methods of investigating the well-posed-
ness of the Cauchy problem (1.1), (1.2), and (1.3) as in [12, 14, 23]. The idea of these
methods is the replacement of the problem (1.1), (1.2), and (1.3) by the following
abstract integral equation:

t
W(t) = e W-t0dy, — 2iKJt e 1A | y(s) |Pw(s)] ds. (3.1)
0
Here (t) is an abstract unknown function defined in segments t € I = [to—a, to+b],
where a,b > 0, with values in a functional space (to be interpreted as H"). Formally,
solutions of (3.1) satisfy the problem (1.1), (1.2), and (1.3). For a more complete in-
formation about relations between solutions of the problem (1.1), (1.2), and (1.3) and
(3.1), see [14]. We accept the following definition.
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DEFINITION 3.1. We call solutions of (3.1) (generalized) solutions of the problem
(1.1), (1.2), and (1.3).

We turn to proving Theorem 2.1. First, let o € H', then the existence and unique-
ness of a global (defined for all t € R) H!-solution to (3.1) can be proved as in [12, 14]
where the Cauchy problem (1.1), (1.2), and (1.3) is considered with initial data vanish-
ing as |x| — oo; in addition, it can be proved as in these papers that Q¢ and Q; are
conservation laws for H!-solutions. The proof of the existence and uniqueness of a
local H™-solution to (3.1), where n > 2 is integer, repeats the procedure from these
papers. So, we have that, for any integer n > 2 and ¢y € H", there exist a > 0 and
b > 0 such that (3.1) has a unique solution @/(t) € C([to—a,to+b];H") and either this
solution can be continued for all ¢ > t, (resp., for all t < tg) or there exists by > 0 (resp.,
ao > 0) such that this solution can be continued onto the half-open interval [tg,to+ bg)
(resp., onto the half-open interval (to —do, to]) and limsup; _;; .p,—o 1@ (L) ||, = oo (resp.,
Limsup;_;,_g0+0 1@ () ln = o). In what follows, we show only that our H"-solution
Y (t) can be continued onto the whole half-line [t(, + o) because the statement that it
can be continued onto the half-line (-, ty] can be proved by analogy.

Letyoe H"and +00o =Ty > Tp > T3 = - - - = T, > 0 be such numbers that [tg, to+ Tk)
are maximal half-open intervals of the existence of H¥-solutions of (3.1). For the above

goal, it suffices to prove that T; = - - - = T,,. The following estimate easily follows from
3.1):
t
ol < Cillwoll+ Cz( sup o)) [ w1l ds, (3.2)
selto,t] to

where l=k—-1if k>=2orl=1if k=1, C; > 0 is independent of t and C>(s) is a
positive continuous function on the half-line 0 < s < +. The inequalities (3.2) easily
imply the equality T, = - - - = T,,. Thus, the existence and uniqueness of a global H"-
solution (n > 2) are proved.

Let H = ny»1H™ = C®. Then, we have proved that for any o € H there exists a
unique global C*-solution to (3.1). It can be shown as in [14] that these C*-solutions
satisfy the problem (1.1), (1.2), and (1.3) and are infinitely differentiable with respect
to t, too.

LEMMA 3.2. For any positive integer n and d > 0 there exists R > 0 such that ||gll, <
R for all g € H™ satisfying the conditions

|Qo(@)] <d,...,|Qu(g)| <d. (3.3)

PROOF. We use the known embedding theorem
Igll, < Cllgl' 217 (||Degll+1g) "> (p=2) (34)

which takes place for all g € H! with C > 0 independent of g. Hence, using the func-
tional Q;(g) +Qo(g) = (1/2) [ {|Dxg|? + g2 + k|g|*} dx, we get the inequality

