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ABSTRACT. We establish some new topological types of nonempty intersection theorems
in more general topological spaces without linear structure. As applications, we utilize
results to study the minimax problems, coincidence problems, and economy equilibrium
problems in generalized interval spaces and some new results are obtained.
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1. Introduction and preliminaries. Recently, some versions of Fan’s KKM theorem
and Fan’s minimax theorem in topological spaces without linear structure have been
considered by Cheng and Lin [2], Lin et al. [10, 11], and Tian [14]. The purpose of this
paper is first to introduce and establish a class of more general topological space-
generalized interval space, which has no linear structure and contains H-space, inter-
val space as its special cases, and so as it contains strong interval space [2], convex
space, contractible space, and topological vector space as its special cases. With the
aid of this kind of topological frameworks some new topological types of nonempty
intersection theorems are established in Section 2. As applications, we utilize these
results to obtain some minimax theorems and coincidence theorems in generalized
interval space. The results presented in this paper not only contain many recent
results of Stacho [13], Kindler and Trost [8], Cheng and Lin [2], Brezis et al. [1], Tuy
[7], Komornik [9], Geraghty and Lin [4], Sion [12], Wu [15], Hartung [6], and the fa-
mous Neumann’s saddle theorem as its special cases, but also improve and extend
the corresponding results of [1, 2, 4, 5,6, 7, 8,9, 10, 11, 12, 14].

For the sake of convenience, we first give some definitions and notations.

Let X and Y be two Hausdorff topological spaces. We denote by C(X,Y) the set
of all continuous mappings from X to Y. Let LB be a subset of X, we denote by clB
the closure of B. If M is a nonempty subset of X, we denote by (M), sK(M), and 2%
the families of all nonempty finite subsets, all nonempty connected subsets, and all
subsets of M, respectively. We denote R = (—o0,+00).

DEFINITION 1.1 (see [2]). Let E be a linear ordered space. We call E a completely
dense linear space, if each subset of E has a least upper bound and for any Z;,Z> € E
with Z; < Z», there exists z € E such that Z; < z < Z».

DEFINITION 1.2. Let X be a topological space, X is called a generalized interval
space, if there exists a mapping I' : X X X — #K(X) such that for any (¥;,%>) € X x X,
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['(%1,%2) = T(¥2,%1), and T'(¥1,%>) is called a generalized interval associated with
%1, Xo.

DEFINITION 1.3. Let X be a generalized interval space, Y a topological space, and
E a completely dense linear space. A subset B of X is called T-convex set, if for any
%1,%» € B, we have I'(¥1,%>) C B. A mapping f : X — E is called T-quasi-concave, if
for any ¥;,%> € X, there exist ¥,,%, € I'(¥1,%>) such that f(¥;) > f(%;),i=1,2,and
for any z € E, the set {x € X: f(x) = z} is T-convex. We call F: X — 2Y a T-KKM
mapping, if for any ¥;,%> € X we have F(x) C F(¥1) UF(¥») for all x e T'(¥1,%>), and
there exist ¥,,%, € I'(¥1,%>) such that F(%¥;) Cc F(¥;),i=1,2.

REMARK 1.4. For Definitions 1.2 and 1.3 it is easy to see that both interval space and
H-space are the special cases of generalized interval space, and so as all the strong
interval space [2], convex space, contractible space, and topological vector space are
the special cases of generalized interval space. For H-space, the H-convex set is T-
convex. For topological linear space, a convex subset is T-convex, a quasi-concave
function is T-quasi-concave.

REMARK 1.5. Itis obvious that anonempty T-convex subset in a generalized interval
space is also a generalized interval space.

DEFINITION 1.6 (see [14]). Let X and Y be two topological spaces. A mapping
F:X — 2" is called transfer closed valued, if for each x € X, v ¢ F(x) implies that
there exists a point ¥* € X such thaty ¢ clF(%°).

LEMMA 1.7. Let X be a generalized interval space, E a completely dense linear
ordered space, and f : X — E a mapping. Then f is T-quasi-concave if and only if
for any ¥,,%, € X, there exist ¥,,%Y, € T(¥1,%>) such that f(%;) = f(¥;),i=1,2, and
SO0 =min{ f(&1),f(%2)} for all x e T(%,,%>).

PROOF. The proof follows from Definition 1.3 immediately. O

LEMMA 1.8. Let X be a generalized interval space, Y a topological spaces, and E a
completely dense linear ordered space. Let x € E and @ : X X X — E be T -quasi-concave
in X. If we define a mapping F: X — 2Y by F(x) ={y €Y :@(x,y) <«} forall x € X,
then F is a T-KKM mapping.

