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CONVERGENT NETS IN ABELIAN TOPOLOGICAL GROUPS
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ABSTRACT. A net in an abelian group is called a T-net if there exists a Hausdorff group
topology in which the net converges to 0. This paper describes a fundamental system for
the finest group topology in which the net converges to 0. The paper uses this description
to develop conditions which insure there exists a Hausdorff group topology in which a
particular subgroup is dense in a group. Examples given include showing that there are
Hausdorff group topologies on R" in which any particular axis may be dense and Hausdorff
group topologies on the torus in which S is dense.
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1. Introduction. Let G be an abelian group and (xy)xeca a netin G. If 0 is the iden-
tity element in G, we can ask what is the finest group topology on G such that (xy)xea
converges to 07 In the terminology of [1], we are placing the topology of a noncon-
stant net on the subspace ({xy)xeaU{0}) C G and finding the associated Graev topol-
ogy. Ledet and Clark [2] developed a fundamental system approach to defining group
topologies in which a sequence (ay);_, converges to 0. When there exists a Hausdorff
group topology in which (ay);-, converges to 0, Zelenyuk and Protasov [3] said that
{(an)n-1 is a T-sequence. The purpose of this paper is to extend some of the results
of Ledet and Clark to nets and to investigate some applications of these results. We
adopt the terminology of Zelenyuk and Protasov in the following.

DEFINITION 1.1. We say that (xy)«ea is a T-net if there exists a Hausdorff group
topology on G in which (xy)xea converges to O.

We will discover how subgroups can be made dense in Hausdorff group topologies
and we use this description to show that there are Hausdorff group topologies on
R" in which any particular axis may be dense and Hausdorff group topologies on the
torus in which S! is dense.

We will assume as additional hypothesis throughout that G is an abelian group and
each sequence is an injective function from the natural numbers into the group G.
Also the notations N, Z, R, and S! will denote the natural numbers, integers, reals,
and the circle group, respectively. We use the notation H < G to mean that H is a
subgroup of G and when referring to the element of G/H corresponding to the coset
g+ H, we use the notation g. Finally, we denote the cardinality of a set X by |X].

2. Fundamental systems generated by nets. Since G is abelian, it is possible to
define various fundamental systems on a subgroup of G and use them as a funda-
mental system for the entire group. We will use the elements of the net {(xy)xea to
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define such a fundamental system for the subgroup generated by (x)«ca. For each
X € A, define T(xg) = {0} U {xx | &> o} U{—x« | & > g} where —x, denotes the
inverse of x, in G, and let € denote the collection of all nondecreasing sequences in N.
Then for each C = (c,)5_; € T and for each increasing countable subset A" = (an);,_;
of A, we define

U(CA)={g1+g2+- +grlgi€ciT(a) forie {1,2,....,k}, keN},  (2.1)

where ¢;T(«x;) denotes the set of sums of ¢; addends, each of which lies in T («;).

PROPOSITION 2.1. LetF={U(C,A")|C € C and A’ C A is countable and increasing}.
Then % is a fundamental system for the finest group topology on G for which (X ) xeca
converges to 0.

PROOF. Suppose that U(C,A’) and U(D,B’) are elements of &, where A" = {(a;){,
and B’ = (b;);>,. For each i € N, let ¢; = min{c;,d;} and E = (e;);>,. Now note that
there exists y; € A such that «; < y; and 81 <y;. Then for n > 1, we can find y, € A
with oty < yn, Bn < yn, and yn—1 < yn. Thus I = (y;);2, is increasing, U(E,T) € & and
U(E,T) c{U(C,A")nU(D,B")}.

Now suppose that x € U(C,A’). Then x = g, +g>+-- - + gy where k € N and g; €
ciT(oy) for i € {1,2,...,k}. Thus, if C' = (Cry1,Cks2,-..) and A" = (Kxs1, Xk+2,---),
then x +U(C’',A") cU(C,A").

Let U(C,A’) € &.Now either C is eventually constant of cofinal in N. If m,n € N and
ci=nforalli=m,letC" =(c¢;);,, and A" = {x2:);,,- Then 2U(C’,A”) CcU(C,A").If
C is a cofinal sequence in N, we can find a subsequence(cy,};2; of C which is strictly
increasing. For each i € N, define

Con; . .
, > if ¢z, is even,
)= (2.2)

Con. — 1
Z"‘T if cop, is odd.

Then 2U(C’,A”) c U(C,A’).

Finally we note that since —U(C,A’) = U(C,A’), ¥ is a fundamental system for G.