1 1
EHQH%_CHQHSHQHI <Q1(@)+Qo(g) < Ellgl|§+CllgH3llglll (3.5)
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which implies that for any d > 0 there exists R > 0 such that ||gll; <R for all g € H"
satisfying the condition |Q;1(g)| + |Qo(g)| < d. Further, using (2.6), (2.7), and (2.9),
we get

an (@, @,...,D¥ 'w,DY )
=al (y,§,..., DI 2y, DI 2 @) (D u)®
+ @2 (W, ..., DY 2, DE2G) DY D
+a2 (@, §,....DE 2y, DY) (D2 1)’ (3.6)
+ay (W, @,...,DE 2y, DI 2 P) DI 'u
+a% (Y, @,...,DE 2@, D2 @)D v
+a% (@, @,...,DE 2@, D% ).

Hence, the inequalities

1
Qxk(9) = gl\glli—yk(\lgllkq) (3.7)

take place for k = 2,7 (here yi(s) are positive continuous functions). Now the state-
ment of Lemma 3.2 follows from inequalities (3.5) and (3.7). O

So, the functionals Qy,...,Q, are conservation laws for H-solutions of the problem
(1.1), (1.2), and (1.3). Further, the inequality (n > 1)

1) =@ (®)l], = Crllwo = oll, + € max [lw ()] max o)),
selto,t] se(to,t]

t 3.8)
<[ )@, ds
to

(herel=n-1if n=2o0rl=1if n =1) following from (3.1) for arbitrary two H"-
solutions y/(t) and @ (t) (where @(ty) = g) of this equation, in view of Lemma 3.2
and the continuity of the functionals Qo,...,Q, in H™ implies two corollaries:
(A) for n > 1 the functionals Qy,...,Q, are conservation laws for H"-solutions of
(3.1);
(B) H™-solutions of (3.1) continuously depend on y, that is, for any g € H", € > 0
and T > O there exists § > 0 such that if ||y — @glln < 5, then maxXie(sy—1,10+1]
Iy (t) — @' (t)lln < € where ' (t) is the solution of (3.1) with o = .
Finally, if @(t) is a H™-solution of (3.1) with @y = @(ty) (here n > 1), then for any
fixed t € R the function y (T) satisfies
.
W(T) = e T DAy (1) - 2ik L e T | y(s) [Pw(s)] ds. (3.9)
Therefore, the function @ (ty) — Y(t) is a one-to-one transformation of the space
H™ for any fixed t, hence it is a homeomorphism because it is continuous with the
inverse. The property f1*(f1*(y,t),T) = fi'(,t + T) follows from these arguments,
too. Theorem 2.1 is proved.
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4. An approximation of the NLS. In this section, we consider Galerkin approx-
imations of the problem (1.1), (1.2), and (1.3). Here, among more or less standard
results, we obtain certain statements crucial for us. These are Lemmas 4.4 and 4.5
and Proposition 4.7. In this section, all estimates with the use of the Gronwell lemma
are made for t > t,. Estimates for t < ty can be made by analogy.

Let

ep(x) = 1 e (x) = 2 sin 2rtkx
0 - \/Z, Zkfl - A(l-‘r(Azk_])n) A ] (4 1)
o 2 e 2TkX '
TN AT Aa)™ A

where Ag = 0, Aox_1 = Ao = (2TTk/A)% (k = 1,2,3,...) are the eigenvalues of the opera-
tor A. Then, {ex}k-0,12,.. is the orthonormal basis in the space H" consisting of eigen-
functions of the operator T with corresponding eigenvalues wjy = (1+ /\i‘+1 )(1+ 2\?)*1
(k=0,1,2,...). Let P, be the orthogonal projector in the space H" onto the subspace
span{ey,...,exm . Let also X" = P, H™.