PROOF. Since @ is T-quasi-concave in X, for any given ¥;,%» € X and for any
x € T(%1,%2) we have @ (x,y) = min{@(¥1,y),p(¥2,¥)} for any v € Y, and there
exist ¥1°,%>° € T(¥1,%2) such that ¢ (¥;*,y) = ¢(¥;,y),i=1,2 for all y € Y. Hence
F(%;") CF(%;),i=1,2,forall x eT'(¥1,%2), we have F(x) C U?ZIF(%). This implies
that F is a T-KKM mapping. Let X, Y be two topological spaces, F : X — 2Y. In the
sequel we denote cl{F(x)} = clF(x). O

2. Some nonempty intersection theorems

THEOREM 2.1. Let X be a generalized interval space, Y a topological space, and
F: X — 2Y an upper semi-continuous T-KKM mapping. Suppose that the following
conditions are satisfied:

(1) for any x € X, F(x) is a nonempty closed (open) setinY;



NONEMPTY INTERSECTION THEOREMS MINIMAX THEOREMS ... 113

(2) forany A e Z(X), N\xeaF(x) € JK(Y),
then
(1) {F(x):x € X} has the finite intersection property;
(2) if there exists an Ay € ZA(X) such that (\,c4 clF(x) is compact, then

() clF(x) = @. (2.1)
XeA

PROOF. Letting Q = {F(x) : x € X}, and by using induction we prove that Q has
the finite intersection property.

By condition (1), for any F(x) in Q, x € X is nonempty. Suppose that for any n
elements in Q, n > 2, their intersection is nonempty, next we prove that for any n+1
elements in Q, their intersection is also nonempty. Suppose the contrary, then there
exist %1,%,...,%n+1 € X such that N\ F(%;) = @. Letting H = N"'}! F(%;), then

2
(NHNF(%;) = 2. (2.2)

i=1

By condition (2) and the assumption of induction, for any x € X
H N F(x) is nonempty and connected. (2.3)

Since F is a T-KKM mapping, F(x) C U%ZIF(%) for all x eT'(¥1,%>) and there exist
%1%, %2° €T (%¥1,%>) such that F(¥;°) C F(¥;), i = 1,2. Hence,
2
HnF(x)c | JHNF(%), VxeT(%1,%), (2.4)
i=1
letting D; = {x € T'(¥1,%2) :HNF(x) CHNF(%)}, j=1,2, then¥;" € D;, i =1,2.
It follows from (2.2), (2.3), (2.4), and condition (1) that D; U D, = I'(¥1,%>). Since
I'(%1,%2) is connected, we know that either clD; n D, or clD; n D; is nonempty.
Without loss of generality, we can assume clD, n D; = &. Hence there exists an
Xo € clD,ND;. By (2.2), we have (HNF(%o)) N (HNF(¥X2)) = &, and it is easy to prove
that there exists an open set U containing F (%) such that (HNU)N(HNF(%¥>)) = @.
In fact, if F is open valued, it is sufficient to take U = F(¥y); if F is closed valued,
taking U = Y\ (HNF(%>)), then U is an open set in Y and

(HnU)N(HNF(%2)) = O, UD(HNF (%)) + @. (2.5)

Moreover, for any v ¢ U, then v € HNF(¥2) and v ¢ HNF(¥Xy), and so v & F(%g).
Hence F(¥,) C U. This means that U satisfies the desired condition.

By the upper semi-continuity of F, there exists an open neighborhood V of ¥, such
that for any x € V, F(x) C U. Since ¥y € clD2, VND, + @. Taking X* € VN D;, we
have HNF(¥*) cHNF(%¥,), HNF(%X*) c HNU. Hence we have (HNF(¥2))(HNU) >
HNF(%*) + @. This contradicts (2.5), therefore Q has the finite intersection property.

In addition, if there exists an Ag € (M) such that (4, c1F (x) is compact. Letting
K = Nxea, clF(x), it follows from the finite intersection property of Q and A, being
finite that {clF(x) nK : x € X} is a family of closed set in the compact set K and has
the finite intersection property, therefore (,cx(clF(x) NK) = (\yex clF(x) # &. This
completes the proof. O
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THEOREM 2.2. Let X be a generalized interval space, Y a topological space,
F:X — 2Y a mapping with nonempty values and satisfy the following conditions:

(1) F is transfer closed valued;

(2) clF:X — 2V is an upper semi-continuous T-KKM mapping;

(3) foreach A€ A(X), NxexClF(x) € JK(Y);

(4) there exists an Ao ZI(X) such that(\yea,CLF (x) is compact, then\yex F(x) # &.

PROOF. First we prove [\yexF(x) = NyexClF(x). In fact, since NyexF(x) C
Nxex ClF(x), it is sufficient to prove that (yex F(x) D [\xex clF(x). Suppose the con-
trary, then there exists Yy € [\, ex ClF(x) such that yy ¢ (\cx F(x). Hence there ex-
ists an xp € X such that yy ¢ F(x). By condition (1), there exists x" € X such that
Yo & clF(x). This contradicts the choice y,. Hence the desired conclusion is proved.

O

It is obvious that clF : X — 2Y satisfies all the conditions in Theorem 2.1. By
Theorem 2.1, we know that (,cx F(x) = yxexClF(x) + @.

THEOREM 2.3. Let X be a generalized interval space, Y a topological space, S €
C(X,Y) a given mapping, and F : X — 2Y a mapping satisfying the following conditions:
(1) F is transfer closed valued;
(2) clF:X — 2Y is an upper semi-continuous T-KKM mapping;
(3) there exists a compact setL inY and a subset K in X such that for any A € /[(X)
there exists a compact T-convex subset D C X with K|\JA C D such that
(@) forany x € D,clF(x)ns(D) + QJ;
(b) for any finite set {x1,x2,...,Xn} C D, ﬂ{‘zl(ch(xi) Ns(D)) € JK(Y);
(@ Nyxep(cdF(x)ns(D)) CL,
then Nyex F(x) = Q.