Now let T be any group topology on G for which the net (x)xca converges to 0 and
let U € T with 0 € U. We choose a symmetric open set W contained in U with 0 e W
and a sequence of symmetric open sets, say Vi, V,..., with 0 € V; for all i,2V; C W,
and (m+1)V, CcV,_1 forn > 2.

For any k € N we have that V] + 2V, + - - - + kV}, C W. Since (xy)xca converges to
0 in T, we can find a tail of the net contained in V; for each i. Choose «; € A so that
T(x;) CViand &; > j for 1 < j <i—1.Then kT (o) C kVy and soif A" = {a;)>,, we
have that U(N,A") c W. O

The process used by Ledet and Clark [2] to construct group topologies in which
a sequence (an),-; converges to 0 in G actually defines a group topology on the
subgroup generated by {an};_;. Recalling that a Hausdorff group topology is also
completely regular, we see that the topology generated by a sequence can never yield
a connected group topology.
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3. Dense subgroups determined by nets. We can describe topologies on G in
which a certain subgroup H is dense in terms of nets which intersect each coset of H
in a specific way. We say that the set{gg}gep C G is a representative collection of G/H
if gg, —gp, € H for any B1, B> € B with 1 + B, and if for each g, € G/H, there exists
a Bo € B with 1(gg,) = g, where T is the natural homomorphism. Since |B| = |G/H],
we use G/H as the index set for this collection.

DEFINITION 3.1. Let H be a subgroup of (G, T) and let {gg}gec/u be arepresentative
collection of G/H. If, for each gp € G/H, there exists a net Pg: A — gg +H such that
the net P: AXG/H — G defined by P(«, ) = Pg(«x) with the ordering (¢, ) = (', ")
if and only if & > &’ is a T-net, then we say that P is T-like.

PROPOSITION 3.2. Let H < G. There exists a Hausdor{f group topology on G in which
H is dense if and only if there is a T-like net P: AXG/H — G.

PROOF. Suppose that H is dense in G in some Hausdorff group topology T and let
% be a fundamental system for 7. Also let {gg}gec,u be a representative collection of
G/H andlet gg € {gp}pec/u. Note that for each U € &, U (gp + H) is nonempty. Thus,
we can find anet Pg : A — gg+H which converges to 0in (G, 7). Define P: AXG/H - G
by P(x,9p) = pg(x), then clearly P is T-like.

Now suppose that there exists a T-like net P: AXG/H — G and let ¥ be the funda-
mental system generated by P as described in Proposition 2.1. Let U € % and g € G.
Then U n (g + H) is nonempty since g € gg + H for some gg € {gg}gec/u- It follows
that H is dense in G with the topology generated by %. O

As you would expect, algebra plays a large role in determining whether there is
a Hausdorff group topology in which a net converges. For example, we can describe
T-sequences using factorization in the group. The following extends results found
in [3].

DEFINITION 3.3. Let S € G,n € Nand g € G. We say that g has an n-factorization in
S if and only if there exists a collection of nonzero elements of S, say s1,52,...,$,, with
g =5S1+5S2+---+5,. Two n-factorizations, s1,Ss2,...,5, and ty,to,...,ty,, are disjoint if
and only if s; # £; whenever i,j € {1,2,...,n}.

LEMMA 3.4. Let {(an),-, be a sequence in G. Then (an),_, is a T-sequence if and
only if for each g € G and ny € N, there exist only finitely many pairwise disjoint
no-factorizations of g in {an}p_ V{—ants,—;-

PROOF. Suppose that for some nonzero g € G and ng € N, there exist infinitely
many pairwise disjoint ny-factorizations of g in {an},-; U {—an}n-; and suppose
{an)n-1 converges to 0in 7. Then if U is an open set containing 0 and V is a symmetric
open set satisfying 0 € V and noV c U, we can find a tail of {(a,),-; contained in V,
say the m-tail. Thus, we can find an ny-factorization of g in {an}5_,, U {—an}5_,, and
g € noV and noV c U. Since U is arbitrary, T is not Hausdorff and (a,);_; is not a
T-sequence.