Consider the following sequence of problems:

Pt = — @+ 2kPp [ W™ Pp™], x,tER,

4.2)
Wit =@ (- to) = Pmpo  (m=1,2,3,..),
or, equivalently, in terms of real functions u™ and v™ where ¢™ = u™ +iv™:
upt = —vl+ 2kPy [ ((u™)* + (v™)*)v™],
) ) (4.3)
V" = Ul = 2kPp [ (™) + (V™) )u™],
ul' =u"(:,to) = Pmto, V" =v"(+,t0) = Pmvo. (4.4)

First of all, we recall that in a finite-dimensional linear space any two norms are
equivalent. Further, for any positive integer m and o € H" obviously there exist
a,b > 0 and a unique infinitely differentiable solution ¢ (x,t) to the problem (4.2)
defined for (x,t) € Rx (—a,b) and either b > 0 is finite (resp., a > 0 is finite) and
limsup;_;+p—o 1Y (-, ) lln = +oo (resp., a > 01is finite and imsup; ;a0 @™ (-, D) In
= +o0) or the solution ¢/™ can be continued onto the whole half-line t > t; (resp., onto
the half-line t < ty). Then, the direct verification shows that

d m —
QoW 0) =0 .5

for all t. This equality yields, in particular, that for any positive integer m and o € H"
there exists C > 0 such that
ly™ (.0, =<C (4.6)

for all t for which this solution is determined. Therefore, for any positive integer m
an arbitrary solution of the problem (4.2) can be continued onto the whole real line
t € R. Consequently, any solution of the problem (4.3) and (4.4) can be continued onto
the whole real line t € R.
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LEMMA 4.1. For an arbitrary segment I = [to—T,to+ T], where T > 0, and for any
positive integer n there exists a function ,(s) continuous and nondecreasing on the
half-line [0, + ) such that for any Y, € H™ the inequality

™ o0 < B (Il08]]) 4.7)
takes place for allt € I and forallm = 1,2, 3,... (here ¢™ is the solution of the problem
(4.2)).

PROOF. First of all, one can easily verify that the functionals

1 (A ’
Qo(w’"<-,t>):§J [w™(,t)|" dx,
0 (4.8)

401 2 K
Q™ 0) = | {3 1Dxwm 0+ S om0 fax,
are conservation laws for the problem (4.2), that is, they are independent of t. In

addition, they are continuous functionals in H" bounded on bounded subsets of this
space. Hence, as above, due to the known embedding theorem for functions g € H!

lgliL, < Cllgi 217 (||gill+ g7, 4.9)
where p > 2, we have
Qu(p™ (1)) +Qo(w™(-,1))

1 2 3 4.10)
= Sllw™ ol =Clly™ GOl IDsw™ ol + le™ ¢ o).

Hence,
™ol < B(lwd]y) (4.11)

for all t € R where B, (s) is a function satisfying the properties indicated above for
the function S,,.

Further, solutions of the problem (4.2) satisfy the following integral equation similar
to (3.1):

t
Y (- 1) = e AP g — 2iKJ e {0Ap [ W™ () [PY™ (-, 5)] ds. (4.12)

to

For k = 2,...,n we get from (4.12)

t
om0l = Collog s C(maxllom ol ) [ lwmCoslleds. @13)
S to

This inequality and (4.11) step by step lead to the statement of Lemma 4.1. O

PROPOSITION 4.2. Let o € H", where n is a positive integer, and let T > 0 be an
arbitrary number. Then,

lim max ]||me(-,t)—(,u(-,t)||n=0 asm — oo, (4.14)

m-—ote(tg-T,to+T

where (-, t) is the solution of the problem (1.1), (1.2), and (1.3) given by Theorem 2.1
and @™ is the solution of the problem (4.2).
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PROOF. We get from (3.1), (4.12), and Lemmas 3.2 and 4.1

lw™,6) —w(, 0,
to+T

<Cillvo—Patolly+ Ca [ Pl 1015 Pw 9] = [0 P9, ds
0

t
+Colllwoll) f, 197 5=l ds
(4.15)

where l=n—-1if n> 1 and [ = 1 if n = 1. The first term from the right-hand side of
this inequality obviously tends to zero as m — co. The integrand in the second term
tends to zero for all s and is uniformly bounded in s and m according to Lemma 3.2.
Therefore, this second term tends to zero, too, as m — o. Thus, the statement of
Proposition 4.2 follows from this inequality. O