PROOF. By condition (1), Nxex F(x) = (Nxex clF(x). Hence in order to prove the
conclusion of the theorem, it suffices to prove that (,cxclF(x) # &. Since L is com-
pact, for the purpose, it suffices to prove that {clF(x) N L : x € X} has the finite
intersection property. For any A € /Z(X), let D be the set satisfying condition (3).
Hence we have

() (lF(x)nL) > () (cIF(x)ns(D)). (2.6)
X€EA xeD

Letting Yy = s(D), by the continuity of s and compactness of D, we know that Yj is
a compact subset of Y.

Next we prove that (,cp(clF(x) NnYy) = @. In fact, letting G(x) = clF(x) N Yy,
x € D, by condition (3)(a), for any x € X, G(x) is nonempty compact. Since D is T-
convex, D is a generalized interval space. It is easy to prove that G : D — 2V satisfies all
conditions in Theorem 2.1. By Theorem 2.1, {G(x) : x € X} has the finite intersection
property. Therefore, we have (,cp G(x) # @, thatis, (yep (lF(x)NYy) = @ . By (2.6),
Nxea(clF(x)NL) + @. This implies that {cl F(x) NL : x € X} has the finite intersection
property. O

THEOREM 2.4. Let X be a generalized interval space, Y a compact topological space,
and G : X — 2¥ a mapping with nonempty values and satisfy the following conditions:
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(1) G is transfer closed valued;
(2) G:X - 2Y isa T-KKM mapping;
(3) forany A e J(X), NxeaClG(x) € JK(Y);
(4) clG is closed graph,
then Nyex G(x) = @.

PROOF. Since clG is a closed graph and Y is compact, by using Fan [3, Lemma 2] we
know that clG is upper semi-continuous. The conclusion follows from Theorem 2.2
immediately. O

3. Applications to minimax problems. As applications, we use the results obtained
in Section 2 to give some minimax theorems in generalized interval spaces.

THEOREM 3.1. Let X be a generalized interval space, Y a compact topological space,
E a completely dense linear ovdered space, and @ : X x X — E a lower semi-continuous
function satisfying the following conditions:

(1) @(x,y) is T-quasi-concave in x;
(2) forany A e Z(X) and for any x € E, (xeaf{y €Y : @(x,y) < &} € JK(Y),
then o, = supycxinfyey @ (x,¥) =infycy Sup,cx (x,y) = «*.

PROOF. It is obvious that x. < «°.
Now we prove that «, > «*. Without loss of generality, we can assume that «. is
not the greatest element in E. For any x € X and for any given « > «., let

Gx,x)={yeY:p(x,y) < «}. (3.1)

Next we prove that {G(x,x) : x € X,x > «.} has the finite intersection property. In
fact, for any n points xi,...,x, € X and any n elements «q,...,&, € E with «; > «.,
i=1,...,n, since E is a linear ordered space, we can assume that o, > - - - > ] > ..
By the density of E, there exists an & € E such that o; > & > «.. Letting

F(x)=G(x,&), x€X, (3.2)

by the lower semi-continuity of ¢ and the choice of & € E, we know that F : X — 2Y
is nonempty closed valued. This implies that F satisfies condition (1) in Theorem 2.1.
From condition (2), F satisfies condition (2) in Theorem 2.1. In view of condition (1)
and Lemma 1.7, we know that F is a T-KKM mapping. In addition, since ¢ : X XY — E
is lower semi-continuous, F is closed graph. By Fan [3, Lemma 2], F is upper semi-
continuous. Therefore F satisfies all the conditions in Theorem 2.1. By Theorem 2.1,
{F(x) : x € X} has the finite intersection property, and so ﬂ?zl F(x;) + <. Since
N F(x;) € N G(xi, ), {G(x,00) : x € X, > «.} has the finite intersection
property.

On the other hand, for any x € X and for any &« > «., G(x,«) is closed. Since Y
is compact, Nyex,a>a. G(X, ) # &. Hence, there exists ¥ G(x,«x) for all x € X and
for all & > «., that is, @(x,¥) < « for all x € X and for all & > «.. Hence, we have
infy ey supyex @(x,¥) < «, for all x> «..

Since E is a dense linear ordered space, we know that «* =inf ey sup,cx @ (X, ) <«..

Summing up the above arguments, we have «. = «°. This completes the proof. O
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REMARK 3.2. Theorem 3.1 not only contains Theorem 1 in Shacho [13] as its special
case but also relaxes its continuous condition.

THEOREM 3.3. Let X be a generalized interval space, Y a topological space, E a
completely dense linear ordered space, and @, ¢ : X X X — E two functions satisfying
the following conditions:

(1) @x,y) <¢p(x,y) forall (x,y) € XXY;

(2) @(x,y) is T-quasi-concave in x, and it is upper semi-continuous on any gener-
alized interval of X;

(3) @(x,y) is lower semi-continuous in v and for any A € J(X), the set(\xcaly €
Y:p(x,y) < «} is connected for all x € E;

(4) there exists an Ag € A(X) and a zo > sup,cxinfyey ¢ (x,y) such that ﬂxeAO {y e
Y:@p(x,y) <z} is compact,

then infycy sup,cx @ (x,¥) < supycyinfyey Pp(x,y).