Now suppose that for each g € G and ng € N, there exist only finitely many pairwise
disjoint no-factorizations of g in {an}y,—-; U {—an},-;- Then clearly for each k € N we
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can find an n; € N with no k-factorization of g in T(n,). Thus if {ni}’i‘:1 is any col-
lection such that n; <np < --- <1y, then g € T(ny) + T(n2) + - - - + T(ng). Note that
there may exist infinitely many k-factorizations of g which are not pairwise disjoint.
So suppose that for every ngy1 > ng, g € T(ny) + T(np) + -+ - + T(ng) + T(Ngs1).
Since there are only finitely many pairwise disjoint (k + 1)-factorizations of g in
{an}yn-1 U {—an}y-,, there must exist some collection s,S5»,...,S;, where k’ < k, and
infinitely many (k + 1)-factorizations of g, say F1,Fo,..., such that {si,s>,...,5,} CF;
for each i and Fy, N F = {51,52,...,5,} whenever m + n. But then there are infinitely
many pairwise disjoint (k — k' + 1)-factorizations of g —s; —s — - - - — 53, a contradic-
tion. Repeating this process, we find a sequence (n;);>, with g € U(N, (n;)52,). O

So we see that if H is an infinite subgroup of finite index in G, then we can always
find such a net.

COROLLARY 3.5. Suppose that H is an infinite subgroup of G and G/H is finite. Then
there exists a Hausdorff group topology on G in which H is dense.

PROOF. It is known that every infinite abelian group admits a nondiscrete metriz-
able group topology and hence we can find a nontrivial T-sequence (a,),-; contained
in H. Let {g1,92,...,9m} be a representative collection of G/H and let {(bin)pn-1}1"4
be any collection of m disjoint subsequences of {a,)y-;.Foreachi e {1,2,...,m} and
for each n € N, define x; , = gi + bi ». Then note that for each i, (x;»)5-1 C (gi +H).

Without loss of generality, we may assume that the net

(xinli€{1,2,...,m}, n €N) (3.1)

is linearly ordered and hence may be considered to be a sequence. Now pick g €
G and suppose that there are infinitely many pairwise disjoint factorizations of g
in {xjn | i€ {1,2,...,m}, n € N). Since G/H is finite, there must exist some col-
lection {ki,kz,...,k,,,} C Z such that 3%, |k;| = no and infinitely many of the no-
factorizations of g are of the form

Ikl lk2| [km|
Kigi+ > cribin, +kbgo+ > C2ibon, + -+ +KpGm+ D Cmibmn,s (3.2)
i=1 i=1 i=1
where ¢; ; € {—1,1} for each i, j and |k;| < |k;| for each i. But then

lk1l [k21 [km|
g-kigi—kogo—- - —kmgm = D, c1,ibin, + D, C2ibon, +++ O Cmibmm;  (3.3)
i=1 i=1 i=1
for each i. Since each factorization is pairwise disjoint and the sequences (b; ),_; are
disjoint, there must be infinitely many pairwise disjoint (k1| + |ka2| + - - + |k | +1)-
factorizations of g —ki1g1 —k2g2 — - - —kmgm In {an}y,-; U{—an}n,-;, contradicting
the fact that (a,);_; is a T-sequence in G. Therefore (x;, | i € {1,2,...,m}, n € N)
is T-like and thus generates a Hausdorff group topology on G in which H is dense.
O

We would certainly like to extend this result since even the standard examples
of groups containing dense subgroups do not satisfy these conditions. We do so by
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generalizing the definition of finite index and determining when there exists a net as
described in Proposition 3.2.

DEFINITION 3.6. An n-factorization s1,S»,...,S, is favorable if and only if s; + s;
whenever i # j.

DEFINITION 3.7. Let H < G and let (xx)xea be anetin H. Then (G,H,{Xx)xea) iS
compatibleif and only if there exists arepresentative collection {gg}gec/u 0f G/H such
that whenever g € G with g = gg + h, there exists an increasing sequence {(a),-; C A
such that whenever h’ € H and g +h’ has a favorable n-factorization in {gg}geg/u U
{—9p}gec/u, then h —h’ has no favorable n-factorization s1,sz,...,5, such that s; €
T(x;) for each i.

THEOREM 3.8. Let H < G and let (xy)xea be a netin H. If
(i) (G,H,(x«)xeca) is compatible, and
(ii) there exists |G/H| subnets of (Xy)xeca Such that any two of the subnets have
disjoint tails,
then there exists a Hausdorff group topology on G in which H is dense.