COROLLARY 4.3. For any positive integer n, Yo € H" andt € R
lim [Qi(¢™ (1) = Qu(w(-,0))] =0 fork=0,n. (4.16)

PROOF. The proof follows from the continuity of functionals Qg, k = 0,n, in the
space H™ and the proved Proposition 4.2. O

As it is already noted, Lemmas 4.4 and 4.5 and Proposition 4.7 below are results of
this section crucial for us. To establish them, we consider quantities Q1 (¢™(-,t)).In
this connection, it should be remarked that, for o € H", the expression Q1 (@ (-,t))
is not determined in general. However, since the functions ™ are infinitely differen-
tiable, the expression Q1 (@™(-,t)) is well defined for each m. Moreover, Lemmas
4.4 and 4.5 and Proposition 4.7 take place.

LEMMA 4.4. Let Yo € H" for a positive integer n and t € R. Then,
lim (—dQ”“("’m("t))) - 0. 4.17)
m—oo dt
PROOF. First of all, obviously P,,g € C® for any positive integer m and g € H".
Then, since Q1 is a conservation law for infinitely differentiable solutions of the
problem (1.1), (1.2), and (1.3), substituting i@, — 2ik |@™|?>@™ into the expression for
AdQn1 (W™ (-,t))/dt in place of oy™ /ot, we get zero. Therefore, to get the right ex-
pression for dQ 1 (@™ (-,t))/dt, we can bring the derivative with respect to t into the
integrand and substitute the expression 2ik Py, [|@™ (-, t)[2@™(-,t)] for oy™(-,t) /ot
(here P, = I — P, where I is the identity).
Using the representations (2.9) and (3.6) and the above arguments, we easily derive
the following estimate:

dQua (™ (1))

D <yl O 0 o™ 0], @18
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where n > 1 and y, 1 (s) is a continuous nondecreasing function of s € [0, + ). Since
according to Proposition 4.2 and embedding theorems
2
<™ 0 Pwmeo - w0 P o)L +IPs e o Py, o], — o
(4.19)
as m — oo, (4.18) yields the statement of Lemma 4.4. O
LEMMA 4.5. For any positive integer n and t € R there exists a function ny.1(s),

continuous and monotonically nondecreasing on the half-line s € [0, +), such that

[Qne1 (W™, 0) = Quir (W) | < N (@it ] ) (4.20)

for all positive integer m and @, € H™.
PROOF. The proof follows from (4.18), Lemma 4.1, and the following inequality:

t

dQn+1 (W™ (,5))

s ds. (4.21)

|Quet (W™ () = Quer (W) | < |

to

PROPOSITION 4.6. For any @y € H", where n is a positive integer, any € > 0 and
t € R there exists 6 > 0 such that

g™ t) —phe, b)), <€ 4.22)

foreachm = 1,2,3,... and for an arbitrary solution Yy1*(-,t) of problem (4.2) satisfying
the condition

PROOF. We have from (4.12) and Lemma 4.1

||wm('vt) _W?(!t)<|n

t (4.24)
< 3+ Calllo™ Coto) 1), 9™ s =w ¢l ds,

where l =n—1for n > 2 and | = 1 if n = 1. This inequality step by step leads to the
statement of Proposition 4.6. O

The following statement together with Lemma 4.5 is used in the next section for
proving Lemma 5.5 which is of principal importance for our proof of Theorem 2.4.