PROOF. Letting z. = sup,cyinfyey ¢(x,y), by the completeness of E, we know
that z. exists. From condition (4), z. is not a largest element in E.

For any x € X and for any z > z., let F(x,z) = {y € Y : p(x,y) < z}. It follows
from conditions (1) and (3) that F(x,z) is a nonempty closed set. By condition (4),
Nxea F(x,z) is compact. Denote Q = {F(x,z) : x € X, z € Z}. Next we prove that Q
has the finite intersection property. In fact, we have proved that each element in Q
is nonempty. Suppose for any n elements in Q their intersection is nonempty. Now
we prove that any n + 1 elements in Q their intersection is nonempty. Suppose the
contrary, then there exist ¥1,...,%,,%¥n+1 in X and z1,...,2,,2n+1 in E with z; > z.,
i=1, 2,...,n+1 such that ﬂ’l“llF(xl, i) = . Without loss of generality, we can
assume that z. < z; < --- <z, < Zy41. By the density of E, there exists a Z € E such
that z; > Z > z.. Letting

T(x,z)={yeY:px,y)<z}, VxeX,Vz>z,;

n+1 3.3
T(x)=T(x,z1), VxeX;H={)T(x:). 3:3)
i=3

By the assumption of the induction, for any x € X,

n+1

HNT(x)> ( () F(xi;2) nF(x; z)) *+ Q. (3.4)

It follows from condition (2) and (3), for x1,x> € X there exist x],x5 € I'(x1,x2)
such that T(x}) ¢ T(x;), i =1,2 and T(x) C Ule T(x;) for all X € I'(xy,x>). Hence

we have
2

HnT(x)c|JHNT(x;)), VxeT(xi,x2). (3.5)
i=1
By condition (3),
2 n+1
(A (HNT(xi)) c () F(xi,zi) = D. (3.6)

i=1 i=1

This shows that HN T (x;) and HN T(x;) are separated. Letting I; = {x € I'(x1,x2) :
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HnT(x) cHNT(x;)},i=1,2, from (3.5) and T(x}) C T(x;), i = 1,2, we know that
x; el i=1,2and I JI, =T(xy,x2). Since I'(x1,x>) is connected, either I; ncll, or
cll, NI, is nonempty. Without loss of generality, we can assume that I ucll, = @.
Taking xo € I ncll, then there exists a net {x,},co C I> such that x, — xo and
HNT(x1) DHNT(x0) + K. Taking yo € HN T (xq), we have

@ (x0,Y0) < Z1. (3.7)

It follows from (3.6) that vy ¢ HN T(x?). Hence, yo ¢ HNT(x,) for all y € 0, that is,
@ (xy,¥0) =z forally € 0.

By condition (2) and x, — xo, we have @ (xo,)0) = z;. This contradicts (3.7). There-
fore Q has finite intersection property.

By condition (4), K = ﬂxerF(x,zo) is compact and {F(x,z) nK : x € X,
z € z.} has the finite intersection property, therefore we have (ycy e, F(x,2) =
Nxex,zez. (F(x,2) NK) = &, and so infy ey Sup,cx @(x,¥) < z.. This completes the
proof. O

REMARK 3.4. Theorem 3.3 improves and extends Theorem 1 in Lin and Quan [10].

COROLLARY 3.5. Let X be a generalized interval space, Y a topological space, E a
completely dense linear ordered space, and f : X x X — E a function satisfying the
following conditions:

(1) f(x,y) is T-quasi-concave in x and it is upper semi-continuous on any gener-
alized interval of X;
(2) f(x,y) is lower semi-continuous in vy and for any A € /[(X), the set

ﬂ {yev:f(x,y)<a}e K(Y), VxEE (3.8)

XeA

(3) there exist an Ag € A(X) and a zg > sup,cyinfyecy f(x,¥) such that

N {yeY:fix,y) <z} e KY), (3.9)

x€Ap

theninfycy supyex f(x,¥) = supyexinfyey f(x,¥).

PROOF. Itisobvious thatinf,cy supyey f (x,¥) = sup,cxinfycy f (x,). On the other
hand, by Theorem 3.3 we know that inf,cy sup,cx f(x,¥) < sup,cyxinf,ey f(x, ).
This completes the proof. O

REMARK 3.6. The corresponding results in Kindler and Trost [8], Tuy [7], Cheng
and Lin [2], Brezis et al. [1], Komornik [9], Geraghty and Lin [4], Stacho [13], Sion [12],
Wu [15], and Hartung [6] all are the special cases of Corollary 3.5.

COROLLARY 3.7. Let X be a compact generalized interval space, E a completely dense
linear ordered space, and @, ¢ : X x X — E, 0 € E. If the following conditions are satisfied:
(1) forany (x,y) € XxX, p(x,y) < p(x,y);
(2) @(x,y) is T-quasi-concave in x and it is upper semi-continuous on any gener-
alized interval of X; ¢ (x,y) is upper semi-continuous in x;
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(3) @(x,y) is lower semi-continuous in y, and for any A € J(X) and any « € E,
the set

N {yeX:fix,y) <a} e JHX), (3.10)
xXeA
then
(1) there exists X € X such that ¢(x,x) > 0, or
(2) there exists y € X such that p(x,y) < 0 for all x € X.

