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ABSTRACT. We study the construction and the convergence of the Ishikawa iterative pro-
cess with errors for nonexpansive mappings in uniformly convex Banach spaces. Some
recent corresponding results are generalized.
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1. Introduction. Let C be a closed convex subset of a Banach space Xand T:C — C
be anonexpansive mapping (i.e., [Tx - Tyl < [lx —y|| for all x, y in C). Recently, Deng
and Li [1] introduced an Ishikawa iteration sequence with errors as follows: for any
given xg € C

Xnt1 = CnXn +BuTYn +Ynln,
X - . (1.1)
Yo =0nXn+BnTXn+YnvVn, n=0.

Here {u,} and {v,} are two bounded sequences in C, and {&,}, {Bn}, {Yn}, {&n},
{Bn}, and {y,} are six sequences in [0, 1] satisfying the conditions

Cn+Bn+Yn=08n+PBn+n=1 ¥Yn=0. (1.2)

REMARK 1.1. Note that the Ishikawa iteration processes [2] is a special case of the
Ishikawa iteration processes with errors.

Deng and Li [1] obtained the following result. Let C be a closed convex subset of
a uniformly convex Banach space X. If for any initial guess x¢ € C, {x,} defined by
(1.1), with the restrictions that >.;,_o 0t Bn = ©, > g Ot BB < o, S0 ¥Yn < o, and
oo ¥n < o0, then limy, .« [|x, — Txy |l = 0. So Deng and Li extended the result of Tan
and Xu [6].

In this paper, we first extend and unify [1, Theorem 1] and [6, Lemma 3]. Then, we
generalize [1, Theorems 2, 3, and 4] and [6, Theorems 1, 2, and 3].

2. Lemmas

LEMMA 2.1 (see [6]). Suppose that {a,} and {b,,} are two sequences of nonnegative
numbers such that an,1 < an+by, foralln > 1. If 3.;7_, by, converges, then limy,_.. a,
exists.
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LEMMA 2.2 (see [1]). Let C be a closed convex subset of a Banach space X, T:C — C
a nonexpansive mapping. Then for any initial guess xq in C, {x,} defined by (1.1),

Hxn+1 —P|| = ||Xn_p||+Yn||un_p||+.8n}7n”vn_p” (2.1)

for alln > 1 and for all p € F(T), where F(T) denotes the set of fixed point of T.

REMARK 2.3. Since the sequences {u,} and {v,} are bounded, so the sequences
{llun —pIl} and {||v, —pll} are bounded too, then lim, - || X, — p|l exists by Lemma 2.1.

LEMMA 2.4 (see [7]). Let C be a bounded closed convex subset of a uniformly con-
vex Banach space X. Suppose that T : C — C is a nonexpansive mapping. If v, — vy
weakly (yn, v € C,n = 1,2,...), then there exists a strictly increasing convex function
g:R* — R* with g(0) = 0 such that

g(Ily = Tyll) < Hminf{[yn = Tyl (2.2)

3. Main results

THEOREM 3.1. Let C be a closed convex subset of a uniformly convex Banach space
X, T: C — C a nonexpansive mapping with a fixed point. If for any initial guess x in C,
{xn} defined by (1.1), with the restrictions that >.,,_oyn < 0, > _o¥n < 0, and there
exists a subsequence {ny} of {n} such that > ;_ 0n,Bn, = %, Do ananank < 0.
Then liminf,, . ||x;, — Txy| = 0.

PROOF. Since T has a fixed point, and by Lemma 2.2, we may set
M= Sulg{HTXn*“nH:Hxn*unH;||TJ’n*UnHv||yn*“n||:||xn*vn|’}- (3.1
nz=

If liminf,,_« [|xn, — Txn| > 0, we may assume that liminf, - [|x;, — pll > 0, where
p € F(T). Since || Ty, —pll < llxn —pll + ynM, we obtain

Hxn+l —pH = H(Xn(xn_p) +Bn(Tyn_p)||+YnM

Bn

&+ By

= (ctn+Bn)

0.4
| Geu—p) +

Ty — H+ M
e (Tyn—p)||+¥n

(3.2)

<[ et (et ie) Joma-pin oo

llxn = Toyul|

< [1‘2“"3”5"<||xn—pn+ynM

) o=l e,
where 0 is the modulus of convexity of the uniformly convex Banach space X. Setting

o Mxen=Tynll
Dp=1 2“"3"6X<Hxn—nl|+z?nM ) (3.3)
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Thus for all m =0, 0 < D,, < 1. From (3.2), for all k = 0, we have

HX"k+1 _pH

= an+1_1||x"k+1_1 - p” + (y"kﬂ_l +y”k+1_1)M
N1 Mg
< Dnyy-1Dnyy g2+ 'D"kHanHXHk _pH + Z (ynk+1*i+y"k+l’i)M
i=1 (3.4)

N1 Nk

< Dy ||xn, — Il + Z (Vrpar-i + Y -i)M
i=1

< ||x —p||[1—2(x B 5X<H’C’“<_T3””<H>]+nkﬂznk(y Yne )M
= Ny nyFng ||xnk_pH+ynM = N1 Ngy1—1 .