PROPOSITION 4.7. Let K C H™ be a compact set where n is a positive integer. Then,
foranyt e R

Qui1 (W™ (,1)) = Quii (W§') — 0 asm — oo (4.25)

uniformly in o € K (here ' = Py, o and g™ (-,t) is the solution of the problem (4.2)
with g™ (-, to) = Yg').
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PROOF. First of all, we prove that for any € > 0 and g € K there exist 6 > 0 and a
number mg > 0 such that

|Qn+1(wm(':t))_Qn+l(W(r)n)< <€ (4.26)

forallm = mop and ¢y € Bs(g) ={h € H" | |h—gll,, < 6}. From (4.18) and Lemma 4.1
we get

| Qns1 (WM (-, 8)) = Quar (W™ (-, t0)) |

‘ ) 4.27)
< L Yne1 (Bu(glln+0)) x|[Pol[w™C.s) "™ ¢ )], ds.
0

We estimate the integral from the right-hand side of (4.27). We have

1Pl o) Pwm Co) I < ™ Cos) o™ Gos) = [@m Gs) Pamcs) ],
G ) 2@ s = @ PG, (4.28)
HIPAT @) a0

where ¢™ and (¢ are the solutions of the problems (4.2) and (1.1), (1.2), and (1.3),
respectively, with g = g. The second and third terms in the right-hand side of this
inequality are independent of ¢y € B;(g) and tend to zero as m — . Further, accord-
ing to Proposition 4.6, for any € > 0 and t € R there exists § > 0 such that the first
term in the right-hand side of this inequality is smaller than €/2 if @y € Bs(g), for
all m. Hence, we have proved that the expression under the integral in the right-hand
side of the inequality (4.27) for any fixed s becomes arbitrary small for sufficiently
small 6 > 0 and sufficiently large numbers m if o € Bs(g).
Further, take into account Lemma 4.1 according to which the expression

IPET @™ o) 2™ o), (4.29)

is bounded uniformly with respect to o € K, m = 1,2,3,..., and s € [to,t]. Therefore,
for any g € K and € > 0 there exist 6 > 0 and a number m such that the right-hand
side of (4.27) is smaller than € if ¢ € Bs(g) and m > my. So, we fix an arbitrary € > 0
and for any g € K take 6 = 6(g) > 0 and m( = mo(g) > 0 such that

|Quir (WM (1) = Qi (W) | <€ (4.30)

if Yo € Bs(y)(g) and m = mo(g) (6 and m, exist according to the above arguments).
Then, since K is a compact set, there exists its finite covering by balls Bs(4,)(g1),-..,
Bs(gp (g1). Let my = max{mo(g1),...,mo(g1)}. Then, obviously, (4.30) is valid for all
Yo € K if m = m,. Thus, Proposition 4.7 is proved. O

5. Proof of Theorem 2.4. There is an analogy between the proof of the invariance
of the measures u™ presented below and proofs of the invariance of measures associ-
ated with the energy conservation law in [25, 26, 27]. One of the principal differences
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between our construction here and the approaches in the mentioned papers consists,
in particular, in the fact that, unlike in [25, 26, 27], in the present paper, generally
speaking, the finite-dimensional measures pu,, (see below) are not invariant for the
corresponding finite-dimensional dynamical systems. All the information from the
general measure theory to be used further is contained in [13], for example. Then,
we remark that all the results from Section 4 are valid for problem (4.3) and (4.4)
with the corresponding reformulation. We fix an arbitrary positive integer n. Let
g1 = (e0,0), g2 = (0,e0), g3 = (e1,0), g4 = (0,e1),...,g2k+1 = (€x,0), gax+2 = (0,ex),....
Then, {gk}k=1.23,. is the orthonormal basis consisting of the eigenfunctions of the
operator S, in the space X,,. Let L,, = span{gi,...,gam+2} be the sequence of finite-
dimensional subspaces of the space X,, (m =1,2,3,...). In the spaces L,, we introduce
the following finite-dimensional Gaussian measures:

2m

Wi (Q) = (21) "2 [T oy Le‘<1/2>zi’:"0“’k<”i*qﬁ> dpoddo- - - Apam ddom, (5.1)
k=0

where Q = {u € Ly, | [(U,91)n,---, (U, Gam+2)n] € F} and F C R4™*2 is a Borel set. So,

wy, is a centered Gaussian measure in the space L,, for any positive integer m. We

recall that the space L,, is equipped with the topology generated by the norm of the

space X;,.