PROOF. Suppose that (1) is not true, then for any x € X we have ¢(x,x) < 6. By
condition (2), infycy ¢p(x,y) is upper semi-continuous in x. Moreover, by Theorem 3.3
and the compactness of X there exists an X € X such that

inf sup @ (x,y) <supinf ¢(x,y) = inf p(x,y) < Pp(x,%x) < 6. (3.11)
yeXx xeX xeX yex yeXx

Since X is compact, by condition (3) there exists a y € X such that

@(x,¥) <sup@(x,y) = inf supp(x,y), VxeX. (3.12)
xeX yeXxeX O

COROLLARY 3.8. Let X be a compact generalized interval space, Y a compact topo-
logical space, E a completely dense linear ordered space, and f : X XY — E a mapping
satisfying the following conditions:

(1) x~ f(x,y) is T-quasi-concave and upper semi-continuous;

(2) vy~ f(x,y) is lower semi-continuous;

(3) forany x € E,any A€ A(X), NxealyY €Y : f(x,y) <} € }K(Y),
then there exists a saddle point (x,y) € X XY such that f(x,y) < f(x,y) < f(x,y)
forallx e X and forall y €Y.

PROOF. If sup,cyinfycy f(x,y) is a greatest element in E, then it is obvious that

inf sup f(x,y) = sup inf f(x,y). (3.13)
yeY xeX xeXyeY

If sup,cxinf,ecy f(x,)) is not a greatest element in E, then f satisfies all the condi-

tions in Corollary 3.5 obviously. By Corollary 3.5, we also have

inf sup f(x,y) = sup inf f(x,y). (3.14)
yeY xeX xeX yeyY

In view of the compactness of X and Y, there exist X € X and ¥ € Y such that

sup inf f(x,y) = yirelfyf(ic,y) <f(x,y), Vyey,

xeXyeY (3 15)
inf sup f(x,y) =sup f(x,y) = f(x,7), VxeX. ’
yeY xeX xeX

Therefore, we have f(x,y) = f(x,y) for all y €Y and for all x € X.

Taking x = x in the preceding inequality, we have f(Xx,y) > f(x,y) forall y €Y.
Taking y = ¥ in the preceding inequality, we have f(x,¥) = f(x,y) for all x € X.
Therefore, we have

fx,y) < f(x,y)<f(x,y), Vyey, VxeX. (3.16)
O
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COROLLARY 3.9 (von Neumann). Let C, F be two Hausdorf{f topological vector spaces,
X Cc C, Y C F two compact convex subsets, and ¢ : X XY — R a function satisfying the
following conditions:

(1) forany x € X, ¢p(x,y) is an upper semi-continuous concave function in y;
(2) foranyy €Y, ¢(x,y) is a lower semi-continuous convex function in x,
then there exists a saddle point (x,y) € X XY of .

PROOF. For any x1,x2 € X and for all y,y» € Y, letting

F(xl,xz):co{xl,xz}, r(ylsyZ):Co{ylsyZ}l (3.17)

then @ satisfies all the conditions in Corollary 3.8. Therefore, the conclusion of
Corollary 3.9 follows from Corollary 3.8 immediately. O

COROLLARY 3.10. Let X be a compact generalized interval space, f : X x X — R, and
h: X — R two functions satisfying the following conditions:
(1) foranyx e X, f(x,x) <0;
(2) x — f(x,y) isupper semi-continuous andy — f(x,y) is lower semi-continuous;
h is upper semi-continuous;
(3) f(x,y)+h(x) is T-quasi-concave in x;
(4) forany A € ZI(X) and for any x € R the set(\yealy €Y : f(x,yv)—h(x) <} €
(X)),
then there exists a y € X such that f(x,y) <h(y)—h(x) forall x € X.

PROOF. Letting g(x,y) = f(x,y)—h(y)+h(y), itis easy to prove that g satisfies
all the conditions in Corollary 3.8. Hence, there exist x*,y* € X such that g(x,y"*) <
g(x*,y) for all x,y € X. Hence g(x,y*) < g(x*,x*) < 0 for all x € X, that is,
fx,y*) <h(y*)—h(x) for all x € X. 0O

THEOREM 3.11. Let X be a generalized interval space, Y a topological space, E a
completely dense linear ordered space, and ¢, : X X X — E two mappings satisfying
the following conditions:

(1) forany (x,y) EXXY, (x,¥) < p(x,¥);
(2) x - @(x,y) is T-quasi-concave and upper semi-continuous, y — @(x,y) is
lower semi-continuous;

(3) ¢(x,y) is upper semi-continuous in x;

(4) there exist a compact K of X and a nonempty subset Yy of Y satisfying the

following condition: for any B € /I(Y) there exists a compact set M containing
YoUB such that for any A € JI(X) and for any « € E the set (\yca{y € M :
Q(x,y) <} € JK(Y), and

sup inf ¢(x,y) <sup inf ¢p(x,y), (3.18)
x¢K yeYy xeX yey

theninfycy Supyex (x,)) < supyexinfyecy p(x,y).