PROOF. Without loss of generality, assume that 0 ¢ {x}xeca. By condition (ii), for
each f € G/H, we can find a subnet of {(xx)xeca, say {(xpa | A € Ag), where Ag is a
cofinal subset of A. Define P : Ugeg/uiB} X Ag — G by P(B,A) = gg + xpa. Recalling
Ap C A for each B, we partially order Ugeg/u{B} X Ag by (B1,A1) < (B2,A,) if and only
if A} <4 A2 where <, is the relation which directs A. We denote the resulting net

(gB+XB,)\|B€G/H, ?\EAl;>. (3.4)

Now let g € G. Then there exists a unique gg € {gp}pec/u and h € H such that
g = gg + h. Also, by condition (i) there exists an increasing sequence (o, ),_; in A
such that whenever h’ € H and g + h’ has a favorable ng-factorization in {gg}gec/n Y
{—9p}pec/u, then h—h’ has no favorable no-factorization sy, s»,...,5, such that s; €
T(x;) — {0} for each i. For each xx € A, let

T (x) ={0}Uu{gp+xpal A=} u{—(gg+xpa) | A=} (3.5)

and suppose for some n e N, g€ T' (1) + T’ (x2) + - - - + T' (). But for every favor-
able no-factorization with g; € {-1,1}, gg, +xp, 1, € T'(«;) for each i and >y cigp; =
gpg+h' for some h’ € H, we must have that St cixg;z; = h—h since (G,H,{(Xx)xea)
is compatible. Thus g & T' (1) + T'(x2) + - - - + T’ (&x,) for any n € N and hence
g €U ((1),{on)5_;) where (1) denotes the constant 1 sequence and

U ((1),(0n)poy) =191+ g2+ -+gx | gi € T' (o) fori e {1,2,...,k}, ke N}. (3.6)

Therefore (gg+xpa) is a T-net.
By Proposition 3.2, H is dense in the topology generated by

(g5+xB,A|BeG/H, AEAt;). (37)
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In order to give examples of groups satisfying the conditions of Theorem 3.8, we
note that there exists uncountably many increasing sequences in N such that the
intersection of any two is finite.

COROLLARY 3.9. There exist Hausdorff group topologies on R in which Z is dense.

PROOF. Let (xy),-; be an increasing sequence in Z such that a,+1/a, > n for all
n € N and note that [0,1) is a representative collection of R/Z. So pick » € R. Then
there exists a unique ¢ € [0,1) and k € Z with v = ¢ + k. For each let i € N, let n; =
|k|+i+1 and note that a1 —na, > an for every n. Also if m € N and {c¢;}*, c [0,1)
with 31, ¢; = c+k/, then |k’| < m. But for every subset {gi}t of {antpno1U{—an}n-q
with g; € T(ay,) for each i, we have that | Zﬁls gil > an,, —(m-1)an,,-1 > an,,-1.But
certainly a,,, -1 > |kl +m > |k —k’| since n,, — 1 = |k| + m. Therefore, (R,Z, (&) 5-1)
is compatible and by the above, there exists a Hausdorff group topology on R in which
Z is dense. O

Next we prove a result which will supply us with a large number of examples of
groups containing dense subgroups.

PROPOSITION 3.10. Suppose that G, H are infinite abelian groups. If there exists |G|
linearly independent elements of H, then there exists a Hausdorf{f group topology on
G X H in which H is dense.

PROOF. Note that {(g,0) | g € G} is a representative collection of GxH/H and
let (g,h) € [(GxH)-{(0,0)}]. If h + 0, then we can find an increasing sequence
(an)p-; C A such that h ¢ U((1),{an)n-;) since (xy)xea is a T-net. If h = 0 and
{0ty )y is any increasing sequence in A, then (g,0) has no favorable factorization
in T(c¢;) by condition (i). Therefore (G x H,H,{(0,x«))xca) is compatible and there
exists a Hausdorff group topology on G X H in which H is dense. O

So for example, we see that if G is an abelian group with |G| < |R|. Then there exists
a Hausdorff group topology on G x R in which R is dense. If we impose the same
cardinality restraints on G, then we can similarly show that there exists a Hausdorff
group topology on G x S' in which S is dense.

Thus there are Hausdorff group topologies on R", for any n € N, in which any
particular axis may be dense and Hausdorff group topologies on the torus in which
S is dense.

We note that Proposition 3.2 does impose some limitations on which subgroups
may be dense in a group and we end this section with a result concerning this. We
denote the power set of a set X by P(X).

PROPOSITION 3.11. IfH < G and |G| > 21!, then there is no Hausdor{f group topol-
ogy on G in which H is dense.

PRrROOF. If H is dense in (G,T), then for each g € G/H, there must exist a net
(Xg,a)xea C (g +H) such that (x4 «)xea converges to 0 in T. Note that if g, —g» ¢ H,
(Xg1,0—91)xea a0d (Xg,,« — g2) xea Must have distinct tails since T is Hausdorff. But
{xg6—90 199 € G/H, x € A} C H. Clearly this is a contradiction since |P(H)| < |G| =
|G/H]. O
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