Further, let w,,, (Q) = wy, (QNL,,) for any Borel subset Q of the space X,,. We state
that, with this definition, the measure w,, becomes a well-defined Borel measure in
the space X,,. To prove this statement, it suffices to show that QnL,, is a Borel subset
of the space L,, for any Borel set Q C X,. Indeed, it is clear that the set ¥ of all
subsets of the space L,, of this kind is a sigma-algebra of subsets of the space L,,
which obviously contains all open subsets of this space. Therefore, it suffices to prove
that ¥ is the minimal sigma-algebra of subsets of the space L,, containing all open
subsets of this space. Suppose that this is not right. Then, the Borel sigma-algebra J{;
of the space L,, is contained in the sigma-algebra % and 9, # . Consider the set N'
of all Borel subsets A of the space X, such that AnL,, € #;. Then, it is clear that N
is a sigma-algebra in the space X, which contains all open subsets of the space X,
and is more narrow than the Borel sigma-algebra of this space. Thus, we arrive at a
contradiction and, therefore, we have proved that QnL,, is a Borel subset of the space
L,, for an arbitrary Borel subset Q of the space X,.

LEMMA 5.1. The sequence {wm}m=1,23... of the Borel measures weakly converges to
the measure w™" in the space X,.

REMARK 5.2. We recall that, by definition, a sequence of bounded Borel measures
{Vk}k=1,2,3... weakly converges to a bounded Borel measure v in a separable complete
metric space H if

nmj cp(g)dvk(g):j ®(g)dv(g) (5.2)
k—o JH H

for an arbitrary real continuous bounded functional ® in the space H.

REMARK 5.3. A statement similar to Lemma 5.1 is presented in [27]; here we make
some additions to its proof from that paper.
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PROOF OF LEMMA 5.1. As it is proved in [27], the sequence of measures {w,,} is
weakly compact in the space X,,. In addition, for any cylindrical set M C X,, we have
Wy (M) =w™(M) for sufficiently large numbers m.

Suppose that the sequence {w,,} does not converge weakly to the measure w™.
Then, there exists a Borel measure w’ in X,,, not coinciding with the measure w, and
a subsequence {wy,, } of the sequence {wy,} such that the sequence {w,, } weakly
converges to the measure w’. Further, since the extension of a measure, countably
additive on an algebra, to the minimal sigma-algebra containing this algebra is unique
(see [13]), there exists a cylindrical set of the kind

M= {g € Xn | [(gsgl)n!"'!(gvg41’+2)n] EF}! (5.3)

where 7 is a positive integer and F ¢ R*"*2 is a Borel set, such that w' (M) + w"(M).
Then, due to the known property of Borel sets, there exists a sequence F{ D F, D --- D
F; > --- of open sets F; ¢ R¥*2 such that F = ();»; Fi. Therefore,

w' (M) = 1i_mw’(Mi), wh(M) = 1i_mw"(Mi), (5.4)
where
Mi = {g € Xn | [(glgl)ni"'v(g1g41’+2)n] S Fl} (55)

Hence, we can accept that the cylindrical set M C X,, is open.