Thus,

. Hxn-_Tyn-H
gZD(mBniCSX(WWw) |lxn,; = pll

(3.5)
Ng1-1
<|bxny =2l = lPene, —pll+ > (Fi+yi)M.
i=0
It follows that
ad ||xn'_T3’n-H )
O Bnox| —m————— ] < +o0. (3.6)
i_ZO nibn X(IIXni -pll+ynM
By condition >/ aniﬁniﬁni < 400, we have
- |Ixn; = Tom,| ) 3 ]
O Bn | Ox| 77— | +Bn. | < +oo. 3.7)
2 3[ X(Hxni—nnme P
It follows that
5 : ||x"k_Tynk|| ) 5 :|
liminf | 6 — + =0 3.8)
oo [ X(lenk—vIIWnkM P
since > ;. &n, Bn, = . Hence, there is a sequence {ny,} C {nx} such that
lim [xn,, =T, || =0, limBy,, =0. (3.9)
On the other hand, we have
HX"ki N TXnki H = HX"ki N Ty"ki H + HTX"ki N Ty"ki H
' (3.10)

= Hx"ki - Ty"ki H + B”ki Hx”ki - Tx""’i H + y"kiM'
Setting i — o in (3.10), it follows from (3.9) that

}irg\\xnki ~Txp, || =0. (3.11)
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Thus,

minf ||x, — Txn|| = 0. (3.12)

This completes the proof. O

Recall that a Banach space X is said to satisfy Opial’s condition [4] if the condition
Xn — Xo weakly implies

limsup||x, — xo|| <limsup||x, — || V2 # xo. (3.13)
n—oo n—oo

A mapping T : C — C with a nonempty fixed points set F(T) in C will be said to
satisfy Condition A in [5] if there is a nondecreasing function f : [0,0) — [0, o) with
f(0) =0, f(r) >0 for r € (0,00), such that ||x — Tx|| = f(d(x,F(T))) for all x € C,
where d(x,F(T)) =inf{||x—-z|:z€ F(T)}.

THEOREM 3.2. Let C be a bounded closed convex subset of a uniformly convex Banach
space X which satisfies Opial’s condition or whose norm is Fréchet differentiable. Let
T : C — C a nonexpansive mapping with a fixed point, and {x,} defined by (1.1), with
the restrictions that >.,,_oyn < 0, .7 ¥n < o, and for any subsequence {ny} of {n},
S ka0 Cng By, = 00, o ananank < o0, converges weakly to a fixed point of T.

By Theorem 3.1 and Lemma 2.4, we can prove Theorem 3.2 easily. The proof is
similar to that of [7, Theorem 3.1], so the details are omitted.
Let X,C, T, and {x,} be as in Theorem 3.1. Then we have the following theorem.

THEOREM 3.3. If the range of C under T is contained in a compact subset of X, then
{xn} converges strongly to a fixed point of T.

THEOREM 3.4. Let C be a bounded closed convex subset of a uniformly convex Banach
space X. If T satisfies Condition A, then {x,} converges strongly to a fixed point of T.

PROOF. Since C is a bounded closed convex subset of a uniformly convex
Banach space X, then T has a fixed point [3]. So F(T) is nonempty. It follows from
Theorem 3.1 and Condition A, that there exists a subsequence {xy,} of {x,} such
that limg - f(d(xn,,F(T))) = 0, therefore we have limy_. d(xy,,F(T)) = 0. So we
can choose a subsequence {X"ki } of {xy, } and some sequence {p;} in F(T) such that
I, = pill < 2 for all integers k = 0.

We denote supy {llun — pl,llva —pll} by M and (yn,, + Bny, ¥n,, )M by Ay, . By
Lemma 2.1 we have

|piv1—pill < Hx"km —Pi+1H + Hxnki+l ~Pi

+ Ank 1

—(i+1) .
=2 + Hx"kwfl pi i+1”

—(i+1) .
=2 + Hxnkiﬂ -2~ Pif|t Ankiﬂ -2 Ank 1

i1
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ng, -1
i+l
—(i+1) H . )
<
<? +{2n, — ||+ Z A;
J=ng;
' Mg ~1
<2 i+l Z Aj.
J=ny;

(3.14)

It follows, from (3.14) and > jAjis convergent, that {p;} is a Cauchy sequence there-
fore converges strongly to a point p € F(T), since F(T) is closed. We have seen that
{xnki} converges strongly to p, so does {x,} by the Remark 2.3. This completes the
proof. O

REMARK 3.5. The above three theorems generalize [6, Theorems 1, 2, and 3] and
[1, Theorems 2, 3, and 4], respectively.
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