PROOF. Letting z* = infyecy SUPyex @ (X,Y), Z. = SUPyexinfycy D(x,y). From the
completeness of E, we know that z. and z* both exist. If z* > z., then it follows from
the density of E that there exists a Z € E such that z* > Z > z.. Let

Fy)={xeX:p(x,y)=2}, yeY. (3.19)
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By condition (3), F(y) is closed for all y € Y. From condition (4), for any y1,..., Y, €Y
there exists a compact set M containing Yo U{»1,...,¥x}. It is easy to see that ¢, :
X XM — E satisfy all the conditions in Theorem 3.3. By Theorem 3.3, we know

inf sup@(x,y) <sup inf ¢p(x,y). (3.20)
yeMxeX xeXyeM
On the other hand, since inf,cp Sup,cx @ (x,y) = infycy sup,ex @ (x,¥) = z° > Z,
Sup,eyinfyem p(x,¥) > 2, and so N, ey F(y) # @. Hence we have ey, F(7) D
ﬂyGMF(y) + . By condition (4), we have sup,¢xinf,cy, ¢(x,») < z. < Z. Hence,
for all x € X\K we have inf,cy, ¢(x,y) < z. < Z, and so there exists a yy € Y; such
that ¢(x,10) < z, that is, x & F(yy). Hence x ¢ (\ye,, F(y) = D. This implies that
D c K. Since K is compact and D is closed, then D is a compact set.
Summing up the above arguments, we have proved that {F(y)nD:y € Y} is a
family of compact sets in D having the finite intersection property. Hence, we have

N Fo» =) (FO)(\D)+2. (3.21)
yey yey
Therefore z. = sup,cxinf,cy ¢(x,y) = Z. This contradicts the choice of Z. Therefore
z* < z.. This completes the proof. O

REMARK 3.12. Theorem 3.11 improves the corresponding results in Ha [5] and Lin
and Quan [10]. From Theorem 3.11 we can obtain the following results.

COROLLARY 3.13. Let X be a generalized interval space, Y a topological space, E
a completely dense linear ordered space, and @ : X XY — E a mapping satisfying the
following conditions:

(1) @(x,y) is T-quasi-concave and upper semi-continuous in x and it is lower semi-
continuous in y;

(2) there exist a compact subset K in X and a nonempty subset Yy, in'Y satisfying the
following condition: for any B € /I(Y) there exists a compact set M containing
Yo UB such that for any A € ZI(X) and for any x € E, (\xecaly EM: @ (x,y) <
«} € JK(Y) and

sup inf @(x,y) <sup inf @(x,y), (3.22)
x¢K yeYy xeX yey

theninfycy Sup,cx @ (x,¥) = supyexinf,ecy @(x,y).

THEOREM 3.14. Let X be a generalized interval space, Y a topological space, E a
completely dense linear ordered space,  : X XY — E lower semi-continuous, and ¢ : X X
Y — E upper semi-continuous in x. Suppose that the following conditions are satisfied:

(1) @(x,y) is T-quasi-concave in x and (x,y) < ¢p(x,y) forall (x,y) € XXY;

(2) there exist a compact subset K in X and a nonempty subset Yy in'Y satisfying the
following condition: for any B € /I(Y) there exists a compact set M containing
Yo UB such that for any A € Z(X) and for all x € E, (\xealyY €M : @(x,y) <
o} € JR(Y) and

sup inf ¢p(x,y) <supinf ¢p(x,y), (3.23)
X¢K yEY) xeXyeY
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theninfycy Sup,ex @ (x,y) < supyexinfyecy ¢p(x,).

PROOF. Letting z* =infycy Sup,cx, P (X,¥), Z. = SUPyexinfyey p(x,¥y),if z* > z.,
then by the density of E, there exists a Z € E such that z* > Z > z,. Defining F(y) =
{xeX:¢p(x,y) =2z}, y €Y, since x — ¢(x,y) is upper semi-continuous, we know
that F(y) is closed for all v € Y. Defining D = ﬂyeyoF(y), then D is closed.

On the other hand, for any finite set {y1,...,Yx} CY, it follows from condition (2)
that there exists a compact subset M which contains Yy U{y1,..., Yn}. Obviously, we
can prove that @ : X XM — E satisfies all the conditions in Theorem 3.1, we have

inf sup@(x,y) =sup inf @(x,y), (3.24)
yeM xeX xeX yeM

and so we have

sup inf ¢(x,y) = sup inf p(x,y) = inf supp(x,y)
xeXyeM xeXyeM yeM xeX (3 25)

> inf sup@(x,y) =2z° > Z.
yeY xeX
By the same method as in Theorem 3.11, we can prove z, > Z. This contradicts the

choice of Z. Therefore we have z* < z,. This completes the proof. O
From Theorem 3.1 we can obtain the following theorem.

THEOREM 3.15. Let X be a compact generalized interval space, E a completely dense
linear ordered space, and @ : X X X — E a lower semi-continuous function satisfying the
following conditions:

(1) x - @(x,y) is T-quasi-concave;

(2) forany A€ Z1(X) and for any x € E, yealy € X : @(x,y) < &} € JK(X),
then

(1) there exists an X € X such that (x,x) > 0; or

(2) there exists an y € X such that p(x,y) < 0 for all x € X.