Take an arbitrary € > 0 and consider a continuous functional ®.(z) = ®.(z1g1 +
-+« 4+ Z4ry29ar+2) depending on variables z = (z,...,Z4r;2) € R**2 and satisfying the
following properties:

(1) 0<®(z) <1 forall z

(2) ®(2) =0if g =z191+ - - + Zar12Gar+2 € M,

(3) ®c(z) =1 if g € M and dist(g;0M) > € where for an arbitrary set A C X,, and

g € Xy dist(g;A) =infpea g — hlln.
It is clear that

j <I>E<z>dwm<g>=j be(2) dw"(g) (5.6)
Xn Xn

for m = r. Further, lim¢_. ¢ an ®(z) dw™(g) = w"™(M). At the same time, there exists
€ > 0 such that each of the expressions

wnan - L,, 2e(z) dw"(g) |,
[’ ()~ lim el Awn, (@) = ]w'(M)—ancbe(z)dw%g) e

is smaller than |w’'(M) —w"(M)|/3. This fact contradicts (5.6). Thus, Lemma 5.1 is
proved. O

We introduce the following measures:

L (Q) = jQ )y (1, v) (5.8)
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(here Q C X,, are Borel sets). Since due to the representations (2.9) and (3.6) the func-
tional ®,,(u,v) is continuous in X, and bounded on any bounded subset of the space
Xy, the measures p,, and u™ are well defined in X,,.

With the following statement, we in fact establish a well-known property of weakly
converging sequences of measures.

LEMMA 5.4. One has liminf, .. tn (Q) = u™(Q) for any open bounded set Q C Xy,
and limsup,,,_. . Um (K) < u™(K) for any closed bounded set K C X,,.

For the proof, see, for example, [27].

Let fin (uo,vo,t) = (U™ (-, t+tp),v™(-,t+to)) for any (ug,vo) € X, and t € R where
(u™(-,t),v™(-,t)) is the solution of problem (4.3) and (4.4). One of the principal differ-
ences between the constructions in the present paper and in earlier papers [25, 26, 27]
is that, unlike in [25, 26, 27], in the present case the finite-dimensional measures i,
are not in general invariant for the corresponding DS f;,. In this connection, we note
that the following statement is crucial for us; it shows that the measures p,, are “al-
most invariant” asymptotically for sufficiently large numbers m.

LEMMA 5.5. Lett € R and Q C X,, be an arbitrary closed bounded set. Then,
Lim [ (fim (1)) = m (Q)] = 0. (5.9

PROOF. Werewrite system (4.3) for coordinates p (t) = (po(t),...,pam(t)) and q(t) =
(@o(t),...,@2m (t)) where u™ (x,t) = 3" pr(t)ex(x) and v (x,t) = 7% qx (t)ex (x).
Then, we get the following system of ordinary differential equations

pr(t) = 2D amy - _om,

o (5.10)
) oh(p,q) n :
ak(t) = ———"—(1+Af), k=0,2m.

opx

Here h(p,q) = Qi(u™v™) = (1/2) [¢ {(uM)?2 + (VM2 + k(u™?2 + (v™)2)?} dx.
Therefore, according to the well-known result [19, 27], the Lebesgue measure o, in the
phase space R*™*2 js an IM for this DS (in fact, this is a well-known statement accord-
ing to which the Lebesgue measure defined in the phase space of a finite-dimensional
Hamiltonian system is an IM for this system). This easily implies that

D=‘det{%”zl (5.11)

for an arbitrary solution (p(t),q(t)) of (5.10).
Fix an arbitrary bounded closed set Q C X;,. Then, according to the above argu-
ments, we have

Um (fm(Q; t)) — JQ eQn+] (Pmw)—Qn+1 (fm(w’t))dﬂm(W). (512)
Further,

|t (Q) = pm (fin (2, 0)) | < JQ | 1—eQnet Pm)=Qua S W) | gy (w). (5.13)
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According to Lemma 4.5, the integrand here is uniformly bounded with respect to
w € Q by a constant C > 0. Fix an arbitrary € > 0. Then, according to the Prokhorov’s
theorem (see [10]), there exists a compact set K ¢ Q such that u,, (Q\K) < € for all
m=1,2,3,... and u"(Q\K) < €. Further, in view of Proposition 4.7 and (5.13),