PROOF. Suppose the conclusion (1) is not true, then for any x € X we have @ (x,x)
< 0. By Theorem 3.1 the following equation holds:

sup inf @ (x,y) = inf supp(x,y). (3.26)
xeXyeX yeXxeX
Since for any x € X, infyex @(x,y) < @(x,x) < 6, we have sup,cyinfyex (x,y) <
0, and so we have inf, cx sup,cx @ (x,¥) < 0. By the compactness of X and the lower
semi-continuity of sup,cx @ (x,y) in y, there exists a 3 € X such that

sup@(x,¥) = inf supp(x,y) <0, (3.27)
xeX yeXxeX
that is, @ (x,¥y) < 0 for all x € X. Therefore the conclusion (2) is true. O

4. Application to coincidence problem and fixed point problem

THEOREM 4.1. Let X be a compact generalized interval space, Y a topological space,
F: X - 2Y a mapping with closed values, and s € C(X,Y) a given mapping. If the
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following conditions are satisfied:
(1) foranyx € X, s 'F(x)+ @ and F~1(s(x)) is open;
(2) forany A e A(X), X\(UxeaF 1 (s(x))) € JK(X);
(3) for any x1,x»> € X and for any y € ﬂ?ZIF’l(s(xi)), s(T(x1,x2)) C F(y) there
exist x7,x5 € T(x1,x2) such that F~'(s(x;)) C F~ 1 (s(x}), i= 1,2,
then there exists an x € X such that s(x) € F(x).

PROOF. For any (x,z) € XXX, let

0, s(x)é¢F(x),
,Z) = 4.1
fx.2) {1, s(x) € F(x). @D

If the conclusion is not true, then for any x € X we have f(x,x) = 0.
Since for any x € X and for any » € R,

@, r <0,
{zeX:f(x,2)<r}=1F'(s(x)), 0<7r<1, (4.2)
X, r>1,

where F*(x) = X|F~1(x), it follows from conditions (1) and (2) that f(x,z) is lower
semi-continuous in z and for any A € /[(X) and forany v € R, (\yealz € X: f(x,2) <
¥} € JR(X). On the other hand, since for any z € X and for any » € R,

X, r <0,
{xeX:f(x,z2)2r}=4s"1(F(z)), O<r=<l1, (4.3)
@, r>1,

and F is a mapping with closed values, f(x,z) is upper semi-continuous in x.

Letting G(x) = F*(s(x)), then G is a mapping from X into 2X and for any (x,z) €
XxX,

{0, zeG(x),
flx,z) = (4.4)
1, z¢&G(x).

Next we prove that G is a T-KKM mapping. In fact, from condition (3) for any x,,x» €
X,wehave s(I'(x1,x2)) C F(z) forall z € ﬂ12=1 F~1(s(x;)).Hence for any x € I'(x1,x2),
and for any z € 2, F~1(s(x;)), s(x) € F(z).

Therefore, for all x € I'(x1,x2) and for any z € ﬂf:lF*1 (s(xi)), we have z €
F~1(s(x)). This implies that ﬂ,?:lFfl(s(xi)) c F1(s(x)) for all x e T(x;,x>). There-
fore, G(x) C Ule G(x;) for all x € T(x1,x2). Again by condition (3) there exist x], x5 €
I'(x1,x2) such that F~(s(x;)) C F~1(s(x})), i = 1,2. Thus G(x;) C G(x}), i = 1,2. This
shows that G is a T-KKM mapping. By Lemma 1.8 it is easy to prove that f(x,y) is
a T-quasi-concave mapping in x. Since X is compact, f satisfies all the conditions in
Corollary 3.7. By Corollary 3.7 there exists a Z € X such that f(x,z) <0 for all x € X,
and so f(x,z) =0 for all x € X, that is, s(x) ¢ F(Z) for all x € X. Hence x ¢ s~1F(2)
for all x € X, and so s"1F(2) = @.

This contradicts condition (1). This completes the proof. O
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From Theorem 4.1 we obtain the following fixed point theorem.

COROLLARY 4.2. Let X be a generalized interval space, C be a compact T-convex
subset of X, and F : C — 2€ be a set-valued mapping with nonempty closed values. If
the following conditions are satisfied:

(1) foranyx € C,F1(x) is open in C;
(2) forany A € J(C), C\(Uxea F 1 (x)) € 3R(C);
(3) for any x1,x> € X, I'(x1,x2) C F(y) for all y € ﬂ‘leF‘l(xi), and there exist
x1,x5 €T(x1,x2) such that F~1(x;) c FY(x}),i=1,2,
then there exists an X € C such that x € F(x).

THEOREM 4.3. Let X be a generalized interval space, Y a topological space, F : X — 2V
and s € C(X,Y) two mappings satisfying the following conditions:

(1) forany x € X, F~1(s(x)) is nonempty closed and X\s~ 1 (F(x)) is T-convex;

(2) forany A e J(X), NyeasS HF(x)) € K(X);

(3) F~':Y — 2% isupper semi-continuous and for any x1,x» € X, there exist x|,x} €

[(x1,x2) such that F~'(s(x})) C F'(s(x;)),i=1,2;

(4) there exists an Ag € A(X) such that Nyea, F~1(s(x)) is compact,

then there exists an x € X such that s(x) € F(x).

PROOF. Letting G(x) = F1(s(x)), then G : X — 2¥ is a nonempty mapping and
closed valued and G satisfies condition (2) in Theorem 2.1.

On the other hand, for any x € X, let W be an open set containing G(x). Since
F~1 is upper semi-continuous, there exists an open neighborhood V of s(x) such
that for any y € V, we have F~1(y) c W. Since s € C(x,y), there exists an open
neighborhood U of x such that for any z € U we have s(z) € V, and so for z € U, we
have G(z) = F~1(s(z)) c W. This shows G is an upper semi-continuous mapping.

Next we prove that G : X — 2X is a T-KKM mapping. In fact, for any x;,x, € X
and for any x € I'(xy,x2), if z ¢ N7, G(x;), then z ¢ F-1(s(x;)), i = 1,2, that is,
s(x;) € F(z),i=1,2,and so {x1,x>} C X\s"1F(z). By the assumption that X\s 1F(z)
is T-convex, hence T'(x1,x2) € X\s 1F(z), and so z ¢ F~1(s(x)) for all x € T'(x1,x>).

This implies that
2

G(x) =F ! (s(x)) c | JG(xi). (4.5)
i=1
Again by condition (3), there exist x,x5, € I'(x1,x2) such that G(x]) C G(xy), i =
1,2. This means that G is a T-KKM mapping.
In view of condition (4), we know that G satisfies all the conditions in Theorem 2.1.
By Theorem 2.1 ey G(x) + &, and so there exists an X € X such that x € G(x) for
all x € X. Hence X € G(x), that is, x € F-1(s(x)), and so s(x) € F(x). O

THEOREM 4.4. Let K be a generalized interval space, F : X — 2X a mapping with
nonempty values. If X is normal and the following conditions are satisfied:
(1) F is transfer closed valued;
(2) F is almost upper semi-continuous, that is, for any x € X and for any open set V
containing F (x), there exists an open neighborhood U of x such thatF(y) C clV
forall y € U;
(3) forany A€ J(X), N\xeaClF(x) € MK(X);
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(4) there exists an Ag € D(X) such that (\xca, c1F(x) is compact;
(5) forany x € X, X\F~1(x) = F*(x) is T-convex,
then F has a fixed point in X.

PROOF. For any x € X, if W is any open set containing cl F(x), by the normality of
X, there exists an open set V containing clF(x) such that c1V c W. It follows form
the almost upper semi-continuity of F that there exists an open neighborhood U of
x such that F(y) c clV for all Y € U. Hence clF(y) C clV Cc W. This means that F is
upper semi-continuous.

Next we prove that F is a T-KKM mapping. In fact, for any x;,x, € X if X &
U?le(xl’), then x1,x» ¢ F~1(y). Since F*(y) is T-convex, I'(x;,x2) C F*(y), and
so for any x ¢ I'(x1,x2) we have x ¢ F~1(y), that is, y & F(x). Therefore, F(x) C
UleF(xi) for all x € I'(x1,x2), and so clF(x) C Uf:lch(xi) for all x € T(x1,x2). In
view of condition (5) we know that F is a T-KKM mapping.

Moreover, it is easy to prove that all conditions in Theorem 2.2 are satisfied. By
Theorem 2.2, N,cx F(x) = @. Hence there exists an X € X such that x € F(x) for all
x € X, and so we have x € F(Xx). This completes the proof. O

5. Application to economy equilibrium problem

THEOREM 5.1. Let X be a generalized interval space, A, B, P : X — 2X_ If the following
conditions are satisfied:

(1) foranyxeX,A(x) C B(x),x & P(x),A(x),andP(x) are nonempty closed sets;

(2) A and P are upper semi-continuous;

(3) forany y € X, A*(y)UP*(y) and A*(y)U{x € X :x € clB(x)} are T-convex

sets;

(4) forany M, N € A(X), (Nxem A(x)) N (Nxen P(x)) € JH(X);

(5) there exists My € Z (X) such that (\yep, A(X) is compact,
then (X,A,B,P) has a Shafer-Sonneinschein equilibrium, that is, there exists an x € X
such that x € clB(x) and A(X)NP(x) = O.

PROOF. Suppose the contrary, for any x € X we have x ¢ clB(x) or A(x)NP(x)=2.

Letting
D={xeX:xeclB(x)],

{A(x) NP(x), xeD, (5.1)
F(x) =
A(x), x ¢ D.

By condition (1) and (2), F is an upper semi-continuous mapping with nonempty
closed values. For any y € X,

Fl(y)={xeX:yeFx)}
={xeX:xcA ' (y)nPl»}u{x¢D:xc A~ ()},
FFy)={xeX:xeA(y)uP W}n{xeX:xe A (y)uD}
=(A*(y)UP'(y))n(A*(y)uD).

(5.2)
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By condition (3), F* (i) is a T-convex set; and by condition (4), (yen F(x) € JK(X). It
is obvious that F satisfies all conditions in Theorem 2.1. By Theorem 2.1, there exists
a y € X such that y € F(¥).If y ¢ D, then ¥ € A(y) C B() which is impossible;
if ¥ € D, then y € P(y) which contradicts condition (1). Therefore, there exists an
X € X such that x € clB(x) and A(x)NP(x) = @. O
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