Jim [ (K) = pim (fin (K, )] = 0, (5.14)
therefore
limsup |um(Q) _Hm(fm(Q;t)) | < CEg, (5.15)

where C > 0 depends only on sup,cq llglln. Hence, due to the arbitrariness of € > 0,
Lemma 5.5 is proved. O

COROLLARY 5.6. For any bounded open set Q C X,, and t € R,
Jim [ (Q) = pm (fin (Q,0)) ] = 0. (5.16)

The further proof of Theorem 2.4 including Lemma 5.7 below in fact repeats a con-
struction in [25, 26, 27].

LEMMA 5.7. Let Q C X, be an open bounded set and t € R. Then, u"(Q) =
M, L)),

PROOF. According to Theorem 2.3 and Lemma 3.2, f"(Q,t) is a bounded open
subset of the space X,,. Fix an arbitrary € > 0. Then, since u™ is a Radon measure,
there exists a compact set K C Q such that u"(Q\K) < €. Let K; = f™(K,t). Then, K;
is a compact set, too, and K7 C f™(Q,t) = Q;. Let « = min{dist(K,0Q);dist(K1,0Q1)}
where dist(A,B) = infycavepllu — vy for any A,B C X, and 0A is the boundary of
the set A. Obviously « > 0. Due to Proposition 4.6 for any g € K there exists a ball
B, (g)={the X, |llg-hl, <r} cQwith a positive radius » such that

| fm(g,0) = fm (R, 1)]],, <% (5.17)

for all h € B,(g) and for all m. Let By,...,B; be a finite covering of the compact set
K by these balls. Let Qf = {h € Q; | dist(h,3Q;) = B} where > 0, and D = U'_, B;.
Since in view of Proposition 4.2 fy,(g,t) — f"(g,t) in X,; as m — o for any g € X,,,
we get

fm(D,t) cQY? (5.18)

for all sufficiently large numbers m.
Further, according to Lemmas 5.4, 5.5, and Corollary 5.6

Q) < u"(D)+e€ < lirgijgfum(D) +€
= liminf i, (fm (D, 1)) +€ (5.19)
<" QYY) +e < p™(Qy) +e.
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Therefore, due to the arbitrariness of € > 0, we have u"(Q) < u"(Q;). By analogy,
U™t (Q) = u"(Qq). Hence, u™(Q) = u™(Q,) and Lemma 5.7 is proved. O

We prove Theorem 2.4. Let first Q ¢ X,, be an open (unbounded) set. Let Q% = {w €
QI (w, ) ln+ lwlly < k}. Then, Q = Up_; Q and each set Q¥ is bounded and open.
In addition, f™(Q,t) = Upy f™(QK, 1) and p™ (QF) = u™ (f*(Q,t)). Therefore,

HH(fMQ,0) = lim p (F7(0F, 1)) = lim p™ (QF) = 1™ (Q). (5.20)

Further, for an arbitrary Borel subset A of the space X,, we get the equality u"(A) =
U™ (f"(A,t)) approximating this set A from outside by open sets (we remark that,
since the function f™(-,t) is a homeomorphism for any fixed t, it transforms Borel
sets into Borel ones). The last statement of Theorem 2.4 follows from Lemma 3.2.
Theorem 2.4 is proved.

REMARK 5.8. As it was noted in the introduction, an IM for the NLS generated
by the conservation law Q; is constructed in [5], for example. Here, we presented IMs
generated by the conservation laws Q, where n > 2. The question is left open whether
there is an IM associated with the conservation law Q. As one could observe from our
considerations, to any conservation law Q, (n > 2) there corresponds an IM on the
phase space H"!. Therefore, it seems to be probable that such an IM could exist on
a phase space like H~1. However, since the well-posedness of the problem (1.1), (1.2),
and (1.3) in a similar sense seems to be open and very difficult, we could not make a
construction like that.
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